A characterization of the left exact categories

whose exact completion is a topos

Matías Menni^∗

Many categories of interest arise as exact completions of a left exact category. For example, for every small left exact category C, the presheaf topos Sets^{Cop} is an exact completion [1]. Realizability toposes are also examples [4]. More recently, in computer science there has been a lot of interest in the exact completion of the category of topological spaces.

Although a simple construction of the exact completion of a left exact category was given in [2], the resulting category will be usually more difficult to work with directly than the category giving rise to it. So it is interesting to be able to deduce important properties of the former in terms of easily checkable properties of the latter.

For example, a characterization of those left exact categories whose exact completions are (locally) cartesian closed has been given in [3]. This was used to prove that the exact completion of the category of topological spaces is locally cartesian closed.

However, it remained an open question to find a simple characterization of those left-exact categories whose exact completions are toposes. In this talk we provide such a characterization.

References

[1] A. Carboni, Some free constructions in realizability and proof theory, Journal of Pure and Applied Algebra 103 (1995) 117-148.

[2] A. Carboni and R. Celia Magno, The free exact category on a left exact one, Journal of the Australian Mathematical Society (Series A) 33 (1982) 295-301.

[3] A. Carboni and G. Rosolini, Locally cartesian closed exact completions, Submitted to the Journal of Pure and Applied Algebra (1998).

[4] E. Robinson and G. Rosolini, Colimit completions and the effective topos, The Journal of Symbolic Logic 55 (1990).

∗Joint work with Alex Simpson.