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1. INTRODUCTION

Since quantum electrodynemics has been elaborated the modern
quantum field theory developes under the influence of the growing need
to go outside the framework of perturbation theory. A gtriking ma-~
nifestation of the need is the interest in the exactly soluble models
of quantum field theory which increased drasticelly during the last
decade. Though considerable progress has been made only in stu-~
dying the (1+1)~dimensional field theoretic models [ 1-4 1 and the
corresponding two~dimensional models of lattice statistics [ 4-5 ] ,
the interest in the subject does not decrease. The reason seems to be,
firstly, that even these at the first sight scarcely realistic models
can, nevertheless, have a number of common features with the realis~
tic (3+1)~-dimensional models. For example, the (1+1)-dimensional non-
linear G -model is frequently mentioned in the literature %o have
much in common with the (3+1)-dimensional Yang-Mills theory. On the
other hend, golid state physics knows a lot of substances of qua-
si-one-~dimensional structure whose properties are well described by
exactly soluble one-dimensional models (Hubbard, XYZ, sine-Gordon mo-
dels). Finally, quite recently some first promising results have ap-
peared for (2+1)-dimensional case [6, 7] .

The present lectures are devoted to the most promising, from our
viewpoint, direction in studying the quantum completely integrable mo-
dels, the #o called Quantum Spectral Transform Method (QSTM,other names
are the Quantum Inverse Scattering Method, the Quantum Inverse Prob-
lem Method). The QSTM has been developed 3 years ago [8~14] asg the
result of a synthesis of two major directions in the modern theory of
exactly soluble systems. The first of themis based on the traditionef
studying the exactly soluble models of golid state and statisti-
cal physics which originates from the works of H.Bethe [21] and
L.Onsager [ 22 ] and culminates in works of R.I.Baxter [ 23, 247 .
The second direction mentioned is the Classical Spectral Transform
Method (CSTM), having yielded a lot of important results in the theo-
ry of the classical completely integreble systems (for a review see

[1-37 ). During the last three years a lot of papers on QSTM has
been published [8~20, 25~55 71 and many results have been obtained.

The most impressing achievements of QSTM are:

1. The solution of the sine-Gordon model [ 13, 20, 26 ] , i.e.
finding its mass spectrum and S-matrix.

2. The solution of the quantum inverse problem for the nonlinear
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Schrodinger equation [ 48, 527 , which enables one to reproduce the
known results for the Green's functions of the one~dimensional impe-
netrable Bose gas. The next problem which is likely to be solved in
the nearegt future is the calculation of Green's functions for the
one-dimensional Bose gas with & ~function interaction.

3. In the purely methodical respect, QSTM has given comple-
teness and transparency to the conventional Bethe ansatz ftechnique.
In contrast to the old (coordinate) Bethe ansatz [ 21, 25, 477 ,
the new (algebraic) Bethe ansatz [13—15] allows one to obtain the
eigenvalues of the Hamiltonian and other integrals of motion immedia-
tely omitting the stage which is necessary in the conventional ap-~
proach, of tediously investigating the eigenfunctions in their mani-
fest coordinate representation.

Intending the present lectures for an audience which is not or
is poorly acquainted with QSTM, we did not aim atexhausting descrip-
tion of all results and technicalities (frequently very elaborated
ones) of QSTM. We intend merely with use of gsimple examples to intro-
duce the reader into QSTM and after presenting a general scope of
the method and its possibilities, to concentrate on a couple of sub-
jects which are clogest to us. The reader interested in more
technical details can draw a lot of useful information from the re-
views [ 14=-207] and the original papers referred to hereinafter.

We shall now outline the plan of the paper in more detail. Sec-—~
tion 2 presents a general survey of QSTM and of the models solved
via QSTM, The first two Subsections 2.1. and 2.2 introduce the rea-
der into QSTM using the nonlinear Schrodinger equation as the examp-
le. In Subsection 2.3 the QSTM is applied to the massive Thirring
model both in Boge and Fermi cases. Subsection 2.4 generalizes QSTM
to the lattice models. In Subsection 2.5 a general scheme of apply-
ing QSTM is described. Subgection 2.6 containg the list of models
which are solved and are to be solved via QSTM.

Sections 3 and 4 deal with the so called Yang-Baxter equation
(YBE) which is shown to have many applications in the theory of exac-
tly soluble classical and quantum systems. In Section 3 the origin
(Subsection 3.1) and the applications of the Yang-Baxter equation
are described. In Section 4 a method of constructing new solutions
t0 the YBE is discussed which is based on the algebraic approach pro-
posed by the authors. The method itself is described in Subsection
4.1, and Subgection 4 2 contains discussion of a new class of exact-

1y soluble models which are generated by the solutions to YBE.
In Section 5 the problem of generalizing the notion of the tran-
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sition matrix determinant to the quantum case is discussed which ari-
ses in applying QSTM to the models including several fields.
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2. A GENERAL SURVEY OF QSTM

We begin our review of the basic features of QSTM by conside~-
ring the nonlinear Schrodinger equation (NS):

2
W=t Relyly i —~0 (2.1)
IXj—00

N3 is the most appropriate model to begin the acqueaintance with
QSTM due to the following reasons:

1) The quantum version of NS describes the one-dimensional sys-
tem of bosons interacting via the § ~function potentiael. The prob-
lem thus reduces to the quantum mechanics of a finite number of par-
ticles and does not contain the difficulties of relativistic
quantum field theory (non~Fock representations of CCR, divergences
etc.).

2) NS has been studied in detail both in classicel and quantum
cases. The classical NS admits application of CSTM [1 ] . In the
quantum case there exists a complete description of the spectrum and
the eigenfunctions of the Hamiltonian [ 56~58 1 . The latter circum-
stance allows one to compare the new results with the already known
ones.

Before we shall deal in detail with NS let us compare the sta-
tement of the problem in classical and quantum cases. In clasgsical
mechanics, one is interested usually in the evolution of the initisl
date and CSTHM is used to find the time-evolution of the scattering
data for an suxiliary linear problem. For quantum mechanics, on
the contrary, the "stationary" approach is more characteristic which
deals with the spectrum of the Hamiltonian and S-matrix. However, in
spite of the apparent unlikeness of the two statéments of the prob-
lem there exists an approach to CSTM which is quite similar to the
"stationary“ quantum mechanical one. The approach referred to is the
Hemiltonian interpretation of CSTM developed first in [597 . The fi-
nal aim of investigation of a nonlinear evolution equation within
this approach is to construct the action-angle variables from the
scattering data of the suxiliary linear problem for the nonlinear
equation and to prove thus its complete integrability. As a by-pro-
duct one obtaing the spectrum of elementary excitations. It is the
Hamiltonian approach to CSTM which we shall tske as the starting
point for the quantum generaligation.
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2.1, CSTM for the Nonlinear Schrodinger equation

We recall gome basic stages of CSTM as applied to NS. The way
of presentation we chooge here may seem a little bit unusual but it
is the most appropriate one for subsequent quantum generalizations.

The basic object of CSTMis the so~calledtransition (or monodromy)
matrix T(x1 » Xy s X ) which is defined as the golution to the ini-
tial value problem:

B A= Y 3y =
ale(xi.xz,l)—L(xz,A)T(xl,xz,;x), Toxx; =1, (2.2)
where % _ \
-5 ey 10
: . (2.3)
L= 11—y % ; Iz:: (0 1)-

The transition matrix T( ) ) for the infinite interval (-00,00)
is obtained from T(x, , X, , A ) in the limit X,>-00 , X,~>+00
after the proper renormalization:

A

A
L5 6, X -{36X _
L2737 34 10
T= lim € rT(xl,x A E © 6= ( 0 —1.) (2.4)
X =~ 00 & 3
X,=> +00

R
Due to the symmetries of the L~operator (2.3) the matrix T lo-

oks like _
o) &b\ _

T= g am) . r=x

(2.5)

The matrix element a( A ) (a(X)) admits analytical continua-
tion into upper (lower) halfplane of the spectral parameter A .

An important point is that NS (2.1) can be considered as a Ha-
miltonian gystem with the Hamiltonian

= Jax(1y 1 v elyl’) (2.6)

and canonical Poisson brackets

oo, wpy=AF00, Fpy=0,  {wo,Fph= 16x-y) (2.7)
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so that
wtz{H’w} (2.8)

The next step of CSIM consists in calculating the Poisson brac-
kets between the quantities a(d) , &(X) , a(d) , &(N) (2.5)
congidered as functionals of the dynamical variables Y(X) ,
Y(X) . They twrn out to be [ 8, 9, 11, 15, 18]

{ o), aul={an, awl= {80, b()}= 0,

- €
{ o), ()= S, AN b,

b)) = =2 Iy (2.9)
{a), Bw) = S anb(p),

{800, B} = 23t o [ §(a-p).

To derive (2.9) following an idea of [ 9 ] we introduce first so-
me notation which frequently will be used hereafter. For arbitrary

ty Jc,z } !
2%x2 matrix T = 4y tz,z we define two X4 matrices | and |
by
'l',“ O t42 0 +'11.t12l O o
I 0 t, O+t P t,,t,, 0 0
- T®I = 14 12 = ®T__ 21 22
T 2 4,0 t, 0 ’ Iz 0 0 t,%, ) (2.10)
0 t, 0 t, 0 0 t,t,

Using the above notation we can write down all the 16 Poisgson
brackets between the matrix elements of T( A ) and T( e ) in com-
pact form { 2'( A ), () } as a Uxy matrix.

The following relation which is verified directly is crucial for
the whole method: :

(Lo, L= Cromw, Lo+ Lig e T80y

(2.11)

where 1
®e 01
r(A) = % ( 101 (2.12)
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From the local equality (2.11) the global relation for
T(X1 » X, 3 A )
! [
{Ton 0, T ks W= [rOm), T DT s, Wl (2013)
can be easily derived.
Pagsing carefully to the limit X, —>=00, X,—»+00 in (2.13) we
obtain [187]

{T), T )= r, O- /w'TI(M'T”(/u)—TI(X)T”(/u)r_(k—pf.) (2.14)
where
\T‘P‘_{Tfk 0 0 0
P (O-pl=-2 0 0 =wbO-p) 0
* 0 zFimdorw O 0 (2.15)
: 1

The Poisson brackets (2.9) are contained in (2.14). The method pre-
gented is not probably the shortest possible one, however, as we
shall see further, it admits & direct quantum generalization.
Let us now proceed to the interpretation of the scattering data
(2.5) and the Poisson brackets (2.9). It is well known [ 1] that
An a.()) can be expanded in pOWers of A\*

I (2\) = Z j ™ (2.16)

m=1

The coefficients Jm. are integrals of local demsities in Y(x) ,
W(X) . The first three coefficients Iy 32 , 35 turn owut
to be the number of particles N , momentum P and the Hamiltonian

H (2.6) resp.

N= KW‘ dx- . | (2.17)
Z j(wxw'qj%)d’x (2.18)
Tt follows from { al ) ), al M )Y =0 (2.9) that {Jm,ln} =0
80 that jm, form an infinite set of integrals of motion for
(2.1).

Due to (2.9) the quantities (PO\), CP(M) given by
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_ by [ Inloh)

Lp(’)d
have the canonicel Poisson brackets

{oon, b= {3, w)}= o,

- . (2.20)
{om), wy= tFO-p)
The generating function [M/(LO\) of the integrals of motion
written down in terms of @(}) , F(X) is (2>0)
. T, o) el
N= = = | .
I o %_god,/w P aefdlw _.%t%b— (2.21)
-0
which implies
P m-t | Iz
J .= -LM Pl dp (2.22)

Thus, all an are quadratic in ¢ , E; and the corresponding equa-
tions of motion

-1
¢, = {Jm,gp}=-i,/wm @ (2.23)

are linear, the fact which allows us to consider the variables ¢ ,
¢ eas the action-angle variables for NS (2.1).

To conclude our discussion of CSTM we shall point out the basgic
digtinction between our variant of CSTM and the conventional one
(gee for example [1-37 ).

The conventional CSTM is based on representing a given nonline-
ar evolution equation as the compatibility condition

L=M>+ (M, L] (2.24)

of the set of two equations
T=LT
"11= MT

In our "stationary" approach we use only the first of two equns.(2.25)

(2.25)
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and the Hamiltonian structure. The role of the criterion of complete
integrability is played now by the eqn.(2.11). Thus the arsenal of
CSTM is enriched with & new powerful tool, the r-matrix., Though, at
present, there is no deep theoreticel reason for r-matrix to exist
and the validity of the equality (2.11) for any new model is rather
& matter of fortune, the intriguing fact is that the r-matrix ap-
proach can be extended to a broad variety of completely integrable
models. Among them one ghould mention sine-Gordon equation, Shabat-
~Mikhailov model [ 271 , Heisenberg ferromagnets [60] . The r -
metrices for these models are of course different from (2.12). All
the models = listed above have one common feature: they are ultralo-
cal (in the sense of [15] ), i.e. the Poigson brackets of the mat-
rix elements of the L-~operator do not contain any derivatives of

0 ~function, which is manifestly assumed in (2.11). It was shown
in [ 457 that for nonultralocal models such as Korteweg~-de-Vries
egn., sine-Gordon in the light cone variables and someothers the 1 -
matrix method is also applicable. In the nonultralocael casge the egn.
(2.11) certainly must be somehow generalized but the eqn. (2.13) re-
mains valid. Throughout the present paper we consider only the ultra-~
local case.

2.2. QSTM for the quantum NS

In the quantum case the dynamical variables qﬂx), 1y(x) N are
replaced by the annihilation and creation operators W(x) y Y(X)

[V, ¥apl= [, ¥y=0, (Yoo ¥ty T= 5 (x-y) (2.26)

The essence of QSTM consgists in formulating the problem of quan~
tum generalization of CSIM as the problem of constructing the quan-
tum operators AV » A+()3 ’ B()) s EF(X) possessing, by ana-
logy with CSTM, the following properties [8 ] .

1. As in CSTM, en/A(X) is a generating function of mutually
commuting conserved quantities.

2. The operators B(A) , B+()\) are the quentum analoguesof
the action~angle variables, i.e. annihilate and create the excitati-~
ong of the system.

The solution of the problem stated is quite simple (for NS on-
1y !). The operators A( A ), AT(X), B( N\ ), BY( A ) are obtainea
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from aC A ), a( 2 ), b( A ), B(A) after replacing ¥y ,§ by ¥ ,
Y and subsequent normal ordering (in other words, the functio-
nals a{ A ) etc. are Wick symbols of the operators A( A ) etc.).
This connection can be expressed by

A=:a0):, ATD=:30):, B=:60):, BX0=:86(0:. (2.27)

+ +
The commutation relations between the operstors A, A , B, B

turn out to be [ 8-10, 15, 18]
[ A0, Aw)]= [ AN, Ki)]= (BN, Byu)]= 0,
BewA = ( *—_E?: JADB(),
A()5B+L,u)=( v )B(y\)AM)
B())B(p)—(i ”mo> (i T O)B(,u)B(?\ * zﬁzA())A(MS(A-/u

(2.28)

Tt follows from (2.28) that {n A( A ) is a commutative family
of operators. Moreover, {nA( A ) can be shown [18 ] to be the ge-
nerating function for mutually commuting operators ineluding the
number of particles N, momentum P and Hamiltonien H, The operator
€n AC A ) commutes with B+( 12 ) as follows

& + ~ ML
Lon o), B ]= Biw) bo %ﬂl&wﬁ (2.29)

The general N-particle state is obtained by applying B+ N-ti-
mes to the ground state [o>:

Ky > = B0 Bk 10> (2.30)

RSN
The wave function of the state lkd, ...,kN> turns out to coincide
with the wave function obtained by Bethe ansatz [ 56-58 ] .

The eigenvalues of EfbA( A ) are obtained from (2.29):

I A k>—2m Lkieiz | ks,
J' )\_k} N
A

NIk,,.. k,>= le“ )

P ik, k >= Zklk
&—

K,>»

N (2.31)
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A N 2
Hlkyo k> = ?31 L

The equalities (2.30-2.31) allow one to interprete 1§+(>\) (BO\))
as a creation (annihilation) operator for one particle carrying the
momentum A and energy )\2’ . Strictly speaking, B and B+ are not
canonically commuting operators (cf. (2.28)). This disadvantage, ho-
wever, can be eagily removed by renormalizing B’ s. In fact, the

operators ® ana ¢+ 5
-1

oM = (2 AAOVAY) BV

-1,
¢t = B') (2 AVAD) (2.32)

as a consequence of (2.28) satisfy the canonical commutation rela—
tions:

[on), 1= [P, $ul=0, [0, dw]= §(r-p) (2.33)

Let us describe now the method of deriving the commutation re-
lations (2.28). As in the classical case, it is useful to start
from the finite interval and to deal with the quantum transition
matrix a(x 10 Xy s A ) which is defined as the normally ordered clas-
sical matrix T(x P A )

+
2, A 2B
T, %, M =t T X3 M e 0 T={ gy (2.34)
The differential equation for ".E‘(x1 y X, 5 A ) is obtained from
(2.2) by normal ordering:
a A A '_/F‘ »
, T(x“xz; M= L, VT, x50 (2.35)

The following fundamentel relation

-y Al Y Ay (2.36)
RO-) T tx, %30 T (% 1) = T (0 ) TOx RO (2

)

where

O

1
R(NY = 1~L9§‘—( 0
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plays in QSTM the same role as (2.13) does in CSTM, Thus & new essen-
tial for QSTM object arises, the R-~matrix. :

It is worth noticing that (2.13) is obtained from (2.36) :Ln the clas-
sical limit h — Q0 , assuming the coupling constant € to be propor-—
tional to the Flanck constant H , inserting into (2.36) the expan-
sion

ROV = 1+ hr0) + OCKY) (2.37)

using the correspondence principle L , T~ -thi R ]’ and
taking from (2.36) the terms of order ‘k, .

As in the clagsical case, to prove (2.36) it is enough to verify
the local analog of (2.36) which is obtained by differentiating
(2.36) with respect to x, &t x =x, [ 18]

A I
R()"/‘“) ( L(XZ,M + ,[\_,l(xz,/,u)+ae6'_'6;/_ )=

A (2.38)
=(Tox, )+ Uiw, p) +26'6" YRO-p)
- (X, (x,, p) ¥, 6_ ) K(-pw
o ‘
where §_= (?O),G= %10) .
The terms '366" G and &G g! in (2.38) are the quentum

corrections which arlse due to the noncommutatn.v:.ty of Y and g+

The commutation reletions (2.38) for the infinite interval can
be obtained from (2.36) in the limit x—~>-00 , xz—>+00 . The 1li-
miting process must be performed with care and involves a renormali-~
zation procedure which we do not describe here (see [15, 187 ).

It is to be noted that all the above reasoning is based on the
crucial fact already mentioned in the very beginning of the Section
2. Namely, the representation of CCR (2.26) for the interacting fi-
eld W (x), W(x) coincides with that for the free field. First-
ly, we used it in defining A, A+, B, B as normally ordered opera—
tors. Secondly the relations B( )\ ) [o> = o eand-[ B ()\ ), N] =B ()\)
which allow to interprete B and Bt as the annihilation and creation
operators resp. are inherited from the corresponding properties of

Y and Y+ which are characteristic of the Fock representation of
CGCR.

0f great physical interest, however, are the theories in which
non~-Fock representations arise. The simplest example is the Boge-gas
of finite density. In classical cage it is described by NS equati-
on with the boundary condition \ll/‘|~—> COns't leaoo . In j:\he quantum
cage one needs to modify the Hamiltonian H/,‘ = 8- Mm N H being
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old NS Hamiltonian and /w being 'bhe chemical potential. Apparently
the CCR representation for '9? ";E is gtill not a priori known and
must have very complicated structure. An attempt +to consider Aﬁ
in the PFock representation space %F leads to the fact that H{“’
is unbounded from below.

A method of solving the problem has been proposed by Lieb and
Liniger [58] who used the Bethe ansatz technique. They put the sys-
tem in the box of length 2,@ with the periodic boundary conditions.
After the space cutoff is introduced the Fock CCR representation can
be used, since the space % contains now both 'l:he Fock vacuum
| o> and the physical vacuum Q2 which minimizes H . The latter
statement follows from the fact that energy difference between |o>
and SB is now finite.

Since SB is contained in the Fock space :({, built over
| o> one can look for the state G2 in the form

Q= B'(k,)... BTk Vo>, (2.39)

k. Ybeing unknown. To proceed, it is more coaveniel;\xt to minimize H
at fixed value of N rather than to minimize H - [WN. It is well known
that in the thermodynamical limit both procedures are equivalent.
The set of transcendental equations for momenta { k. }': has
been found in [ 587 from the periodicity conditions for the wave-
function constructed by means of the Bethe ansatz. Here, we obtain
the same equations in frame of the QSTM, following [15] .
Note, first of all, that due to mvertlblllty of the R-matrix
(2 37) in (2 39) the Li"‘-l -matrices T'( A) '.I.‘"( [ and
Tro( Mmo) Tr( A ) are similar. On mltiplying (2.36) by R (- - )
and taking the matrix trace we arrive at the important corollary.
The matrix traces of the transition matrices commute (being conside-
red as quantum-mechanical operators in H ¢ ).

A
[ton,tqwl= 0, +0)= b T= A0+ AN, (2.40)
A N A A
o T T = b0 TN T ()

The operator family t( A ) plays for the finite interval
[x1 s X ] the same role of generating function of integrals of mo~
tion whlch is played for the infinite interval (-oo oo) by AC A ).
So, we can get the periodicity equations for kJ from the condition
that ,k1 ves kN> is an eigenvector of t( A ).
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To this end, let us write down explicitly some of the relati-
ons (2.36)

+ v A-prie (e of
AOIB () =B(w) A 225 —HBmAw),

- (2.41)
NoOBle) = Bw)A0) doemize | i ROATL)
* : A~ po A Fo e
BOIBTw) = BUr)BHO)
| (2.43)

Wote that the Fock vacuum is an eigenvector of both operstors
AC ) ) and AT(C ) )

’ - o il
AMio>=e lo>, Ao>=e o>, 2f =x—x, (2.44)
Consider now the expression

s .
tnlk,..., k,>= (Amﬁ“ A+(M)B(kﬂ.-- 8*U<N)Io> (2.45)

To obtain the equations needed let us carry A( A ) and A+( A ) in
(2.45) through all the Y s uging (2.41, 42, 44). The result is

W k., k7= VK, Lk kg, k>

N N (2.46)
2 Ok, k BT Btk Vo>
where =1
SMN ks oM v -k -ise
Yk, k)= € R T‘;L“ ’ ”1T (2.47)
=1 d I 4

The first summand in the r.h.s. of (2.46) is obtained when we
carry AC A ) + AT( A ) through BY’'s using the first terms of the
r.h.s. of (2.41-42) only. The second summand contains all the remai-
ning "unwanted" ferms which must vanish after imposing the conditi-
on that | K,y eee kN>' e an eigenvector of t{ A ). We do not
need to write the explicit expression for N (2 k1 cee k. )

N
because, as S.V.Manskov has noticed [ 61] the condition /1; =0 is
equivalent to the requirement that the eigenvalue v (X ky 5 ovs
eee 5 k) has no singularities in % . Thus, from ResV( A ;k

4’
cee y kK. ) =0 for7\=kJ it follows

N
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2kl N kgok-e
e =l k-krixe’ =2 N (2.48)

=1

VEy
The periodicity equation (2.48) lays the basgis of the further in-
vestigation of the ground state and elementary excitations of the Bo-
se-gas with finite density in the thermodynamicel limit ( 1 — 00 ,
N/Z being constent) [ 587 . The reader can find details in the ori-
ginal literature cited.

2.3. QSTM for the massive Thirring model

We proceed now to describe some modifications of QSTM for mo-~
dels more complicated than NS, It is instructive to observe how the
simple scheme described above gradually becomes more and more comp-
licated.

The simplest model after NS is the massive Thirring (MT) model
which describes the relativistic two-dimensional massive spinor field
with current-current interaction. The Lagrangian & and the Hamil-
tonian H of the model are

%= Ef(ag”aﬂ—m)w—gqj“jﬁ, = Tty (2.49)
= (90), - (08), v, - (%),

dx (v’ + + (2.50)
H=Jaxwed iy + 29w ¥V Y, ).
The classical variant of MT is soluble via CSTM both in cases

of commuting and anticommuting (Grassmann) variables qf uf In
the commuting case the L—operator is [62] 2x2 matrix (§,= \V'“{;)

2
g +>‘ $9,-8, XY ‘7\% (2.51)
Ly, X g g [ mees

whereas in the anticommuting case it is 3%3 matrix [ 63 ]

L )=t
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B8 0 Mgt
Logn=-i| O it 5 'W:*%‘V: @)

+ 4t 4 32 -2
7\%+;% _;\%4'7\\])2' XE%

The main difficulty of dealing with the quantum fermionic MT
is the same as in the case of NS with finite density. The ACR represen—
tation for the physical vacuum R is a priori unknown whereas over
the nonphysical vacuum | o> (pseudovacuum) the spectrum of H
(2.50) is unbounded from below. The excitations over | o> (pseudo-
particles) can be described in terms of Bethe ansatz technique [64)
and the physical vacuum GE can be constructed in the manner very
much as in the case of NS introducing spatial and ultraviolet cutoffs
and f£illing the Dirac sea of pseudoparticles with negative energies.
The integral equations for pseudoparticle densities, the spectrum of
physical excitations and their S-matrices were calculated within the
Bethe ansatz approach in [ 25, 26, 47 1 .

In the Bose case only nonphysical Fock representation of CCR
exists for MT but, nevertheless, the Bose~MT is a useful toy for
mastering QSTM.

The attempt to algebraisze the Bethe ansatz for MT along the sa-
me lines as in the case of NS leads immedietely to a failure. If the
quantum trensition matrix Mz, , X, A ) is defined by the formu-
las (2.34, 35) ueing the classical | operators (2.51) or (2.52)
there is no such R-matrix for (2.36) to be valid. The important les-
son one must learn from this failure is that in generel case the
quantum L ~operator must differ from the classical one coinciding
with it in the classical limit only. A naive treatment of the nor-
melly ordered reflection coefficient b( A ) as a creation opera-
tor [12] does not lead to the right answer for the eigenfunctions.

The quantum L ~operators for the Bose- and Fermi-cases are,
regpectively,
P Y R R\ AR
7 - 1 ?.?2, 2 14

N , (2.53)

”Ya'%% < t08 55
?zezx;=ex/mw) X:;g”—wrcsih‘k , [L}”m(x))‘ﬂ+ly)1=t5;nn5(x—y)

Lxa)=t
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and
4“?92 0 V )\k}/
L(x, ==t O ~c>\+6‘ WA _t)\% ?—A%‘ (2.54)
B \yz "U% A\Vz ~>\_;_>C_2

ol= QX) VZ = d2§ = "—X/cosl.b/ , T :o(26= exginl\x) X:Et’ arcsin't) {‘-ﬁn{x))%‘ty)}"‘gnm 'k B’(X-})

and the corresponding R -matrices are

a a =1, expu = N/p,
Riu,y)= (‘i g b = SU\L\UL/SLML(u+2'b’)) (2.55)
o | €= sinh2y/sinh (ur2y)

a=1, expu=n/n,
8 Jsmkucosh(u [)/coshiusy),
Z = Jscnh2ysinhy [ eosh ury),

C = Sl: L\
Riwy)= d _:é hz “ (2.56)
X -—J s»nL\ QX

y y = Jsinhwsinh2y /cosh(usy),
Y J= 1/s‘ml\(u+22f)-

In the Fermi case the fundemental equation (2.36) must be un~
derstood in the graded sense [19].

In the Bose case one can follow <+the same line as for NS, ob~
taining the generating function of the local commuting integrals of
motion from the diagonal elements of T{ A ) and the creation anni-
hilation operators for (nonphysical) excitations over | o> from the
off~diagonal elements.

Unfortunately, in the Permi case which is of direct physical
interest the situation is more complicated.: There are too many mat-
rix elements in the 3x3 matrix P( A ) and the commutation rela-
tions between them are too complicated. The problem of consiructing
the creation annihilation operators for the Permi MT remainsg still

unsolved.
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2.4, Q3TM for sine-Gordon and lattice models

The above examples illustrate well the fundamental significen~
ce of the pseudovacuum | o> for QSTM. Unfortunately, in the re-
lativistic quantum field theories containing Bose fields,such as
gsine~-Gordon (SG), supersymmetric sine-Gordon (SSG), Shabat-Mikhailov
model (SM), there is no & priori known CCR representation for the
interacting fields containing the reference state | o> which could
play role of pseudovacuum. In case of SG model the difficulty can be,
of course, avoided using the Coleman's equivalence of SG and MT Le5].
This way, however, can scarcely be considered as an honest one.

Another problem which arises in dealing with the relativistic
fields is the ultraviolet renormalization. In case of MT, the usual
way of removing the divergencies [ 25, 26, 47]) consgists of introdu-
cing a cutoff or, in other words, of filling the Dirac sea up to the
bound rapidity J\ . Introducing fL seems to be somewhat artifi-
cial and is not dictated by the periodicity equations of (2.48) ty-
pe ),

A remedy egeinst the difficulties indicated above is provided
by putting the system on the lattice. The lattice spacing A pro-
vides a natural intrinsic scale for the ultraviolet cutoff and the
continuum field theory is obtained by tending D— O eand the coup-
ling constants of the lattice Hamiltonisn to & critical point [66].

A gingle continuous field model, however, has a lot of lattice
versions. The question arises if there are exactly soluble ones
among them. Fortunately, for most interesting models (NS, SG) the
answer turns out to be positive (and we believe it to be positive
in general case) and, what is more, there can be several exactly
goluble lattice approximations for a single continuous field model
(for NS, there are at leagt 3).

To proceed, let us describe the main features of QSTM and CSTM
in the lattice case. The field operators are defined on the lattice
x=0, * A 4,220 , ... . The fundamental relations (2.13) and
(2.36) for classical and quantum cases respectively do not change
their form. The L -operator L(x ,A ) is defined simply as the
trangition matrix T(x, x + A ; A ) for one step, so that

*)

The difficulties with the renormalizetion procedure in the con-
tinuous approach were underlined also by B.M.McCoy [ private commu-
nication] .
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T (x,, x,;0=Log-8;0 ... Lix;2) (2.57)

both in classicael and quantum cases. It is to be noted that the prob-
lem of normel ordering is completely removed being on the lattice.

The local identities, like (2.11), which generate (2.13) and
(2.36) read

{L’.(x,m), I.fI(X,/M‘}= L r(-p), Lf(x,X) L”(x,,x«)] (2.58)

in classical case, and

i
RO-RILoME ()= L)L (10 RO-p) (2.59)
in quentum case. We would remind the reader that throughout the

present paper we consider the ultralocal case. The condition of ul-
tralocality for the lattice models means that the f£ield operators
at different sites of the lattice must commute and L(x , A ) conta-
insg only the field operators at the site x.

Though the lattice approach is motivated mainly by studying the
relativigtic field models, we shall describe here, for the sake of
simplicity, the completely integrable lattice versions of the NS mo-
del.

1. XXZ model is formulated in terms of spin --% operators

{
p_ 5*P+ La‘*PKSm vy Mm=n
S.5 =\ Jhea (2.60)
* Sw Srn. y m#En

where o P vy =1 2, 3. The Hamiltonian and L ~operator are

L10]
4 1 1 2 |2 ‘ 3.3 ,
H_—EZV\‘ (ShSY‘M +Shgh+4 +COS‘L?( S'r\ SHM 1 ) )) (2.61)
T4
wtw =2
T8 T w
w’:é—(22+2 -,Zwsh?))(2.62)

+ 3 ) ‘ + a4, R
wS W-w,S /) gf=sthu_  ST=574(5
" 4 3 7n sin(u+ih)

.
Ln,w= W tW, S, WS,
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R «matrix coincides w:Lth (2.55) upon subs:.tut:.ng Us bt 4 VLV ’
25 Setting 2= e"“’v] ={b ,S! /\/—~q£(x) ¥=NA one obtains in

the limit A- O the Hamiltonian and the L -operator (2.3 ) for
s [107.

2. A lattice NS model by Ablowitz and Ladik [ 2] *) is formula-
ted in terms of operators "irm ’ 1:E';: obeying the commutation relati-
ons

- +
[y ¥ I= R4+ ¥ W) (2.63)

The Hemiltonian, L ~operator and R -matrix are

ST WYY, 2E (b yly ) (2.60)

n+1 &'LU ’5,)
Ve -yt
L(n,z)= y ; , 2=e€xpy (2.65)
w
a 0= sinh (¢-1)
- 8, C =l
Regr= | ¢ b=e 'sinhep 2,669

“a ¢C =- Skwk?’,
an= fn(L+h)

Letting A>0 one obtains the corresponding quentities for NS.

3. A lattice NS model by Izergin and Korepin [ 287 deserves
particular attention because it can provide a regular method of con-
structing the lattice completely integrable models from the continu-
ous ones. The main ides of their approach could be expressed as fol-
lows. Let us look for the lattice [, -operator in the form of a po-
wer series in A

) 2, ®)
Lasaay= 4+l oon+als 0N+, (2.67)

Putting LU)(X,M to be equal to the continuous L ~operator we may
expect the higher corrections in L +to be defined from (2.58) in
classical case or (2.59) in quantum case. The P -matrix in (2.58)
or R -matrix (2.59) is assumed to be the same as in the continuous
case.

*)

The Hamlltonle.n and quantum formulations of the model were pro-
posed in [ 37, 38 ] .
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It turns out that for NS the series (2.67) can be put in & com-
pact form [287

3 T
-i3a+S =S
Ln, )= \ \ (2.68)
-iS, Lgav S,

where Si=1 + %ewlym, , S:L:- 1+ %g:wn v, (2.69)
Si=(STy, [¥,, ¥ 1=00,,.

The formulae (2.69) are the same both in the classical and quantum
cases.

The same program has been performed for SG [30, 311 . A disad-~
vantage of the approach consgidered is that the lattice Hamiltonian
turns out to be nonlocal in the quantum case. The fact is unimpor-
tant, however, if one uses the algebraic Bethe ansatz and is inte-
rested only in the continuous limit results.

2.5, Genersl scheme of QSTM

To sum up let us list the main stagesof QSTM. The list given
below does not exhaust, of course, all technicalities of QSTM. It
should be remarked also that the scheme presented can be modified
drastically in applying to specific models.

0. CSTM for the classical model.

This preliminary stage includes finding the L -operator, Ha-
miltonian structure and P -matrix.

1. Quantum {, -operator and R -matrix.

This stage includes chooging & lattice approximation (if neces-
sary) for the classical and then for the quantum model (or immedia-
tely for the quantum one). The lattice L -operator may be found
exactly or up to the leading order inm A , as has been made in the
first version of QSTM for SG [13 ] .

2. Finding & pseudovacuum |o > .

Before finding a pseudovacuum it is necegsary to choose repre—
sentation of the commutation relation for lattice field operators.
The purpose of finding the pseudovacuum is to use some elements of
the transition matrix T(x1 s Xy 5 A ) as creation operators for
pseudoparticles. The most popular condition for determining pseudo-
vacuum is vanishing of some matrix elements of T (e.g., one of the
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off-diagonal elementsfor NS, 5G, XYZ). In the simplest case (NS, XYZ)
the pseudovacuum is a tensor product of single-site vectors [10]:
o> =.“®epehp,“ . Por SG model |o>» is a tensor
product of two~-site vectors [13, 207 . The most complicated struc-
ture of pseudovacuum occurs in the XYZ model [14 ] .
3. Writing the periodicity equations on the finite lattice
(ring).

This stage includes choosing a generating functional of quantum
integrals of motion (see Sec.5), solving the problem of extracting
the Hamiltonian from the generating functionael chosen (quantum tra-
ce formulae) and, finally, writing the periodicity equation.

The last problem is not sometimes so easy as in Sec.2.2 invol-
ving in case of L ~operator of high matrix dimension tedious calcu~
lations with the commutation relation (2.36) [ 33-35, 41] .

4. Determining the physical vacuum G2 .

This stage includes an analysis of admissible solutions to the
periodicity equations [42, 437 , removal of space cutoffs and,

finelly, writing the set of integral equations for the density of
pseudoparticle momenta in the physical vacuum and excited states.
It is preferable to remove the ultraviolet cutoff at the same time
as the space cutoff instead of solving the system on the lattice and
meking A— 0 in the final results.

5. Calculation of physical characteristics: elementary

excitations, their bound states and S -matrices.

See, for example, [13, 25, 26, 477 .

6, Inverse gspectral transform and calculation of Green's

functions.

Under the inverse spectral fransform we understand here expres-
sing the original field operators (e.g. ¥ , yt for NS) in terms
of the scattering data (e.g. 4, A+, B, BY for NS). In other words,
it is the problem of finding the quantum generalization of the clas-
sical Gelfand-Levitan equation. Solution of this problem apparently
gives rise to calculation of Green's functions.

At present the problem is solved only for NS in the repulsive
case ®¥>0 [48, 52] . Some important improvemenis which allow one
to consider the case 22« O have been made recently in [ 447 .

Let us list now several topics closely connected with QSTM
which have fallen beyond the gcope of our review.

1. Thermodynamics of one~dimensional exactly soluble quantum
systems.

Within the Bethe ansatz approach the problem was considered in
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the pioneering peper by C.N.Yang and C.P.Yang [67] for NS, Yang's
approach has been then extended to XXX [6871, XXZ and XY% [697 and
SG [70] models. Recently, within the QSTM approach to NS, H.B.
Thacker et al., [ 57-597 has succeeded in rederiving Yang's results.

2. Models with isotopic symmetry.

Considering the models with meny degrees of freedom due to a
group of isotopic symmetry needs some complications in QSTM. Inste-
ad of a single algebraic Bethe ansatz there arises a hierarchy of
higher Bethe ansatze [ 33-35, 41 1 .

3. Direct methods of calculating the physical spectrum.

An interesting direction in QSTM originated in statistical phy-
sics is connected with attempts to avoid the stages 2-3 of the above
list and to calculate the spectrum of the Hamiltonien immediately
from the "first principles" such as properties of unitarity, analy-
ticity and crossing symmetry [71-7371 .

4., Tetrahedron equations.
A new promising proposal by A.B.Zamolodchikov [ 7 ] can become
& basgis for a multidimensional generalization of QSTM.

2.6. List of exactly soluble models.

The 1list given below contains brief descriptions of the quantum
models soluble by QSTM as well as some models which are golved by
means of Bethe ansatz technique and other possible candidates for
applying QSTM. We tried to make the list as complete as possible
though we have excluded, on the one hand, the free fermion models
(XY, impenetrable Bose gas, Ising~-field-model [ 74, 75]) and, on the
other hand, the models soluble via canonical transformetion (mas-
sless Thirring model, Luttinger model, Federbusch model, Schwinger
model etc. [75-767 .

1. Nonlinear Schrodinger equation NS.

The model has been discussed already in subsection 2.1-2. It
is to be added only that NS has a lot of generalisations.

The matrix generalisation of NS [77, 37 is defined in the clas-
gical case by the Hamiltonian

H=J¢X’%(Y:‘¥X+ VY wty) (2.70)

where ¥ is the hxM matrix of dynemical variables IU;P(X),
ngg(x) being its hermitian conjugate. The Poisson brackets are
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{‘Pdp(” qrwuj)% L8, P&x y)

The L-operator is (m+n) X (m+n) block-matrix

+

. -3 =¥ (2.71)
Lix,MV={ 2\
Yoo =

The quantisation of the matrix NS, like of the scalar one, resolves
itgelf to normal ordering. The vector (m=1) NS has been considered
in frame of Bethe ansatz method in [ 56-58, 78, 79 ] . Within QSTM
the matrix NS has been treated in [ 33, 34 ] . A variant of the mat-
rix NS including Fermi fieldghas been considered in [ 347 . The
reduction problem for the matrix NS and a new completely integrab-
le model, the O(N) ~inveriant NS, are investigated in [407.

- The lattice versions of the scalar NS [10, 28, 29, 37, 38]
have been discussed in subsection 2.4. The inverse spectral trang-
form for NS is proposed in [ 48, 5271 . The thermodynamics of NS
is discussed in [ 51, 677 .

2. XYZ-model and other lattice magnets.

e

The XYZ-model is formulated in terms of the spin- 3 operators

S: (2.60), The XYZ Hamiltonian reads

H=—%ZW(JSS ss +38°5% ) (2.72)

170 Yned et 3T e

The history of investigating XY¥YZ-model and especially its dege-
nerations, such as XXX ( J, = U-TJ )y XXz (], -—J#j , see
subsec 2.4) and XY ( 3 O ) models ig too long to touch it here.
We must mention, however, the pioneering papers by R.J.Baxter [ 23-
-247] who solved the most general case J,+ J, # 33 of the XYZ
model using a far reaching generalization of Bethe ansatz method
which became one of the origins for QSTM. The paper [80] must al -
80 be mentioned which ig devoted to the calculation of the spectrum
of the XYZ Hamiltonien (2.72) within Baxter's method.

The QSTM was applied to XXZ-model in {10 ] and to the general
XYZ-model in [ 14 7] . The L-operator for the XYZ-model is paremetri-
zed by the Jacobian elliptic functions and reads
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3 o
Lw= %OWJ“’SFOL (2.73)

where 6;_ ( ot =1, 2, 3) are Pauli matrices, 6,=1, and
w =4, 31’:72"13:
W)= sn (y, k) /sniusy,k), =1{:dn2y, k)i ch(2y k),
W, wy= dnlasg k) snipk) sniusy,kydniy, k),
W, (W)= ch(usy,k) sh(g k) /shlusy,ken(y k).

The R -matrix has the same form as Ln,(u)

> b (2.74)
= = ’
Rqw) ﬁ‘:\:o%(u)g@% CC%
d a

O.=W0+W3 C= W1+Wz
b= Wd-W5 d.::VJf-VVz
The elliptic functions in (2.73-T74) can degenerate into the trigono-

metric (hyperbolic) and the rational ones. The trigonometric degene-

ration (XXZ-model) is considered in subsec.2.4, the rational degene-
ration (XXX-model) reads

e . (2.75)
Lm(u,)-— i+ u+%é1 SWGOL |

and hgg the obvious SU(2) symmetry.

The clagsical continuous analog of XYZ-model is the so called
Lendau~Lifshitz equation [60 ]

§=58 + 33T, S=(555), 1Ti=4,
(2.76)
J=dieg (J,,3,,9,), <3, <7,

describing the spin waves in the ferromagnets. The Hamiltonian and
the Poisson brackets for (2.76) are

He 4§l 3= (5,38) 43,

2.77)
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{S"L(x),SP(xj)}= g SK(XBS(x-g) (2.78)

The L-operator and r-matrix are

3 2 3
Lagw=-i 2 rw Ss, , ru=2
ol=1

2L WE,®8, (2.79)

where r, (u)= 3_87]-,07=0 W (u,77 ).

It is to be noted that the XYZ-model can be considered as a
lattice version of MT and SG models [ 81-82 7 . A wide class of lat-
tice models generalizing XYZ-model is described in subsec.3.2 in
connection with the so-called Yang-Baxter equation.

We proceed now to describe the relativistic completely integ-~
rable models. The first group of models (nn. 3-5) are the models in-
cluding the scalar fields which can be considered as generalisati-
ons of the sine~Gordon model.

3. Sine~Gordon model (SG).

SG is the model of the selfinteracting relativistic scalar
field (p ‘taking its values on the circle o< ¢ < 2T . The La~
grangian is

4 [ 1M 2 ‘
L= Ry {58 Lpaﬂtp—mU-OOS(P)} (2.80)

The Hamiltonian structure is described in terms of the canonical va-

riables @ (x) and T (x)= (gx Yi@oq?(x)-
{00, @epl = 8(x-y)
The Hamiltonien is
2 R
H= Sd,x{iipt +T1X—(ﬁ axcpaxtp+m(1-ws<f)>} (2.81)
The equations of motion are

. . ] 2
= §§x , 55:7{(‘(%("”5”"‘?) (2.82)
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The classical L-operator for SG read

- - -4
2(w (16 -4 o' %)
= - . L - (2-83)
T\ p(etget) g

The r-matrix
OSOO 2 2
—_ 06C O P29
r(\/p)= 0o 0 g,ﬂ%z,c:ﬁ
0000 M

up to a change of variables is a classical variant (in the sense of
(2.37)) of the XXZ-model's R-matrix (2.55).

Since the complete integrability of the classical 3G had been
established [ 1, 21 it became the object of the intensive study. It
was studied by semiclassical methods [ 837 and within the bootstrap
progrem [ 84 ] . The successful solution of SG within QSTM [13 ]
remaing one of the major triumphs of QSTM. A more recent treatment
of SG on the bage of a lattice approximation [ 30, 3171 is presen~
ted in [20] .

The sinh-Gordon (ShG) equation ig obtained from (2.82) by rep-
lacing SinpY by sinhpq. The application of QSTM to ShG should not
face any significant difficulties in comperison with SG. The expla~
nation of the fact that it is not done yet may be that the expected
spectrum is not very interesting (there are no solitens and bound
states like in SG).

4. Super-gymmetric sine-Gordon model (SS@).
The supersymmetric generslisation of SG has been solved via
CSTM in [ 85 7. The model describes the interaction of the scalar

field and Majorana spinor field 1.lf . The Lagrangian is
- L -
L=1% [8/"1? dup+ quxl‘“faw— % s&w"pq)+ im Fyeospp ] (2.84)
The L-operator reads ( m=1, p= 1)
Y (g+¢) -2y, i 3529 sy |
L= ﬁ{ -(g¢) -l 0 |+ —;;, $sn2¢  cos'e -Npcos (2.85)
vy, 0 -ikk Wcosp ~Vficosp

The classical r~matrix up to & similarity trensformation coin-
cides with thet of the Fermi MT model.
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The only exact quantum result known for SSG i1s the calculation
of the S-matrix within the bootstrap program [ 86 7.

5. Relativistic field models connected with root systems
(R3).
Let B ve a root system, # the set of admissible roots,
{HK s B } Cartan-Weyl bagis, n the Coxeter number, p(d) the
height of the root o (mod n), £ the range of R [87 ] . Then
the system of 1 relativistic fields P defined by the Lagrangian

4
&= Z kalopk R, 0= 0 (2.86)
@Ot ~ 5 2 PR = 2 9,
and the equations of motion
k
RN %Z eLkeocpz% (2.87)

turns out to be completely integrable [87] . The corresponding
L-operator is

L
L= t'oH +3 eL&(XE;%E&) ;1= g (2.88)
k=4 ke

(4

The corregponding classical r-matrix is presented in Sec.4, formula
(4.2).

In case R belongs to the type AL
teke the form

-1 the formulae (2.86-2.88)

{ £ ,
L= %iaf‘cp“aﬂcp"— %%eocp 2(p*= ") (2.89)

i i k-1 i +
o - @k, = % {ewp2 (¢ - ¢F)-exp2(e- o) } (2.90)

4 ¢ (4 Q")
Lon=2w'we, - E2e (e, rde,.) o

1 )ag= O G

Imposing some consgtraints on the field (Pk one can obtain
many other completely integrable systems [ 871 . For example, the
reduction (1=3) Lpi= —q)"’= ¥ cpz = Q leads to the equation
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» 29 -
P Px=€ — € (2.92)

The application of QSTM to the models described is limited at
present to the stage 1 of the list given in Sec.2.5 (19, 27, 38,
557 .

The next two models describe the interacting massive spinor
fields.

6. Masgive Thirring model (MT).
See Sec.2,3.

7. Bukhvostov-Lipatov model (BL).
The BL Lagrangian [ 88 ] reads

2 - ‘mo! , " _—
Zi%%(%r‘}“m)% 4 /2/“ A %Xf“% ' (2.93)

The model is studied in [88 71 within the Bethe ansatz method. Nei-
ther CSTM nor QSTM investigation of the model has been undertaken
yet.

Of special interest are the models (n.n.8-10) which are mas-
sless in the classical case but being quantized reveal a massive
spectrum due to dimensional transmutation. None of the models
has been solved yet by QSTH.

8, Isotopic massless Thirring model (IMT).
The model is defined by the SU(N) -symmetric Legrangian

Z’-‘-;“WM’Q —Z&’diyﬂﬂld%xrﬂ; '\/=30I+3§> (2.94)

Qa

which in case 9o==() coincides with the Lagrangien of the chiral
Grosg~Neveu model

'Z:étgféf%+ 3((@?)2—(@—){5“]’)2) , (2.95)

The model (2.95) has been proposed in [89] and studied semi-
classicelly in [90 7] . S-matrix of the model has been discussed
in frame of the bootstrap program in [ 9171 . Recently the model
has been solved via Bethe ansatz method starting from the Lagrangi-
an (2.94) in [ 92, 93, 357 and from (2.95) in [ 947 . It is to
be noticed that the Lagrangiens (2.94) and (2.95) turn out to yield
the same final result for the physical spectrum, since the S-matri-
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ces of pseudoparticles over the pseudovacuum | o > coincide for
(2.94) and (2.95).

An interesting generalization of the model has been proposed
recently by V.N.Dutyshev [95 ] in case N=2. He has shown that the
model defined by

3
— -— 2
£ =iy, v - g 2.96
Yo QZ:;%Q(YXF V) (2.96)
is also soluble via Bethe ansatz technique. A further generalization
of (2.94) is considered in Sec.3.2.

9. The Gross~Neveu model (GN).
The model is described by the O(N)-symmetric Lagrengian

Z=17yo¢ -9 (7 ¢) (2.97)

where LPG’ , &=14,2 .,., ¥ are real Majorana spinors. In case
N=2M there is an equivalent Lagrengian

L= iFla,y- §(Fy)”

where Wa’= q)a'+i,q>a‘+M (a,=1,..., M) . The model has been proposed
in [897 and studied in the semiclassical epproximation in 967]
The known exact results are: CSTM [ 97, 9871 and S-matrix calcula-
tion within the bootstrap program [ 84, 991 .

10. Chiral fields (CF).
The principal chiral field [100] is the field (3, taking its
values in a Lie group G described by the Lagrangian

&= bu(g'1aﬁbg)(9;18""9) , 4eG . (2.98)

The equation of motion are
’azg = (3}4%)%’1(8’"%) . (2.99)

There is & lot of reductions of (2.99) corresponding to various
symmetric spaces. The simplest of them is the nonlinear & -model
which is described in terms of the field n=(n,1 » Doy Dy ) taking
its values on the sphere Sz s "ffa' =1. The Lagrangian and the equa-
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tions of motion are

2 - -

Z:(a}ﬁ,aﬂm) ay\+n(aﬂﬁ,3’“ﬁ)=0. (2.100)

The Hami%zpnian structure is described in terms of the variasbleg
Ekx) and l(x)ézxzft and is defined by the Poisson brackets

{ n ), ¥=0,

abe (2.101)
Ll 00, ngj= € h,000xy),
abe
{00, €, =€ L o8-y
eand the Hamiltonian
H = é— de('ﬁ’f + Zz ). (2.102)

I.V.Cherednik has shown recently [ 101] that introducing en aniso-
tropy in the Lagrangisn (2.100)

X=(F VTP, T, =Wea R, Vadaf Ve
leaveg the model completely integrable. The result is quite
gimilar to that of Dutyshev for INMT model (2.96) and can also be
generalized to arbitrary solutions of the Yang-Baxter equation (see
Sec.3.2), «

In the current literature there is & lot of results for chiral
fields concerning their classical complete integrability [ 102 ] ’
quantum integrals of motion [ 103, 1047 S-matrices [ 84, 86] .

Though the claasical variants of the IMT, GN and CF models have
been golved via CSTM the L~operators proposed in ]:97, 98, 102]
do not contain the angle variables being thus of no usme for QSTM.
The problem of applying QSTM to the models remains still unsolved.

We finish our ligt with two models for which the attempts to
apply QSTM still meet with failure.

11, Hubbard model (HM).

The model is formulated in terms of two fermionic fields

( A =1, 2) on the lattice. The SU(2)-invariant Hamiltonian n
[ 105] reaas

ol
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- e ol ol et FA Ay 1 2.10
H=Z (1 Ve + Yo ¥+ gV vyt ). @1o
The energy spectrum of [ has been determined in [ 105, 106 ]
by means of Bethe ansatz technique. The model can be considered as
a lattice approximation for the IMT model [ 107 ] and for the fermio-
nic vector NS model (depending on the vacuum (@] chosen). A genera-
lization of the model including 4 fermionic field has been congide-
red in [1087] .
12, Toda chain (TC).
The model represents a chain of point particles described by
coordinates q/n and momenta Pn with canonical Poisson brackets
{ P_m R %75 _ S’m“ (in the classical case) or commutation rela-
tions [ Pma%n—-’ =i <§:hh(in the quentum case). The Hamiltonian is

H =; (,?i,lpnz + ex,)(%“‘\‘—(‘vn)) (2.105)

and L~operator

Ln()\)z A‘Ph €

W

(2.106)
et o

are the same both in the clagsical and quantum cases., The r(R)-mat-
rix is the same as in case of NS (2.12, 37) [15, 32] .For the CSTM of
the model see [ 1] . The known quantum results concern mainly

the integrals of motion [ 109, 110] . For generalizations of

(2.105) connected with root systems see [111] . Another possible
generalization is the matrix GL,([\/) -invariant Toda chain [ 112]
which is formulated in terms of variables 9 taking values in the
group GL(N). The Lagrangien is [32]

L=Zh(A8,) . A=(39,04,,B,= 9,5 - @on

The model (2.107) was considered in [ 1127]asa possible lattice ap~-
proximation of the principal chiral field.

We finish this Section with a table representing the present
gtate (spring, 1981) of the models listed above. The rows corres-—
pond to the models taken in the same order as in the above list, the
columns correspond to the stages 1-6 of the QSTM 1listed in Sec.
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2.5. The two extra columns CSTM and BA denote the classical spect-
ral trangform method and coordinate Bethe ansatz respectively. In
the squares the year of the first publication and some references
are given. A blank square means that the corresponding problem for
the corregponding model has not yet been solved.
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CSTM BA 1 2 3 4 5 6
1971 1963 | 1979 no 1963 | 1963 | 1963 | 1979
1. 88 |[1-3, |[56-58,[[9,15, [ 44,
33,771 |78,797 | 18] |problem|[58,15] [58] | [58] |48,52]
1979 1973 | 1972 | 1973 | 1972 | 1972 | 1973
2. XYZ 123,24, (23,24 123,24} [80]
l6o] |124,141[141  [l24,147 [14] 14]
1974 1979 | 1979 | 1979 | 1979 | 1979
3. SG
[1,3] [13,20]([13,20] [[13,20] | [13,20] | [13,20]
1978
4. SSG
[85]
1980 1980
5. RS [19,27,
j87] 551
1977 1965 | 1980 no 1979 | 1979 1979
6. MT [47,25,|[47,25,
l62,63]] [64)| [19] | problemf[47,25]|261 26 ]
1980 no 1980 | 1980 1980
7. BL problem
[s8] les] | [e8] Les]
1978 1979 no 1979 | 1979 1979
8. IMT problemr
[97,98)| [92-95] [92-95) [52-94] |lo2-94]
1978
9. GN
[97,98]
1975
10. CF
[102]
1968 no 1968 | 1968 | 1968
11. HM
[105] problem | [105] | [105]| [106]
1974 1979
12. TC
[1-3] [15,32]
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3. YANG-BAXTER BQUATION AND ITS APPLICATIONS

In the previous Section we have presented a general sketch of
QSTM. Now we shall concentrate on a couple of specific topics which
are closer to us. ‘

The first topic which is the subject of the present and the next
sections is the Yang-Baxter equation (known also as "factorization
equation”, "star-triangle" relation). The Yang-Baxter equation (YBE)

" YA/ //U—
PK{J’R (V)

o Lol RJ/X” (V) °(X” R Jﬁ” (W) b/JJ Rﬁﬁl (u-7v)
is a functional equation for a four-indices function , R s(u)
of a parameter (L which we shall call the spectral parameter. The
indices are assumed to run from 1 to N, Over the repeated indices
the summation i® assumed.

: /R- /(u-U') //R(L()
ol o KJ P8 (3.1)

The YBE was introduced in [23, 78] and hes numerous applica-
tions in the theory of completely integrable quantum and classical
gystems and of the exactly soluble models of statisticel physics.
Before going to the applications of ¥BE let us introduce some useful
notation.

The four-indices quantity o R s can obv:.ously be 1nterpre-
ted as an opera't;or R 1n the tensor product space C ® C . In
the space C ® CN® C we introduce three operators R 12 ,Rﬁ ,R23
correspond:.ng to the three canonical embeddings of C ® C into
CYe C"eC"  (for example, R, =R® I,,R, =TI, @R).
Thus, (3.1) can be rewritten in the operator form

Rip-mR ) R () =R R (R, (u-v), -2

A solution R to YBE we shall call Yang-Baxter bundle (YBB).
We must warn the reader that in some papers on QSTM [ 13-15, 20]
another operator R is used which differs from R introduced above
by the permutation operator

P =3 & (3.4)
ocpjbfg «F By
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v
The YBE in terms of R reads [ 277

(Ie Riu-m)(Rwel)le ﬁ(v))=
=(Bwyel) ([eRiw) (Ruu-viel).

We shall consider also the classical analogue of the YBE

(3.5)

Lw, ), @)+ [ =), 1, ]+ [ e, @) =0 346)

which can be obtained by inserting the semiclagsical exggnsion
(2.37) for R into (3.2) and teking the terms of order T

3.1, Origin of YBE,

The YBE has been introduced in a paper by C.N.Yang [78jl. His
result, slightly modernized, can be expressed as follows. Consider
the nonrelativistic quantum theory of N Bose fields described by
the Hamiltonian

H= gélx(*};’; Yoo * v 1, °<};\fzﬂy T Ys ) . (3.7)

The two Bgrtlcle S-matrix S(k1 -k, ) considered as an operator in
C @(: is simply the Cayley transformatlon of the potential

Sk)=(k+LV) (k*—LV), (3.8)

Yang's result is that if S(k) satisfies the YBE (3.2) then the exact
eigenfunctions of H can be constructed by means of Bethe ansatz
method. Strictly speaking, Yang considered a very specific potenti-

al V = -21-( I + 93) but his reasoning can without any change

be applied to the general cage.

The YBE (3.2) applied to the S-matrix (3.8) expresses the pro-
perty of factorization of three-particle S-matrix. It means that the
three-particle S~-matrix cen be represented as the product of three
two-particle ones and the result of three-particle scattering does
not depend on the order of two-particle collisions. In recent years
it has been recognized(see e.g. [84] ) that factorization of S-mat-
rix is a manifestation of complete integrability of a model. For re-~
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lativistic completely integrable models, the use of factorizetion,
unitarity and crossing symetry of S-matrix gives an opportunity to
calculate S-matrix up to the well-known CDD ambiguity [84] . Encou~
raging is the fact that the S-matrices found for SG amd MT models
\'_84] within the dynamical approach coincide with those found pre~
viously within the bootstrap program.

Returning to Yang's paper[78] it is to be noted that the prob-
lem of describing all the potentials V in (3.7) which generate fac~
torized S-matrices is not solved yet. A particular solution, in ad-
dition to Yeng's one, is the O(N)-invariant potential [ 40]

V. =2(5¢ +85 § -§ 8 ) 69

oL B XS 9 O(b/ ;6 «£§ gy oLp )

It is natural to state the same problem slgo for differential
operators of higher order and matrix differentiel operators, for
example, for Dirac operator. In papers [95] end [88] exemples
are given of the potentials yielding factorized S-matrices for mas-
sless and massive Dirac operators respectively. Of certain interest
is also the inverse problem: to f£find a differential operator and a

5 ~function potentiel generating & given factorized S-matrix.

Independently the YBE has arisen in R.J.Baxter's paper[ 23]
ag the commutativity condition for the transfer matrices of the so-
~called eight~vertex model in the lattice statistics. In this con-
text YBE generalizes the famous star-triangle relation introduced by
L.Oonsager [ 227 for the Ising model.

Within QSTM the YBE arises as the condition on R-matrix which
follows under certain assumptiongfrom the fundamental equation
(2.36). Using indices one can write (2.36) as

O(D(R , (u- v)T T ()’— (U)T M,(u‘v).(3'1°)

Introduc:.ng the notation Tm T ®I ® I ,Tm_I T@I
3)
T =1,0[ &T weeet (mn)

m h -1 - {N) {
T T )= R, u-v)T ") T ™MW R, (u).3.11)

3
Consider now the product T(“{M,,)T(Z)(UZ)T( )( U,) end apply thri-
ce (3.11), This cen be made in two ways: either aslong the scheme
(123) ~—»(213) —(231)—>(321) or (123)—(132)—-(312)—-(321). The
result must be the game:
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- - ) \

Ru(uz-bg)R: () R U0y T Tty Tup R,
e f—— )

*RR,.= R R R1 B()u) (g()u)T“(u)R Rs Ria

1t follows from (3.12) that the ¢ —number matrﬁg 32_ =R, 113R23 R”'R{3 Ru
commutes with the ¢ ~numbi§4matr1x ¥ =¥ (a )T (u, )T(“(u R
Teking matrix elements {a|JS i 8> between arbltrary quantum states

fay , 11> we obtain a variety of C -number matrlces
commuting with R, . It is natursel to sssume that the set <al J { b)
is rich enough for itscommutant to be trivial. If the assumption is
true 52 must be scalar matrix. Noting then that det R =1 we arri-

ve at

(3-12)

JQ = I (3.13)

which is equivalent to the YBE (3.2).

The above reasoning is not rigorous, of course, and, even more,
there is a counterexample [40] . Nevertheless, as & matter of fact,
for the majority of solved models the R-matrix satisfies YBE.

3.2. Applications of YBE

In this Subsection we show how from given YBB a set of comple-
tely integrable models can be congtructed.

A YBB is called regular if it satisfies the condition

Rw) =® | (3.14)

U=0

We shall show below that each regular YBB can be considered as
L~operator for some exactly soluble quantum chain, Our reagoning is
very much the same as Baxier's one [24] in connection withthe XYZ mo-
del.

The quantum system in question is a closed ring of M "atoms®
each of which has N quantum states. Thus, the space of quantum sta-
tes:.s}{ =V, ® V6.8 T, (7, =...=V_M=C ). The L-opera-
tor L, (u) is con51dered ag N x N matrlx whose elements are opera-
tors in V, + With the use of indices L n (u) is defined by

' = (3.15)
(L (w )., ,Rw,(u)

oL ot/ n J 3 oL ot
the indices o , ﬁ being the matrix ones and o(’, ﬁ/ being the quan~
tum ones, R(k&)being a given regular YBB. It is easy to see that
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YBE (3.2) implies (2.59) with the same R-matrix as in (3.15). The
transition matrix T(1, M; u) is defined by (2.57). Due to (2.40),
its matrix trace t(u)= tr T (1, M; u) is a commuting one-paramet-
ric family of operators. The last thing to do with t(u) is to ex~
tract a local Hamiltonian from it. M. Iuscher has shown [82] that
ln(t(o) t(u)) is the generating function for commuting local quanti-
ties

J = é—n‘h @n(’c(o-)‘t(u))) (3.16)

N odu u=0 -

Locality means here that i]n is a sum of operators each of which
acts on no more than N+14 adjacent sites. In particular, :71 is
expressed in terms of two-~point densgity H

n,n+{
Z H + H (3.17)
n= n+4 M, 4
where
—( d ,
Hn,n+-1—— (du 12h () l ) h neq * (3-18)

Though Luscherconsidered tle XYZmodel, his proof uses only the regula-
rity property of R and thus can be applied in the general case.

A specigl comment is needed concerning the problem of complete~
ness of the set t(u) of integrals of motion. Completeness means here
that every operator commuting with :71 (3.17-18) is a function of
t(u). A rigorous proof of completeness is available only in case of
XXX model [ 113] . Nevertheless, the completeness of t(u) seems
to be highly probable also for other models in the case of N=2, e, for
XYZ model. In the case N>2, however, it is seen from CSTM, that the set
t(u) might be incomplete. The problem of extrs integrals of motion
is discussed in Section 5.

A cherished dream of everybody who deals with the completely
integrable systems is find an algorithm for judging if some given
nonlinear evolution equation is or isn’t completely integrableThough
the existence of the universal algorithm seema to be hardly proba-
ble, for some specisl classes of equations there might be such cri-
teria of complete integrability. For example there is a simple con~
dition for a quantum Hamiltonian with two-point density to be obtai-
ned from a regular YBB according to (3.15-18).

The idea of deriving the criterion is to expand YBE (3.2) in
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powers of u and V by inserting

Riw=(T+H % +H"w+.)7 (3.19)

into (3.2). According to (3.18) H'"is the two-point Hemiltonian den~
sity. It turns out that H ‘®’is defined from YBE (3.2) up to a sca-
lar term

Hm = ;‘ ( HH) )2 + const

("this follows from the fact that R(u) can always be multiplied by a
scalar factor). The first nontrivial condition on H( is obtained
as the solubility condition for linear equationg defining H(3 . The
most elegant form for the condition proposed by N.Yu.Reshetikhin
[1147] reads as follows . It is necessary that the double commu-

tator
i (1)
H2.3 ]]ZXM—XZS (3207

1) 1 i (4
[ e+ He L LH,,
12 237 12 ?
could be represented as the difference of some two-point quantities.
The condition (3.20) is effectively a set of homogenious cubic
equations on H . The question if (3.20) is also a sufficient
condition for restoring the whole YBB from H remains still unsol-~
ved. It is to be noted that for the Hubbard's model Hemiltonian
(2.104) the condition (3.20) is not valid [ 114] . It means that
there exist some schemes of complete integrability of lattice Hamil-
tonians which differ from the one discussed (3.15-18).
The quantum chain is not the only completely integrable sys-
tem corregponding to the given YBE.
Congider the model of N interacting massless spinor fields

VY, = ( 1&) described by the lagrangian

Yio
= — — (3.21)
T =20t Zuyn VRt

PV=V?

The corresponding Hamiltonian is

H= SO{X("""V:XK%\VQ +4 W+\f’+ Vi 1ad Yie ). G2

40 26 a
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The S-matrix of the pseudoparticles over the pseudovecuum |o)> de-
fined by \P;IQQO)'—'O ig simply the Cayley transformation of the poten -
tial

S(G’)=(6“+L~\/)_1(6’—LV) (3.23)

where 6 = % 1 is the chirality. Since the S-matrix (3.23) does
not depend on the momentum it is the function on the finite set

{ -1y, 0, 1 } . It is easy to see that we can satisfy the factori-
zation equation (3.2 ) for S by choosging V as the inverse Cayley
trensformation L V = & (1 +S(6’))-1(4 — S(&)) of some regular
Yang~Baxter bundle R taken at an arbitrary value WL, of its spectral
paeremeter and satisfying the condition R (-U,) = R+(uo)=R(%), A more
detailed discussion of the model (3.21) will be published elsewhere.
The case of R being Baxter's bundle (2.74) has been congidered by
V.N.Dutyshev [95] .

Let us turn now to the applications of the classical Yang-Bax-
ter equation (3.6). The clasgical results are quite similaxr to the
quantum ones. As in the quantum case, given & classical YBB
one can consgtruct a completely integrable model of ferromagnetic ty-
pe [60, 115] . For example, the model corresponding to the classi-
cal analog of Baxter's XYZ solution (2.79) is the Landau-Lifshitz
equation (2.76).

On the other hand, like in the quantum case, the classical YBB
generates some classical massless relativistic models, namely the
clagsical analog of the generalized isotopic masslegs Thirring mo-
del (3.21) and a generalized chiral field (for the N=2 case see
[101] ). The detailed description of the models mentioned will be
published elgewhere.

To finish this Section let us list some recent advances of
the YBE theory.

At present, a lot of particular solutions to YBE has been found
(an extensive list is contained in the review [19] ). At the same
time, much progress has been made in the general YBE theory. I.V.
Cherednik [116] and A.B.Belavin [115] have proposed powerful
and rather general methods for solving YBE. I.M.Krichever [117]
has classified YBB, for N=2 in the generic case.d.B.Zamolodchikov
[7'] has proposed & promiging multidimensional generalisation of
YBE. A group-theoretical approach to YBE has been proposed in [39] .

We have already mentioned that the list of particular solutions
to YBE grows extensively. In this connection, of great interest is
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the problem of classgifying them and isolating some regular series
of YBBs. A method of generating infinite series of ¥YBBs baged on
group~theoretical considerations is discussed in the next Section.
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4. AN ALGEBRAIC APPROACH TO YBE

The idea of the algebrasic approach to YBE which is developed in
the pregent Section can be most easily explained by considering at
first the classical YBE (3.6). Because the equation (3.6) is written
in terms of commutators only, it may be regarded as an abstract Lie
algebra equation. Given a solution p of (3.6) in a certain Lie
algebra %L y l.e. rFe CZ® (% we can obtain many parti-
cular solutions to (3.6) by considering particular linear represen-~
tations of % . The following examples illustrate the point.

. Let { e. } be & basis of a semisimple Lie algebraccéf k
its Kllllng form. Put k =k(e, ea ) .k “9 K. jt = S
Then r(u)

Pw) = 2 k'l e g e, 4.1)
w i v J

satisfies (3.6). Moreover, A.B.Belavin has recently claimed [155]
that every solution to the clasgsical YBE of the form V/QA is given
by (4.1).

2. Let R be a root system, [H,, Eo(} Cartan-Weyl basgis,
n the Coxeter number, /3 (¢ ) the height of the root o (mod n).
Then x(u) given by

(u(g ~p@)))
= cotanh X ol +> &bz .
P (u) = cotanh 8 uZH H A SinhBa /:;@5:0((4 2)

satisfies (3.6). The golution (4.2) serves as the r-matrix for the
two-~dimensional Toda lattice model (2.86).

3. There exist also completely integrable models corresponding
to the nonreduced root systems, e.g. BC n [_87] . The corresponding
r-matrices can be calculated and be shown to satisfy YBE (3.6). We
do not present here the corresponding cumbersome formulse (for BC4
cage See [27] ).

On substituting the expansion

Ut (4.3)

0

into YBE (3.6) it is easy to see that the leading term rii//u' mugt

also satisfy (3.6). This fact combined with Belavin's result [115]
mentioned above can provide a bagis for clagsification of the clesg-
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gical YBB, according to the corresponding Lie algebrae. It is natu-
ral to assume that every classical YBE generates as many quantum
ones as there are representations corresponding to ite Iie algehrég% The
basis for such assumption is provided by recently found YBBs L118,
119] which can be interpreted as corresponding to the vector rep-
resentations of S0(3) and 50(4). Belavin's solution [ 115] corres-
ponds to the fundamental representation of SU(N).

Below we describe a congtruction of YBBs for higher finite di~
mensional representations of SU(2 ) from the fundamental one. All
the proofs will be given for Baxter's XYZ-bundle (2.74) which cor-
responds in the above sense to the gpin - 1/2 representation of
SU(2 ). Some generalizations to SU(N) case can be found in [ 39] .

4.1. The construction of YBBs

The congtruction described below is based on the fact that the
gpin-l-representation of SU(2 ) can be obtained as the symmetrized
tengor product of 2 spin-1/2 repregentations.

It is instructive to consider Baxter's bundle R42 (2.74) as
an S-matrix describing the scattering of two spin-1/2 particles (la-
belled by 1 and 2). Consider (as an absolutely formal object) a com-
posite particle 12 consisting of two particles 1 and 2 with the ra-
pidities u+u, and u-u, respectively. The scattering of the compo~
gite particle by the third particle with the rapidity v is descri-~
bed by the S-matrix R42)3

Rm,a‘““” = R”(u-muo)R%(uf«r—uo). (4.4)

The space of states of the composite particle 12 is fourdimen-
gional and is decomposed into one-dimengional (gpin-o) and three-
dimengional (spin. -1) subspaces. However, in the course of scatte-
ring by the pariicle 3 these states are, generally speaking, mixed.
The state of spin — 1 will not be destroyed in the course of scat-
tering if the triangularity condition

P; R P =0 (4.5)

12,3 12
is satisfied, where Pj; is the projector onto the spin ~1 subspace
(symmetrizer) and P;; is the projectoxr onto the spin -0 subspace
(antisymmetrizer).
For Baxter's bundle R (2,74) the condition (4.5) is satisfied

atlAO==-X due to the fact that at the special value of the gpect~
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ral parsmeter u=-2Y Baxter's bundle (2.74) turns (up to an in-
significant multiplier ) into the antisymmetrizer P;z

_SV\(U‘*X k)R (u\\)\ :P

. (4.6)
L,smx, u=-9y 12

On gubstituting u = u —X s V= U+ X into YBE (3.2) we
obtain (2,{_:_,?)

2 RHW——Z—)RB(wg)'—' R ,(w% R, (u—%)P__ (4.7)

On putting y = -% in (4.4) ana uging (4.7) and P P we
arrive at (4. 5) Therefore, the S-matrix

Ry, =P Ry, 1w P (4.9

(12),3 12 42,3
describes scattering of some spin -1 particle by the spin - 1/2

m

particle. The question ariges if the S-matrix is factorized. Since
from this moment several kinds of particles are involved, the facto~
rization equation (3.2) must be understood now in a generalized sen-
ge ag the equation in the space V1 ® V2® ‘V3( dim V4 == dim 'X{e-:l:
—TJ- dim V3 ). For example, in the case of scattering the gpin-~ 1
particle (12) and two spin -1/2 particles 3 and 4 the factorizati-
on equation (3.2) reads

R (u-w)R (u)R (V)= Rw)R (U-V), (4.9)

(42),3 12), 4 (12 ), m)
It turns out that R defined by (4.B) really satisfies (4.9).
To see this, one needs' to take the obvious equality

R, ,(uwR, R, (v)=R ) R g (W R, luv) (410

7

and multiply it by P from the rlght With the use of the triangu-
larity condition (4. 5) and (P ) = + one obtains (4.9).

On congidering in quite a.nalogous way the scattering of two
spin -~ 1 particles we obtain the S-matrix

u)—-P P R,,(u-p)R, (WR () RM(u+?)P;; P;_ (4.11)

(12), (54) 2
As in the previous case, the S-matrix (4.11) can be shown to satisfy
YBE. It is worth noticing that the YBB (4.11) coincides (up to a
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similarity transformation) with the one found previously infi197] .
The YBB (4.11) is regular and, therefore, as discussed in Sec.3.2,
can be considered as L-operator for gome quantum chain model genera-
lizing the XYZ-model to the spin — 1 case.

Let us stress that the S-matrix terminology is used here for
the seke of clearness only. Of all properties of S-matrices we use
only YBE and put away the properties of unitarity, crossing etc.

We proceed now to generalize the above constructiion to the ce-
se of arbitrary sepin 1 . Our hypothesis is as follows. The YBB,
corresponding to the scattering of the spin 1/2 particle by spin -
- 1 particle is

+ +
(W)= w (4.12)
(42,...,28), & 149,2,...,28 R4,2,‘..,ge;a( ) P«,z,,,_,gg
where
= '20 f 2& 3 28+1
Q) SEPN ;a(u,)- R4 u 12 u ?) e Rze)a(u-l-w-————z V))

and P'+ gy 18 the projector (s etrlzer) onto the (2f+1) -
dlmen31onai gubspace of the space é?m . Quite analogous but
more cumbersome formulas can be wrltten for scattering of particles
of arbitrary spin.

We cen prove the factorization eguation for the YBB (4.12)
for 1 = 3/2 in the general XYZ-case and for arbitrary 1 in the
degenerate XXX-case (2.75).

To prove YBE for (4.12) like in case 1 = 1, it is enough to
check the triangularity condition

(1- P ) R u) p’ =(). (4.13)

.28 4,2,...,00; 1.9,...,2¢
The condition (4 13) will apparently be satisfied if we succeed in

representing the projector 1 - P 2,2l a8
' + 201
- (4.14)
I-P, ., Z X P »
,2,.0.0,20 = J Y

where X . are some operators. . If (4.14) is true, then on substitu-
ting (4°12) and (4.14) into (4.13) and applyingL(4.7) many -times

we shall be able to bring all the progectors Fg};+ito the right si-
de where they will annihilate with Fﬂ e, .20 °
In the cage 1=3/2 the representation (4.14) reads
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I- P,z, P Pzg %B ?P +~P.§)P_ (4.15)

223 23 42 23

where 922 and 923 are the permutation operators{3.4). In the ca-
se 1 > 3/2 the search for the representation (4.14) involves cum-
bersome calculations which we have not completed yet.

The problem becomes substantially simpler in the case of the
XXX-model (2.75). The YBB (2.74) degenerates into the SU(2)-invari-
ant operator bundle (2.75) (22¢ :.-_‘rz)

R (u)= u+\29> (4.16)

42

and there arises another value of the spectral parameter us= 2 for
which R,z( w) turng into a projector:

Rmt?)=7(I+@2)=27R; . (4.17)

The property (4.17) is readily generalized by induction to the
higher order symmetrizers [ 39 ]

+

! = 1 ' (4.18)
P I p R4 n+4(h?)P23...n+4 g

12004 P(N¥1) T q2.n
Upon using the representation (4.18) and YBE one obtainsg

(w) p’ =P R (P’ , 4

2t a 1,2,..,20 1.2,.,2¢  4,2,..,80;a 1,2

1,9

which proves (4.13).

The careful analysis of the above calculations shows that they
are baged essentially on two facts. The first is YBE. The second is
that the YBB in question turns into a projector at a certain value
of the spectral parameter. For generalizations of the above results to
the case SU(N), see [39] . In the paper [39] the eigenvalues of the YBBs
obtained are also calculated.

To finish the Subsection let us note that the triangularity of
the proper combination of YBBs has been used in [71] for obtaining
gome functional equations for the partition function of certain mo-
dels of lattice statistics.

A procedure of multiplying S-matrices which is cleose enough to
the one described above is employed in [120 ] for calculating the
bound state S-matrices in the framework of factorized S-matrix theory.

JAREST
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4.2. Higher gpin ferromagnetic ehains.

In the previous Subsection we have described & vest family
of YBBas corresponding to arbitrary finite-dimensional representati-
ons of SU(2). One can prove [39] that the YBBs deacribing the
scattering of equal spin particles are regular 1in the sense
of (3.14). Therefore, by virtue of Subsection 3.2 they must genera-
te some exactly soluble quantum chain models which can be considered
as generalisations of XYZ model to higher spins.

Since it is not our aim fto present here a detailed theory of
the higher spin ferromagnets we shall restrict ourselves with seve-
ral comments. For the sake of similicity we consider the isotropic
(XXX) case.

So, consider the chain of N sites each carrying s;apln s . The
space of quantum states is % é{'\[ V *ﬁ . Let
R®® ve the YBB acting in the %paée Cze”® Cis . According
to (3. 15)ewe4 can identify R%S with an L-operator L' " (u), the
space C being considered as the auxiliary and C as the
quantum one. Due to YBB the traces of the corresponding transition
metrices

(€)

t wy=WwT (u ULLW Lo )m/_”a{u) (4.20)

2¢ 2¢ ,1/4

commute for arbitrary 1l1's
[t (w,t,(n]=0. (4.21)

Thus, we have a wide choice of L-operators of arbitrary metrix di-
mensions (20+1=2,3,...) . According to (3.17-18) the local Ha-
miltonian can be extracted from t ,, (u) if l=s. However, from
the viewpoint of the algebrized Bethe ansatz the (2 x 2)-dimensio-
nal L-~operator is more useful (1=1/2). To clear up the point, note
that L:/“(LL) (4.12) can be written [ 39 ] as

ur Sy pST
?S+ u-?S:

(4.22)

Wz)
Ln u+?ZS 6" =

where S— n L S . The pseudovacuum | o> is defined
then by S fo>=0 ,Vh . Onwriting T (u) as
1



110

( A,[u) B(w) )we can proceed along the same line as in Sec.2.2,
Briw) AT(w

the operator Bt (u) (B(u)) being interpreted as creation (annihila-
tion) operator of elementary excitations (magnons). Omitting the
standard calculations (cf.Sec.2.2) we present here the final perio-
dicity equation resultlng like (2. 48 ) from the condition that the
state ju,,u,,,.., h> B (u, B (u, y10)be an eigenstate of

t1 ( L ). The equation reads

< "37) H , jE N (423)
liv —IA + 7

T
c)+

L#d
The corresponding eigenvalue \/1 {u) of t 4 (W) is

no . N
\/1(u):(u—s7)/‘/ﬂw+(u+s?) D%LL'M'M)

u-ug

However, what we really need is the eigenvalue st(u) oftzs(u)
from which, as mentioned above, the eigenvalue of the local He.mllto-
nian can be obtained. Thus, the problem arises how to expresst
(or, more generally, ‘tﬂ' {u) ) in terms of ‘t (U) . The rest of
the Section ig devoted to a discussion of this problem.

The starting point of our reasoning is the equality

+
0\ = T, 24 23(
w)= ~ ®  ® (4 25)
T W=F, e, ol 7)P
resulting from+(4 .11-12) and expressing Te(u in terms of
T (u). P4 9 20 in (4.25) denotes the symmetrizer in the
2,000,

aux:l.llary space.

It is ingtructive to consider at first the classical case. Sin-
ce the coupling constant Q is assumed to be proportional to the
Planck constant ‘k , (4.25) in the classical limit reads

T )= P+ T(u)cﬂb,H@T(u)PJr (4.26)

20 1,2,...,2¢ 1 1 1,2,...,%¢
Since (2 x 2)-dimensional matrix _|—1 (W) has only two spectrasl in-
variants t( U )=t (M) trT4(tA)andd(u) =det T (U ), all the
traces 'tze (u) mus‘l; be expressible in terms of t( U ) and d4( 1 ).
A gimple combinatorial calculation yields the answer
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[wsal k h-2k
-k k
’th(u)::Z (-1) (hk ) o (w) t (uy (4.27)
k=0
For example,

+, (W =t (w ,
'l:?_(u) =tw - dw , (4.28)

fs W=t (u) - 2dlwtw) |

Returning to the quantum case we put forward the following
hypothesis

t,,(u’f-"—z‘-i?): tuotiusy) . tlurn-1n) -
—d(u)t(u+27).,.t(u+(h—4)7)-— (4.29)
—tw) d urg) tuse3p). tlurin-p)-,..
o= Bt e in=3)n) d (wrin-2)p)+
£ diwdius2p)Tlurdn), tlustn-np)+..,

The summetion in (4.29) is taken over all possible "pairings"
in the product € (w) t(u+ ). Tlu +(n-1)Y). The "pairing" is un-
derstood here as replacing of two adjacent factors JC (u+ k 17 ) x
x t(U\HkH)V))by the quantum determinant o (U +k D) . The quan~
tum determinant d {W) introduced first in [ 30] is defined (in ca-
gse of 2 x 2 transition matrix) by

d(wy =T P{;T(u)a’l;(uuy) (4.30)

where P;; is the antisymmetrizer in the auxiliary space. More com-~
ments on quantum determinants can be found in Sec.5.
For small n’d (4.29) resds

t,w=tw, (4.31)
tzlu\"—-— t(u—%)t(w%) - o((u—-g:) , (4.32)

t = tu-ptiurtiueg) - du-n ity -tupdoe.3



112

It is an easy task to show that (4.29, 31-33) turn in the classical
limit into (4.27-28).

We can prove the hypothesgis (4.29) in cases n=1, 2, 3. For
n=1 it is obvious. In case n=2 the proof is given by

T, =T P T, tu- -—)®T(u+ P
:‘tm“:- 1 )-,—1(“-—2- ®T1_{u+:-2-)_—; (4.34)
=t (T w-heTwd)-P Tuhelui))=
':JE(U-;V;)’C(W—Z—) —o{(u—%).

In course of (4.34) we have used (4.5), (4.7), (4.30) and the cyc~-
lic property of the trace.
In quite a similar way the case n-3 is considered. On substi-
tuting the representation (4.15) oflD 23 in (4.26) and applying
(4.5), (4.7), (4.30) we arrive at (4. 33)
The general proof of the hypothesis which we believe to be
true must be based on a generalisation of the representation (4.15)
for the higher antisymmetrizers.
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5. QUANTUM DETERMINANTS

In the pregent Section we shall study in detail the notion of
the quantum determinant introduced in the previous Section. To sta-
te the problem let us consgider first the clagsical case.

Let L(x, W) be an ultralocal (of.Sec.2.1) clagsical L-opera-
tor which gatisfies the fundamental relation (2.11) with some r-mat-
rix r( W ). We consider the general case of L(x,u) being an (n x n)-
matrix. It follows immediately from (2.11) that not only the traces
as in (2.40) but also traces of arbitrary power of the monodromy
matrix T (x4 y X W ) are in involution:

it w, t(m(v)} =0, t(k()u)'—"TfLT(‘;

The quantities t(k)( W ) are power sums of the eigenvalues of T( WU ).
We shall use algo the symmetric functions G(M)(u)of the same eigen-
values which correspond to the sums of the principal minors of the
matrix T( U ) We define & '™ (w) by

—

c™ =t P T w. 3-2)
(m L= [

) 1,2,..m

g3
(k)

X .

(5.1)
1o X u)

The subscript i in (5.2) shows in which of spaces VL in the spa-
ce

. (m)_ m _ - n
VU _Lg\[t_\C@Vz@.“@'\[m,\/L_C (5.3)

the matrix TL( W ) acts nontrivially, i.e.

TL(M): Ie. eleTwels . o] G
—_

_ ¢ —~1
47_”’min (5.2) is the I;rojector (antisymmetrizer) onto
the antisymmetric subspace of U . The trace tr (m) in (5.2) is
taken over the whole gpace UW) . Apparently, o “()L,L)=tm( VL
=tr T( K ); 6m)(u)=det T ).

Since 6‘"‘) (w) can be expressed in terms of t(l‘)( W ) accor-
ding to Newton's formulas they also are in involution.

Due to (5.1) the quantities t * (W ) (or & "™(W)) cen be
used as generating functions of some integrals o{kn)xotion for the
model in question.In the general case the set 1O (W) 5 k=1, ...

The operator P
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soee 5 D=1 } is the complete set of independent conserved quantities
(cf., for example, the matrix NS [ 77, 33, 341) .

Proceeding to the quantum case it is natural to look for some
guantum anelogue of the quantities (3’( )(u) . The extra conserved
quentities are needed e.g. for applying QSTM to the matrix NS mo-
del whose classical Hamiltonian is conteined in the family O’ (u)
(k > 1, k=min(m , n ), form , n see (2.71)). It turns out that
the form of the quantum generalization of ()’l () depends essential-
ly on the properties of the R-matrix whichintertwines the quantum
monodromy matrices (2.36). For the sake of simplicity, we restrict
our exposition to +the case of the simplest nontrivial R-matrix:

R(u)zuﬂz@ (5.5)

. . . n

where J7 is the permutation operator in V@ V (V =~ C'). The R-mat-
rix (5. 5) serves a number of completely integrable models: NS (sca-
lar n=2, vector, matrix {33, 34] ), SU(YW) isotropic Heisenberg
ferromagnet [35] , nonabelian Tode chain [32] s, the quantum
N-wave problem and some others.

So, let the quantum monodromy matrix T( W ) satisfy the fun-
damental relation (2.36) with the R-matrix (5.5). We define now
the quantum symmetric function & tm) (W) by

sMuwr=t P | Tq“")Tz(W?)'“1(u+(m'1)?)‘(5'6)

(m) 4,2,...m
The notation in (5.6) is the same as in the classical case
(5.2). It is eagy to see that in the clagsical limit, —> 0,
(5.6) turns into (5.2). The main property of the quantum operators
m
O’( )( W) introduced by (5.6) is their commutetivity

k m
Loy, 6™ ]=0. (5.7)

Due to space limitationswe do not present here the complete
proof of( (5 7). The me,ln 1dea is to prove that the monodromy matri-~
ces Ff W) and J ('U') defined by

(b -
Ty = Bgm)k"ﬂ(u)Tzlu«»p),,fl“k(m(k—n?) (5-8)

L)

satisfy the equation
(k,m) (k) (w (m) _.1k) (kym)

Rov)d wT =T T w R wv) s
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with some R-matrix 5‘2, tk,m (\,{.) . The proof of (5.9) is very much the
same a8 the proof of YBE for the higher YBBs constructed in the pre-
vious Section (see also [39] ). It uses the fundamental relation
(2.36) and the representation of the antisymmetrizer :p'; met  in
terms of the R-matrix (5.5)

P~ = -1 P- R,’mﬂ(_m?) P;; o (5.10)

Lemeg PMH) Taz iy

(cf. (4.18)).
In the rest of this Section we shall concentrate on the func-
tionel O (n (Ww) . By analogy with the classical case it is natu-
ral to call the operator & (W) the quantum determinent of T(W )¢

d(u):be;tT(uyzﬁ(h%u)sti P T(u)‘,Tlu«»(n—n?)Q'“)
n)1,e,..n 1 h

The properties of d( W ) are quite analogous to those of the clas-
sical c-number determinant:
1. 4( W) is invariant under the similarity transformation

Tw—=UTwVU UeGLinC).

2. The multiplicativity property. If T(u)=T(u,1)T(u,2), and
all the matrix elements of T( 4 , 1) commute with those of
(W , 2), then

diwy=d, (wrd,w
3. [diw), dvy]=0

Moreover, in case of the R-matrix (5.5) d( WL ) commutes with every
matrix element of T( L ) and is scalar operator in %Q/
4, a( WL ) takes part in inverting T( W)

d,b(m:?Det Tlu, i), i=1,2.

~4

T (U+(h- 1)?} t’(, P T(u) FT; u+(n_2)?) (5.12)

dlwy 4.

The first property is obvious. The second one follows from the fact
that rank P n= 1 and the representation

’11

T “")-“T““*‘“")?):anﬂ )r]:(u+7,4)mT”(u+lh—1)7}1)7:lu,%). T (win-yp,2)

The third property follows from (5.9) for m=n, k=1, from
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(n) -
7 (“):d(U)Pm...n (5.13)

and the fact that the quantum determinant of the R-matrix (5.5) is
a scalar operator in V. To prove (5.12) one needs to multiply (5.13)
from the right side by'q";1(tl+(n-4)7 ) and to take the trace
over the first (n-1) spaces of the product V,® ~"®Vh-4®vn using
the relation

-1
-bi’ (h-1) P4,2,...,n T n IY\
(1 " being the unit operator in Vn ).

Below we give two examples of quantum determinants for a linear
problem on a chain. Due to the multiplicativity property the quantum
determinant of TN( ) is equal to the product of Lk(u) operator
determinants dk(u).

1. The auxiliary space is @ and quantum space is 023+1, operator
Lk(u) is given by (4.22)
3 2
2 L
d (wy=uwen) - Z (S ) . (5-14)
k K= k

2, The dimentions of suxiliary and quantum spaces are equal, the
operator Lk(u) coineides with simplest nontrivial R-matrix (5.5)

dk(u)=u(u+?)...(u+(n-2)'?)(u+n2), (5.15)
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