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Abstract

GeoThms is a system that integrates Automatic Theorem Provers (ATP),
Dynamic Geometry Tools (DGT) and a database, providing a framework
for exploring geometrical knowledge. A GeoThms user can browse through
a list of available geometric problems, their statements, illustrations, and
proofs. He/she can also interactively produce new geometrical constructions,
theorems, and proofs and add new results to the existing ones. GeoThms
framework provides an environment suitable for new ways of studying and
teaching geometry at different levels.

keywords: Automated geometry theorem proving, Euclidean tradi-
tional proof, Area method, constructive geometry statements.
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Chapter 1

Introduction

Aiming to build a framework for constructive geometry We have extended
GCLC [DJ04, [IT03], a widely used dynamic geometry package, with a mod-
ule that allows formal deductive reasoning about constructions made in the
(main) drawing module. The built-in theorem prover, GCLCprover, is based
on the area method [CGZ93| [CGZ906, Nar(4l, [QJ06]. It produces proofs that
are human-readable (in INTEX form), and with a clear justification for each
proof step. It is also possible, via a conversion tool, to reason about construc-
tions made with Eukleides [Obx, [QP06]. Closely linked to the mentioned
tools is GeoDB — a database of geometry theorems. It stores geometric
problems, their statements, illustrations, and proofs.

The theorem prover, the visualisation tools, and the database are “packed”
in the GeoThms framework. This framework provides an Web interface
where the users can easily browse through the list of geometric problems,
their statements, illustrations and proofs, and also to interactively use the
drawing and automatic proof tools. GeoThms is a set of PHP scripts of top
of a MySQL database, and is accessible from: http://hilbert.mat.uc.pt/~geothms.

In this report we begin to present the Web interface and the MySQL
database. Then we present the first ten geometric results contained in the
database.



Chapter 2

The Framework

GeoThms, is a framework that link dynamic geometry tools (GCLC, Euklei-
des), geometry automatic theorem provers (GCLCprover), and a repository
of geometry problems (geoDB) (see Figure EXI).
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Forms Interaction
(insert/update data) © module |
Repository

geometric

construction
with

conjecture

geometric

statement construction

LaI@( DGT ATP
auxiliary tools (GCLC,Eukleides,...) (GCLCprover,...)
statw‘ ﬁg”r; / proofs =
Reports
(proversidrawers/...) ‘ (listings/technical reports) }
o, ¢

Figure 2.1: The GeoThms framework

GeoThms provides a Web workbench in the field of constructive prob-
lems in Euclidean geometry. Its tight integration with dynamic geome-
try tools and automatic theorem provers (GCLC [D.I04, IT03], Euklei-
des [Oby, [QP06], and GCLCprover [QJ06], for the moment) and its repos-
itory of theorems, figures and proofs, give the user the possibility to easily
browse through the list of geometric problems, their statements, illustrations
and proofs, and also to interactively use the drawing and automatic proof



tools.
The structure of the web interface has two main levels of interaction (see

Figure 22).
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Figure 2.2: GeoThms — Web Interface
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Figure 2.3: GeoThms — Home Page

The entry level (see Figure E3)), accessible to all web-users, has some
basic information about GeoThms, offers the possibility of registration to
anyone interested in using GeoThms, and it gives access to the other levels.
A (registered) regular user has access to a second level (see Figure 2ZZ4]) where
he/she can browse the data from the database (see Figure 1), (in a format-
ted form, or in a textual form) (see Figure EZO]) and use the drawing/proof
tools in an interactive way (see Figure ).

A regular user can apply to the status of contributer (see Figure EZ¥])
in which case he/she will have the possibility to insert new data, and/or to
update the data he/she had inserted previously (see Figure EZJ)).
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Figure 2.4: GeoThms — Regular Users Page
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Figure 2.5: GeoThms — Reports Page

Constructions are described and stored in declarative languages of dy-
namic geometry tools such as GCLC and Eukleides. Figures are generated
directly on the basis of geometric specifications, by GCLC and Eukleides
and stored as Jpeg files. Conjectures are described and stored in a a form
that extend geometric specifications. The specifications of conjectures are
used (directly or via a converter) by GCLCprover. Proofs are generated
by GCLCprover and stored as PDF files (produced by KTEX from the ATP
output and using a specific layout, specified by gclc_proof IATEX style file).

The framework can be augmented by other dynamic geometry tools, and
other geometry theorem provers.

GeoThms gives the user a complex framework suitable for new ways
of communicating geometric knowledge, it provides an open system where
one can learn from the existing knowledge base and seek for new results.
GeoThms also provides a system for storing geometric knowledge (in a strict,



[2CG95| Jing-Zhong Zhang, Shang-Ching Chou, and Xiao-Shan Gao.
Automated production of traditional proofs for theorems in

enclidean goometry i. the hilbert intersection point theorems.
Annals of Mathematics and Artificial Intelligenze, 13:109-137,

Figure 2.6: GeoThms — Theorem Report
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Figure 2.7: GeoThms — Interaction with the DGTs

declarative form) — not only theorem statements, but also their (automat-
ically generated) proofs and corresponding figures, i.e., visualisations.
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Figure 2.8: GeoThms — Contributers Page
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Figure 2.9: GeoThms — Forms Page

2.1 The geoDB database

The geoDB database gives support to the other tools, keeping the informa-
tion, and allowing for its fast retrieving whenever necessary. The database
is organised in the following form (see the entity-relationship diagram for

details — Figure ZT0):

theorems — statements of theorems, in natural-language

in BTEX;

figures — descriptions of geometrical constructions, in DGT’s code (GCLC,
Eukleides, or other drawing tools), they can be used for producing the

corresponding figures;

form, formatted
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Figure 2.10: geoDB — Entity-relationship diagram
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dateSubmission

proofs — geometrical constructions with conjectures in ATP’s code (GCLCprover,

or other provers), they are used for producing the corresponding proofs;

A geometric theorem can have different figures and/or proofs, made by
different tools, made by different users. This fact is expressed by the 1 to
n relationships between the entities “theorems” and the other two entities

(see Figure 2ZT0I).

The database also has the following auxiliary entities:

bibrefs — bibliographic references, in BIBTEX format;

drawers & provers — information about the programs whose code is kept
in the database, and with which the user can interact;

authors — information about the authors of the programs;
users — information about registered users.

computer — information about the computer used as the test bench.

The codeTmp and codeTmpProver tables are used to store temporary
information, deleted after each session ends, for the interactive section of
GeoThms.

The geoDB database is implemented in MySQL, with InnoDB transition
safe type of tables, and with foreign key constraints.




Appendix A

The Database contents

In this appendix the first ten geometric results contained in the database
are presented, all the info was automatically generated using a report from
the GeoThms interface.

A.1 GEO0001 — Ceva’s Theorem

The Theorem Statement [CGZ93]

Theorem 1 (Ceva’s Theorem) Let AABC be a triangle and P be any
point in the plane. Let D = APNCB, E=BPNAC, and F =CPNAB.
Show that:

AFBDTE _,

FBDCEA
P should not be in the lines parallels to AC, AB and BC and passing through
B, C and A respectively.

The Image — GCLC 5.0



Prover’s Code

point A 60 10
point B 30 90
point C 80 90
point P 55 75

line a B C
line b A C
line ¢ A B

line pa P A
line pb P B
line pc P C

intersec D a pa
intersec E b pb
intersec F ¢ pc

drawsegment A B
drawsegment A C

drawsegment B C

drawsegment A D

10



drawsegment B E
drawsegment C F

cmark_b A
cmark_t B
cmark_t C
cmark_t D
cmark_1t F
cmark_rt E
cmark_t P

prove { equal { mult { mult { sratio AF FB } { sratio BDD C } } { sratio CEE A } } 1

Proved — Proof, made with GCLC, v1.0

11
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by the statement

by geometric simplifications

by algebraic simplifications

by Lemma 8 (point F' eliminated)

by geometric simplifications

by algebraic simplifications

by Lemma 8 (point F eliminated)

by geometric simplifications



el

(A.9)

(A.10)

(A.11)

(A.12)

by algebraic simplifications

by Lemma 8 (point D eliminated)

by geometric simplifications

by algebraic simplifications



Q.E.D.

NDG conditions are:
Sppa # Scpa ie., lines BC and PA are not parallel (construction based

assumption )

Sapp # Scpp ie., lines AC and PB are not parallel (construction based
assumption )

Sapc # Sppc ie., lines AB and PC are not parallel (construction based
assumption)

Prppr # 0 1i.e., points F' and B are not identical (conjecture based assumption)
Ppep # 01i.e., points D and C' are not identical (conjecture based assumption)
Pgag # 0 i.e., points E and A are not identical (conjecture based assumption)

Number of elimination proof steps: 3
Number of geometric proof steps: 6
Number of algebraic proof steps: 23
Total number of proof steps: 32

Time spent by the prover: 0.000 seconds

14



A.2 GEOO0002 — Gauss-line Theorem
The Theorem Statement [ZCG95]

Theorem 2 (Gauss-line Theorem) Let Ay, A1, Aa, and As be four points on a
plane, X the intersection of A1As and AgAs, and Y the intersection of AgAy, and
AsAs. Let My, Ms, and Ms be the midpoints of A1As, AgAs and XY, respectively,
then My, My, and Ms are collinear.

The Image — GCLC 5.0

Prover’s Code

area 5 5 90 90

point A_O 50 10
point A_1 90 10
point A_2 75 40
point A_3 55 25

line al12 A_1

A_
line a03 A_O A

w N

line a01 A_O
line a23 A_2

w =

15



intersec X al2 a03
intersec Y a0l a23

midpoint
midpoint
midpoint

== =
w N =
o= =
=< O
N W

cmark_b A_O
cmark_b A_1
cmark_rt A_2
cmark_1 A_3

cmark_t X
cmark_b Y

cmark_b M_1
cmark_r M_2
cmark_rt M_3

drawsegment A
drawsegment A
drawsegment A
drawsegment A
drawsegment A
drawsegment A

drawdashsegment
drawdashsegment

drawdashsegment
drawdashsegment

drawline M_1 M_2

prooflevel 7
prove { equal { signed_area3 M_1 M 2 M .3 } {0 } }

Proved — Proof, made with GCLC, v1.0

16
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(A.13) Sty vongs =0 , by the statement

1
(A14) S]\/_[l MeXx T | = (S]\/_[l Moy + (—1 . S]\/lezx)) =0 , by Lemma 29 (point M3 eliminated
2
1
(A.15) <SXM1M2 + <§ ~(Smimoy +(—1- SMlMQX))>> =0 , by Lemma 1
1
(A.16) (SXM1M2 + (5 ~(Symm, +(—1- S]\/IIMZX))>> =0 , by Lemma 1
1
(A.17) (SXM1M2 + (5 ~(Symm, + (-1 SXM1]V12))>> =0 , by Lemma 1
1 1 .. .
(A.18) <SXM1M2 + <(§ . SYM1M2> + <§ (=1-Sxm, M2)>>> =0 , by distribution of multiplication over addition
1 1 T
(A.19) (SX]\/IIMQ + ((5 - Sy, Mz) + (—5 . SXMIM2>>> =0 , by multiplication of constants
1 1 o
(A.20) ((5 . SX]v111v12> + ((5 . SY]\/Il]\/IQ> + 0)) =0 , by similar summands

1 1
(A.21) ((5 : SXM1M2> + (5 : SY]V11M2>> =0 , by addition with 0
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(A.22)

(A.23)

(A.24)

(L~ Sxanas) + (1 Syana)) =0

(Sxanm + (1 Syana)) =0

(Sxamm, + Symm) =0

1
(A.25) <(SXM1AO + (— ~(Sxara, +(—1- SXMle))>> + SYM1M2> =0

2

(A.26) (<SXM1AO + (<% : SXM1A2> + (% (-1

1
(A.27) (<SXM1A0 + <(§ “Sx A,

. SXMle)>>> + SY]V11M2>
1
) + (—5 . SXMlA0>>> + SYM1M2> =0

(A.28) (((% : SX]VhA(,) + ((% : SXM1A2> + 0)) + SYM1]\/12> =0

(A.29)

(A.30)

1
(e

(((

)+ (s

1

5 'SXMlAQ

1
3 SXM1A0> + (5 : SX]VhAg)) + SY]\/h]\/Ig) =0

D) (s (2

. (Sy a4, +(=1-Syar a,))

=0

by cancellation rule

by multiplication by 1

by multiplication by 1

, by Lemma 29 (point M eliminated)

, by distribution of multiplication over addition

, by multiplication of constants

by similar summands

by addition with 0

by Lemma 29 (point M eliminated)



61

(i
(@
(@
(i

(2

(A.36)

1
'SAUXM1> + <§

((

1
(5 . SAUXMl> + (

1 1
(SAUYM1 + ( 3 SA2yMl> + (5 -(—1- SAOY]Vh))))) =0 , by distribution of multiplication over addition

1

3 Sa,x M,

)

2

St (1)) <0

1 1

'SAUXM1> + <§'SXM1A2>> + <SYM1A0 + <
1 1
'SAUX]Vh) + (5 'SAQX]\/h)) + (SYMlAU + (5
1 1
'SAUX]Vh) + (5 'SAQX]\/h)) + (S’AOYM1 + (5
1 1
'SAOXMl> + <§'SA2XMl>> + <SA0YM1 + <§
1
~SA2XM1>> + <SA0YM1 + <§

-(SYM1A2+<—1~SYMIA(,>>))) —o,
-(SYM1A2+<—1~SYMIA(,>>))) —o,
S sa))) o

“(Sasyam +(=1-Sagym, ))) )) =0,

by Lemma 1

by Lemma 1

by Lemma 1

by Lemma 1

by Lemma 1



0¢

(; SAOXM1>+<1 SAgX]\/h))
(SAOYMl ( ; SAQYM1> ( ; SAUYM1>>>):O ;
(A.38)

(((G-sammn) = (o5 ) )+ ((5-5a )+ ((3- 500 ) 0) )) =0
(s (2 su)) ()« (3 5m))) =

(A40) (1 Sagxm) + (1 Sasxa)) + (1 Sagym) + (1 Sa,yar)) =0

e ((
+

(A41) ((SAOXMI + (1 : SA2XM1)) + ((1 : SAOYMI) + (1 : SA2YM1))) =0

(A.42) ((Sagxn, +Sa,xn)+ (1 Sagyan) +(1-Sa,vay))) =0 ,
(A.43) ((Sapxnn, +Sa,xan) + (Sagym, + (1 Sayyar))) =0 ;
(A.44) ((Sapxn + Sasxnn) + (Sagym, + Sasyan)) =0 ,
(A.45)

1
<(<SA0XA1 + (5 (Sapxas+(—1- SAOXAl))>> + SAgXMl> + (Saovan + SAQYM1)> =0,

by multiplication of constants

by similar summands

by addition with 0

, by cancellation rule

, by multiplication by 1
by multiplication by 1
by multiplication by 1

by multiplication by 1

by Lemma 29 (point M; eliminated)
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(A.46) (((SAUXAl ((% . SA”XA3> + (% (-1 SAUXA1)>>> + SAgX]\/h)

+ (Sagya + Sa,y M1)> =0 , by distribution of multiplication over addition
1 1
(A.47) Saoxa, + 9 Saoxas | + 5 Saex A + S, x M
+ (Sagya + Saya )) =0 , by multiplication of constants

(A.48)
1 1
<(<(§ : SAoXA1> + (<§ : SAoXA3> =+ 0)) + SA2XM1> + (Sagym, + SAgY]Vh)) =0, by similar summands

(A.49)

1 1
(<<(§ : SAOXA1> + <§ : SAOXA3>> + SAQXM1> + (Sapyn, + SA2Y1V11)> =0, by addition with 0

. ((((3-smxn) + (3 5a0xa ) )+ (Saxn+ (3 Sxns + C1-80xa)) )

+ (Sagya + SAQYM1)> =0 , by Lemma 29 (point M; eliminated)

am R R ) R U e )

+ (Sapgya, + SA2YM1)> =0 , by Lemma 2 (collinearity)



GG

((((3 500 ) + (550000 ) )+ (0 (5 S+ -1-00) )

(A.52)
(Sagy s, + SAQYM1)> =0 , by Lemma 2 (collinearity)
1 1 1

(R )

(A.53)
+ (Sagvya, + SAQYM1)> =0 , by multiplication by 0
(A.54)
1 1 1 . )

<(<(§ ~SA0XA1> + (5 : SAOXA3>> + <§ “(Sa,xa, +0)>> + (Sagya +SA2YM1)> =0, by addition with 0
(A.55)

1 1 1
(< (5 -SAOXA1> + (5 'SAOXA3>> + (5 'SAQXA3>> +(Sayy +SA2YM1)> =0, by addition with 0

1 1
+ (5 . SA(,XAg,)) + (5 . SAgXAg,))

1
3 (Sagyas +(—1- SAUYAl))>> + SAzy]\/h)) =0, by Lemma 29 (point M; eliminated)

(< % 'SAOXA1> + (% : SAOXA3>> + (% . SAQXA3>> + <(SA0YA1 + (<% : SAOYA3> + <% (=1 SAOYA1)>>>
+

Sa,y M1>> =0 , by distribution of multiplication over addition



€¢

sy ((Gromn) « (5rsina)) (55000 ))

1 1
(SAUYAl + ((5 -SAUYA3> + (—5 . SAOYA1>>> +SA2Y]V11>> =0, by multiplication of constants

1 1 1
(2 5o+ (5 5ee)) (2 5000)
(A.59) 1 1
+ (((5 . SAUYA1> + (§ . SAUYA3> +O>> + SAZYM1>> =0 , by similar summands

o ((((5-5mxn ) + (5-500x) ) + (5504

+
1 .. .
<§ . SAOYA1> ( SAOYA3>> SAQY]\/h)) =0, by addition with 0

<
(2 suen )+ (2 s+ (5-5mn) ) (B -5aa) (b -s0m)

1
Sa,yva, + (5 “(Sa,vas +(—1- SAQYAI))>>>> =0 , by Lemma 29 (point M; eliminated)

(3 Smxn ) + (5 Suxn ) )+ (580w ) )+ (((5-Smar ) + (3-8 )

1
Sa,vA, + (5 (Sa,yas +(—1- SA2YA1))>>>> = , by Lemma 1

()

wo M
+

ne

+
—~7 > o



Ve

(A.63)

(A.64)

(A.65)

(A.66)

(A.67)

ven )+ (5 8mn) )+ (380 ) )+ (5800000 ) + (5500
(5 Gava+ 1 snva) ) ) ) =0

! 1>+(%.SAXA>> < SAXA> (<( SAAY) ( SAAY>>
(3 Snras+ 1 50wa) ) ) =0

oon )+ (g swn) )+ (g-smvn ) )+ (((z-80r) + (5-500))
(%-(SA3A2Y+( 1-Sa,ya, ))>>>>—

s ) (3 sunn)) (2 Sunn)) < (3 ua) + (-5000)

SAAy+(1 (Sasa,y + (—1-S4,4,v)) )) )—0

(o) (sas) e
<SA Ay + (<; Saza Y) + (% (=154, 4,v) >

, by Lemma 1

, by Lemma 1

, by Lemma 1

, by Lemma 1



((% : 5A1A0y> + (% : SASA(,YD

, by multiplication of constants

v (o) = (romen)) « (5rswnn)) <
- (sAlAzy - ((% - SA3A2y> + (_% . 5A1A2y>>>)> ~0

(4.69) ((((% : SAOXA1> + (% : SA(,XA3>> + (% . SAQXA3>> + (((% . SA1A0Y> + (% ) SA3A0Y>>
* ((% . SA1A2Y> * ((% ' SA3A2Y> + 0)))) =0 , by similar summands

1 1 1
(2 000)+ (00 (500
(A.70)
N (((%'SA1A0Y> + (%.5A3A0Y> + ((%.5A1A2y> + (%-SASAZY>>>> =0, by addition with 0

((((1 . SAOXAI) + (1 . SAOXAS)) + (1 : SAZXAS))

ATl
( ) +(((1-Sa,4,y)+ (1-Saza,y)) +((1-Sa,4,v) + (1-Sa,4,y)))) =0, by cancellation rule
(A 72) (((SAOXAI + (1 . SAOXAS)) + (1 : SA2XA3))

' + ((1-Sa,a,v)+ (1-Saga,y)) +((1-Sa,a,v)+ (1- SA3A2y)))) =0, by multiplication by 1
(A 73) (((SAOXAI + SAOXAS) =+ (1 : SA2XA3))

. + (((1 ~Saa,v) + (1 . SAngY)) + ((1 . SAlAgY) +(1- SA3A2y)))) =0, by multiplication by 1
(A 74) (((SAOXAI +SA0XA3) +SA2XA3)

+ (((1 ~Sa,a,v) + (1 . SAngY)) + ((1 . SAlAgY) +(1- SA3A2y)))) =0, by multiplication by 1



9¢

(((SAOXAI + SAOXA:;) + SAQXAg)

A.75
(A.75) + (S, a0y + (1-Saza,v)) + ((1-Sa,4,y) + (1-Sa,4,v)))) =0, by multiplication by 1

(A.76)
(((Sapxa, +Sa5x4as)+Sa,xas)+((Sa,a,y +Sas40y)+ ((1-Sa,4,y)+(1-Sas4,v)))) =0, by multiplication by 1

(A.77)
(((Sapxa, +Saoxas)+Sa,x45) + ((Say a0y +Sa540y) + (Sa, 4,y + (1 Sa,4,v)))) =0, by multiplication by 1

(A.78)
(((SAOXAl +SA0XA3)+SA2XA3)+((SAlA(JY+SA3A0Y)+(SA1A2Y+SA3A2Y))) =0, by multiplication by 1
<((SA XA, + SA A )_|_ SA A )_|_ <<((SA0A2A3 : SA1A0A1) + (_1 ' (SA1A2A3 : SAIA(]AO))) + SA N Y>
(A 79) 0 1 0 XAz 2 X As SAUAQAlAg 340
+ (Sa 4,y + SA3A2y)>> =0 , by Lemma 30 (point Y eliminated)
<((SA xA, + SA A )_|_ SA A )+ (<((SA0A2A3 ' O) + (_1 ' (SA1A2A3 : SAIA(]AO))) + SA M Y>
(A 80) 0 1 0 XAz 2 X As SAUAQAlAg 340
+ (Sa 4.y + SAaAzy)>> =0 , by Lemma 2 (equal)
<((SA XA, + SA A )+ SA A )+ (<((SA0A2A3 ' 0) + (_1 ' (SA1A2A3 ' 0))) + SA N Y)
(A 81) 0 1 0 XAz 2 X Az SA0A2A1A3 3Ao

+ (Sa, 4,y + SA3A2y)>> =0 , by Lemma 2 (equal)



LC

(((SAOXAl + Sagxas) + Sa,x4,)

+SA3A0y> +(SA1A2y+SA3A2y)>> =0, by multiplication by 0

SAOA2A1A3
(A.83) (((SAOXAl + Sa0x4;) + Sa,x45)
0 —1-0
+ ((M + SA3A0Y> + (Sa,4,y + SAsAzy)>> =0 , by multiplication by 0
SAOA2A1A3
(A.84)
(0+0) -
((Sagxa, +Sa0xas)+5a,x4,)+ R +Sa,40y ) +(Sa, 4,y +S4,4,v) | | =0, by multiplication by 0
(A.85)
0
<((SA0XA1 +Sa0x4,)+Sasx4,)+ <<S +SA3AOY> +(SA1A2Y+SA3AQY)>> =0, by addition with 0
A0A2A1A3
(A.86) (((Sapxa, +Sa,xas)+ Sasxas)+ (04 Sa,4,7) + (Sa, 4,y + Sas4,v))) =0 . by 0 numerator in fraction
(A-87)  ((Sagxar + Saoxa;) + 5a,x4,) + (Sasaoy + (Sara5y + Sa,4,v))) =0 . by addition with 0

((SA0A2A3 i SAsAoAl) + (_1 : (SA1A2A3 i SA3A0A0)))
SapArA; As

<((SAOXA1 + Sapx45) + Sa,x45) + (
(A.88)
+ (Sa,a,y + SA3A2y)>> =0 , by Lemma 30 (point Y eliminated)



3¢

((SA0A2A3 : SA3A0A1) + (_1 i (SA1A2A3 ) 0)))

(((SAUXA1 + Sapxas) +Sa,xa,) + (

(A.89) Sa0A24, 4
+ (Sa,4,y + SASAQY)>> =0 , by Lemma 2 (equal)
(((SAUXA1 + Sa,x45) + Sa,x45)
(A.90)
n (((SAUAQAB Sasa0n,) +(=1-0)) +(Saa,y + SAgAgY)>> —0, by multiplication by 0
SA0AsAr As
(A.91) (((SAOXAl + Saoxas) + Sa,x45)
+ <((SA0A2A3 Sasoas) +0) + (Sa 4,y + SAsAzy)>> =0 , by multiplication by 0
Sa0As AL As
(A.92)

(SA0A2A3 i SAsAoAl)
SAgArA; As

<((SA0XA1 +SA0XA3)+SA2XA3)+ ( +(SA1A2Y +SA3A2y)>> =0, by addition with 0

(((SAUXA1 + Sapxas) +Sa,xa,)
(A.93)

+ ((SA(JAZAS . SASA(JAl) + ((SA1A2Y + SA3A2Y) ) SAUAZAlAS))) — O’ by sum of fractions
SAgAs AL As
5023'5301+50213'512 +50213'532
ol <((SA0XA1+SA0XA3)+SA2XA3)+(( AoAsAs - SAasacA;) + ((SapAs 4,45 - Saia,y) + (Saga.4,4 AAY))))
(A.94) SAoAz A1 A

=0 , by distribution of multiplication over addition
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(A.95)
((((SAOXAI + SAOXAS) + SA2XA3) i SA0A2A1A3) + ((SA0A2A3 ) SA3A0A1) + ((SAoAzAlAs ) SA1A2Y) + (SA0A2A1A3 ) SA3A2Y))))

SApAs Ay Ag
=0 , by sum of fractions

((((SAOXAI + SAOXAS) + SA2XA3) : SA0A2A1A3) + ((SA0A2A3 : SA3A0A1)

A.96 .
(4.96) + ((Sa04:4,45 - Sa,4,7) + (Sa04,4,45 - Saz4,v)))) =0, by fraction equal 0
(A 97) (((SA0A2A1A3 : (SAOXAI + SAOXAS)) + (SA0A2A1A3 : SA2XA3))
+ ((Sagasas  Sasapa,) + ((Sapasa as  Saay) + (Saga,4,45 - Sas4,v)))) =0, by distribution of multiplication over addition
(A 98) ((((SAoAzAlAs : SAOXAI) + (SAOAZAIAS : SA(JXAS)) + (SAOAZAIAS : SA2XA3))

+ ((SA0A2A3 . SA3A0A1) + ((SagaraAs - Saa,v) + (SA0A2A1A3 -Sas4,v)))) =0, by distribution of multiplication over addition

((((SAOAZAIAS : SA(JXAl) + (SAOAZAIAS : SAOXAS)) + (SAOAZAIAS : SAZXAS))

A.99 5023'5121+_1'5123'5120
( ) + ((SAOAZAS 'SASAoAl) + ((SAOAZAlAS : (( Aodzd 4124 ?SA i N A( Aidz4 Aidz4 )))> + (SAOAZAIAS : SASAZY)>>>

=0 , by Lemma 30 (point Y eliminated)

((((SAoAzAlAs : SA(JXAI) + (SAOAZAIAS : SAOXAS)) + (SA(JAZAIAS : SA2XA3))

A.100 5023-0+—1-5123-5120
( ) + ((SAOAZAS : SASAOAl) + ((SAoAzAlAS : (( dodzd ) ESVA A<AAAA 4 Aiz4 )))> + (SAOAZAIAS : SASAZY)>>>
0A2A1 A3

=0 , by Lemma 2 (equal)
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(A.101)

(A.102)

(A.103)

(A.104)

(A.105)

((((SAOAZAIAS : SAOXAl) + (SAOAZAIAS : SA(JXAS)) + (SAOAZAIAS : SAZXAS))

O+_1'5123'5120
+ ((SA0A2A3 . SA3A(JA1) + ((SAgAgAlAg . ( ( ( A1Ax A A1 A5 A )))

=0

SAoAzAlAs

)

) + (SApA,4, 45 - 5A3A2y)>>>

by multiplication by 0

((((SAOAZAIAS : SAOXAI) + (SAOAZAIAS : SAOXAS)) + (SAOAZAIAS : SAZXAS)) + ((SAOAZAS : SASA(JAI)

(_1 i (SA1A2A3 ) SAlAZA(J))

* ((SAOAZAlAS. SApAs A A
041241 A3

) +(SA0A2A1A3 'SA3A2Y)>>> =0, by addition with 0

((((SAOAZAIAS : SAOXAI) + (SAOAZAIAS : SA(JXAS)) + (SAOAZAIAS : SAZXAS)) + ((SAOAZAS : SASA(JAI)

+ ((SAOAZAIAS ) (_1 ) (SA1A2A3 ) SAIAZA(J)))

SApA24; As

+(Saga,4, 45 SA3A2y)> )) =0, by multiplication of fractions

((((SAoAzAlAs : SAOXAI) + (SAOAZAIAS : SA(JXAS)) + (SAoAzAlAS : SA2XA3)) + ((SAOAZAS : SASAOAI)

S S
( A1 Az Az AlAZAU))) + (SAOA?AIA?’ ' SASAQY)>>> -

a

(1 (-1

1

)

by ratio cancellation

<(((SA0A2A1A3 : SAOXAI) + (SA0A2A1A3 : SAOXAB)) + (SA0A2A1A3 : SA2XA3)) + ((SA0A2A3 : SA3A0A1)

i

(_1 . (SA1A2A3 ) SA1A2A0))

1

+ (Sapa54, 45 - 5A3A2y)>>> =0

)

by multiplication by 1



1€

((((SA0A2A1A3 : SAOXAI) + (SA0A2A1A3 : SAOXAB)) + (SA0A2A1A3 : SA2XA3)) + ((SA0A2A3 : SA3A0A1)

A.106
( ) + (=1 (Sa 4045 - Sa,4540)) + (Saga,4,45 - Sas4,v)))) =0 , by fraction with number denominator

((((SAoAzAlAS : SAOXAI) + (SAOAZAIAS : SA(JXAS)) + (SAOAZAIAS : SAZXAS))

(A-107)+ ( ((Sagas45 - Saga,4,) + (=1 (Sa 4,4, SAgAgAg)))))))

SA0A2 A, As
, by Lemma 30 (point Y eliminated)

(SAOAZAS : SASAOAI) + ((_1 : (SAlAzAs : SAIAZAO)) + (SAoAzAlAS :
=0

<(((SA0A2A1A3 : SAOXAI) + (SA0A2A1A3 : SAOXAB)) + (SA0A2A1A3 : SA2XA3)) + ((SA0A2A3 : SA3A0A1)

A.108 8023'8321+_1'S123'_1'S023
( ) + ((—1 - (Sa 4045 - SA,454,)) + (SA0A2A1A3 : (Sapdzdy - S aeas) é (a0, ( Aodzd ))))>>>>
AgAs Al Az
=0 , by Lemma 1
((((SAoAzAlAs : SAOXAI) + (SA0A2A1A3 : SAOXAS)) + (SA0A2A1A3 : SAzXA3)) + ((SA0A2A3 : SAsAoAl)
A.109 8023'_1'5123 +_1'S123'_1'S023
( ) + ((—1 (Sara,45 - Sa,4040)) + (SA0A2A1A3  {Btotaty - ( e ))S (L Gardass s ))))>>>>
AgAs A1 Az
=0 , by Lemma 1
((((SAOAZAIAS : SAleX) + (SA(JAZAIAS : SAOXAS)) + (SAOAZAIAS : SAZXAS)) + ((SAOAZAS : SASA(JAl)
(A.llO)

5023'_1'5123 +_1'5123'_1'5023
(1 Gnnns Smnsa) + (Saaa, - Sttt Cl St £ CL Santone 1 Sauast YY)

= , by Lemma 1
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(A.111)

(A.112)

(A.113)

(A.114)

(A.115)

((((SAOAZAIAS : SAleX) + (SA(JAZAIAS : SASAOX)) + (SAOAZAIAS : SAZXAS)) + ((SAOAZAS : SASA(JAl)
((SAoAzAs . (_1 i SAIAZAS)) + (_1 ) (SA1A2A3 ) (_1 i SAOAZAS))))>>>>

SAoAzAlAs
, by Lemma 1

+ ((_1 : (SA1A2A3 : SAlAZAO)) + (SAOAZAIAS :
=0

((((SAoAzAlAs ’ SAleX) + (SA0A2A1A3 : SA3A0X)) + (SA0A2A1A3 : SAsAzx)) + ((SA0A2A3 : SAsAoAl)

((Sagtsts - (1S 4000) + (1 (Sayapay - (-1 SA“AQAB))))»))

Sa0As AL As
, by Lemma 1

+ ((_1 . (SA1A2A3 . SA1A2A0)) + (SA0A2A1A3 :
=0

((((SA0A2A1A3 : SAIAOX) + (SA0A2A1A3 : SA3A0X)) + (SA0A2A1A3 : SA3A2X))

0 (Sagasas - (=1 Saa,4,))) +0
+ ((SA0A2A3 - SasApa,) F <(—1 (SA 4045 - SAa,4,4,)) F <SA0A2A1A3 ‘ (0 (S0 A3S ( A1dz44))) )>>>>
AOA2A1A3
=0

, by similar summands

((((SAOAZAIAS : SAleX) + (SA(JAZAIAS : SASAOX)) + (SAOAZAIAS : SASAZX)) + ((SA(JAZAS : SAsAoAl)

0+0 e .
+ ((—1 (S A0As - SA,404,)) T (SA0A2A1A3 . ﬁ)))) =0 , by multiplication by 0
042 1413

((((SAoAzAlAs ’ SAleX) + (SA0A2A1A3 : SA3A0X)) + (SA0A2A1A3 : SAsAzx)) + ((SA0A2A3 : SAsAoAl)

0 .. .
+ ((—1 “(Sa14545 * Sa,4,4,)) + (SA0A2A1A3 : m)))) =0 ; by addition with 0
0A42A1A43
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(A.116)

(A.117)

(A.118)

(A.119)

(A.120)

(A.121)

(A.122)

((((

SA0A2A1A3 : SAIAOX) + (SA0A2A1A3 ’ SA3A0X)) + (SA0A2A1A3 : SA3A2X))

+ ((SA0A2A3 : SA3A0A1) + ((_1 : (SA1A2A3 : SA1A2A0)) + (SA0A2A1A3 O)))) =0, by 0 numerator in fraction

(

(
(
(
(

(((SAOAZAIAS : SAleX) + (SA(JAZAIAS : SASAOX)) + (SAOAZAIAS : SASAZX))

+ ((SA0A2A3 : SAsAoAl) + ((_1 : (SA1A2A3 : SA1A2A0)) + 0))) =0, by multiplication by 0

((((SAoAzAlAs : SAlAOX) + (SAOAZAIAS : SASA(JX)) + (SAOAZAIAS : SASAZX))

+ ((SAOAZAS : SASA(JAI) + (_1 ’ (SA1A2A3 : SAIAZA(J)))) =0 , by addition with 0

((S ((SAIA(JAS . SAleAz) + (_1 i (SAonAs . SAlAOAl)))
AgAs A1 Az S
A1AgAz A3

((SAoAzAs : SASAOAl) + (_1 ’ (SAlAZAS : SA1A2A0)))> =0

(<<S ((SAleAs ) SAleAz) + (_1 ) (SA2A0A3 i 0)))
AgA2A1 A3 ° S
A1AgAz A3

+ ((SA(JAzAs : SAsAoAl) + (_1 : (SA1A2A3 : SAlAZAO)))> =0

(<<S ((SAleAs ) SAleAz) + (_1 ) (SA2A0A3 | 0)))
AgA2A1 A3 ° g
A1AgAz A3

+ ((SA0A2A3 : (_1 : SA1A0A3)) + (_1 ’ (SAlAzAs ’ SA1A2AO)))> =0

S ((SAleAs ) SAleAz) + (_1 ) (SAonAs ) 0)))
AodzAids ” SA;Ag Az A

((SA0A2A3 ’ (_1 : SA1A0A3)) + (_1 : (SA1A2A3 ’ (_1 ’ SAleAz))))> =0

)

)

)

)

) + (SA(JAZAIAS : SASAOX)> + (SAOAZAIAS : SA3A2X)>

by Lemma 30 (point X eliminated)

> + (SA0A2A1A3 : SAsAoX)> + (SAoAzAlAs : SAsAzX)>

by Lemma 2 (equal)

> + (SA0A2A1A3 : SAsAoX)> + (SAoAzAlAs : SAsAzX)>

by Lemma 1

> + (SA0A2A1A3 ’ SA3A0X)> + (SA0A2A1A3 ’ SA3A2X)>

by Lemma 1



Ve

(A.123)

(A.124)

(A.125)

(A.126)

(A.127)

( ((S ((SA1A0A3 i SA1A0A2) + (_1 i (SA2A0A3 i 0)))
AgAs A1 A3z

S ) + (SAOAZAIAS : SASA(JX)> + (SAOAZAIAS : SA3A2X)>
A1AgA2 A3

+ (((_1 : SAZA(JAS) : (_1 . SAleAs)) + (_1 : (SA1A2A3 : (_1 : SAleAz))))> =0, by Lemma 1

S 140 -5 140As) T+ -1-0
(<(<SA0A2A1A3 ’ (( Aidods S Aidod ) ( ))> + (SA0A2A1A3 : SAsAoX)> + (SAoAzAlAs ’ SAsAzX)>
A1AgAz A3

+ (((_1 ’ SAZA(JAS) : (_1 : SAleAs)) + (_1 : (SA1A2A3 : (_1 : SAleAz))))> =0, by multiplication by 0

S 1AgAs ° S 1Ag A2 +0
(<(<SA0A2A1A3 : (5,4 2, Asdods) )> + (SapA54, 45 SA3A0X)> + (SagA24; Aq 'SA3A2X)>
A1AOA2A3

+ (((_1 : SA2A0A3) : (_1 : SA1A0A3)) + (_1 : (SAlAzAs : (_1 : SA1A0A2))))> =0, by multiplication by 0

S 1AgA3z ” S 1AgA2
(<(<SA0A2A1A3 : (S gA‘ A1Aod )> + (SagA04, As 'SA3A0X)> + (SapAr4, A5 - SAgAgX))
A1AOA2A3

+ (((_1 ’ SA2A0A3) : (_1 : SA1A0A3)) + (_1 : (SAlAzAs : (_1 : SA1A0A2))))> =0, by addition with 0

(<((SA0A2A1A3 i (SAleAs 'SAleAz))

S + (SAoAzAlAs ’ SAsAoX)> + (SA0A2A1A3 ’ SA3A2X)>
A1AgA2 A3

+ (((—1 . SA2A0A3) . (—1 . SA1A0A3)) + (—1 . (SA1A2A3 . (—1 . SA1A0A2))))> =0, by multiplication of fractions



93

(A.128)

(A.129)

(A.130)

(A.131)

(A.132)

((((SA0A2A1A3 | (SAleAs 'SAleAz))
SayA04, A,
+

+ (SAOAZAIAS : SASA(JX)> + (SAOAZAIAS : SASAZX)>

((=1-((—=1-Sa,a045) - Sa,4045)) + (—=1-(Sa, 4,4, - (—1- SAleAz))))> =0, by associativity and commutativity

(<((SA0A2A1A3 | (SAleAs 'SAleAz))
SayAgA A,

+ (SAoAzAlAs : SAsAoX)> + (SA0A2A1A3 : SA3A2X)>

+ ((=1-((=1-Sa,4045) - Saya045)) + (=1 (=1-(Sa, 454, - SAleAz))))> =0, by associativity and commutativity

<(<(SA0A2A1A3 ) (SAleAs ) SAleAz))
SayAgAL A,

+ ((_1 : ((_1 : SA2A0A3) : SA1A0A3)) + (1 : (SA1A2A3 : SA1A0A2)))> =0

(<((SA0A2A1A3 | (SAleAs 'SAleAz))
SayAgAL A,

+ ((_1 : ((_1 : SAonAs) : SAleAs)) + (SA1A2A3 : SA1A0A2))> =0

(<((SA0A2A1A3 i (SAleAs 'SAleAz))
SayAgAL A,

+ ((_1 : (_1 : (SAonAs : SAleAs))) + (SA1A2A3 : SA1A0A2))> =0

)

)

)

+ (SA0A2A1A3 : SASAOX)> + (SA0A2A1A3 : SA3A2X)>

by multiplication of constants

+ (SAoAzAlAs : SAsAoX)> + (SA0A2A1A3 : SA3A2X)>

by multiplication by 1

+ (SAoAzAlAs ’ SAsAoX)> + (SA0A2A1A3 ’ SA3A2X)>

by right association
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(A.133)

(A.134)

(A.135)

(A.136)

(A.137)

((((SA0A2A1A3 ) (SAleAs 'SAleAz))

S + (SA(JAZAIAS ’ SASA(JX)> + (SA(JAZAIAS ’ SA3A2X)>
A1AgA2A3

+ (1 (Sasa04s - Sa,4045)) + (Sa, 4,45 - SAleAz))> =0 , by multiplication of constants

(<((SA0A2A1A3 : (SA1A0A3 i SA1A0A2))

S + (SA0A2A1A3 : SAsAoX)> + (SAoAzAlAs : SAsAzX)>
A1AgAz A3

+ ((SAonAg -S4, A0As) T (SA1A2A3 . SA1A0A2))> =0 , by multiplication by 1

(<((SA0A2A1A3 ) (SA1A0A3 i SA1A0A2)) + ((SA0A2A1A3 ) SA3A0X) i SA1A0A2A3))

+ (SA0A2A1A3 : SA3A2X)>
SayAgA A,

+ ((Say4045 - Sa,4045) + (Sa,4,4, - SAIAOAQ))> =0 , by sum of fractions

(<((SA0A2A1A3 ) (SA1A0A3 : SA1A0A2)) + (SA0A2A1A3 : (SA3A0X ) SA1A0A2A3)))

+ (SA0A2A1A3 : SA3A2X)>
SayAgA A,

+ ((Sas404s - Sa,a045) + (Sa, 4,45 - SA1A0A2))> =0 , by right association

((((SA0A2A1A3 ) (SAleAs ) SAleAz)) + (SA0A2A1A3 i (SASAOX ) SAleAzAs))) + ((SA0A2A1A3 i SA3A2X) ) SA1A0A2A3))
SayAgAL A,

+ ((Sasa04s - Saa04s) + (Sa, 4,45 - SAIAOAQ))) =0 , by sum of fractions



LE

((((SA0A2A1A3 ) (SAleAs ) SAleAz)) + (SA0A2A1A3 | (SASAOX ) SAleAzAs))) + (SA0A2A1A3 | (SA3A2X ) SAleAzAs)))
(A.138) SA1A0 Az A3

+ ((Sana04s - Sa;4045) + (Sa; 4,44 - SAleAz))> =0 , by right association

((((SA0A2A1A3 ) (SAleAs ) SAleAz)) + (SA0A2A1A3 i (SASAOX ) SAleAzAs))) + (SA0A2A1A3 i (SA3A2X ) SAleAzAs))) + (((SA2A0A3 i SAleAs) + (SA1A2A3 ) SAleAz)) )

A139) SA1A0A2 A
=0 , by sum of fractions

(A.140) ((((Sapasaas - (Saia04s - Sa,404,)) + (Sagasaas - (Sasaox - Saia04245))) + (Sagasa,as - (Sazaox - Sa,a04245)))
+ (((SA2A0A3 : SA1A0A3) + (SA1A2A3 : SAleAz)) ’ SAleAzAs)) =0 , by fraction equal 0
((((SA0A2A1A3 : (SA1A0A3 : SA1A0A2)) + (SA0A2A1A3 ’ (SAsAoX : SA1A0A2A3))) + (SAoAzAlAs ’ (SAsAzX : SA1A0A2A3)))
+((Say404245 - (SasAgAs - Sa,4045)) + (Sa, 404245+ (SAa, 4545 -S4, 404,)))) =0, by distribution of multiplication over addition

Slo'S 02+_1'S203'S 0A1
(<((SA0A2A1A3 : (SAleAs : SAleAz)) + <SA0A2A1A3 : ((( Aidods Ao Aol ?S’A i N A( AxA0 4, Asdod ))) 'SA1A0A2A3>>>

(A.141)

(A142) + (SapA24:45 - (Sasanx - SA1A0A2A3))>

+ ((SAleAzAs ’ (SAonAs 'SAleAs)) + (SA1A0A2A3 ’ (SAlAzAs 'SAleAz)))> =0, by Lemma 30 (point X ehminated)

((SAleAs i SASAOAZ) + (_1 i (SAZAOAS i (_1 ) SAIAOAS)))) S )))
TPA1AgAx A3

((((SA0A2A1A3 : (SA1A0A3 'SA1A0A2)) + (SA0A2A1A3 ’ ( S
A1AgAz A3

(A143) + (SA0A2A1A3 ’ (SAsAzX : SA1A0A2A3))>

+ ((SAleAzAs : (SAonAs 'SAleAs)) + (SA1A0A2A3 : (SAlAzAs 'SAleAz)))> =0, by Lemma 1
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(A.144)
<(<(SA0A2A1A3 ’ (SA1A0A3 'SA1A0A2))+ (SAoAzAlAs ’

<((SA1A0A3 ) SASA(JAZ) + (_1 ) ((_1 : SAsAoAz) . (_1 ) SAIAOAS)))) S >>>
S TOALAgAs A3
A1AgAz A3

+ (SA0A2A1A3 : (SAsAzX : SA1A0A2A3)) + ((SA1A0A2A3 : (SA2A0A3 : SAleAs)) + (SAleAzAs : (SA1A2A3 : SA1A0A2)))>

=0 , by Lemma 1

(A.145)
<(<(SA0A2A1A3 : (SA1A0A3 'SA1A0A2))+ (SAoAzAlAs :

<((SA1A0A3 ) SAsAoAz) + (_1 ) ((_1 i SA3A0A2) i (_1 ) SAleAs)))) S >>>
S TOALAgAs A3
A1AgAz A3

+ (SA0A2A1A3 : (SAsAzX : SA1A0A2A3)) + ((SA1A0A2A3 : ((_1 : SA3A0A2) : SAleAs)) + (SA1A0A2A3 : (SA1A2A3 : SA1A0A2)))>

=0 , by Lemma 1

(A.146)
<(<(SA0A2A1A3 : (SA1A0A3 'SAleAz)) + (SA0A2A1A3 :

(((SA1A0A3 i SA3A0A2) + (_1 i ((_1 i SA3A0A2) ) (_1 ) SAleAs)))) i SA1A0A2A3)>>
SayAgAL A,

+ (SA0A2A1A3 : (SAsAzX : SA1A0A2A3))> + ((SA1A0A2A3 : ((_1 : SA3A0A2) : SAleAs)) + (SA1A0A2A3 : (SA1A2A3 : SA1A0A2)))>

=0 , by multiplication of fractions
5103'5302+_1' _1'5302'_1'5103 -1
((((SA0A2A1A3'(SA1A0A3 -S4, 4042)) + (SAOAQAlAg' (S04 - Sastosts) + ( (« 1 Asods) " A1do)))) )>>

(A147) + (SA0A2A1A3 . (SA3A2X : SA1A0A2A3))> + ((SA1A0A2A3 : ((_1 : SA3A0A2) : SAleAs))

+ (Sa,404045 - (Sa, 4,44 SA1A0A2)))> =0 , by ratio cancellation



6¢

(A.148)

(A.149)

(A.150)

(A.151)

(A.152)

(A.153)

N

SAleAs ) SA3A0A2) + (_1 ) ((_1 i SA3A0A2) i (_1 i SA1A0A3))))>>

((( SAoAzAlAg N (SAlA(JAS : SAlA(JAZ + 1

SAgAyA; Ay
(SAoAzAlAS : (SA3A2X SAIA(JAZAS))> ((SAlA(JAzAs : ((_1 : SA3A0A2) : SAIAOAS))

+ (Sa,404.45 - (Sa, 4,44 - SA1A0A2)))> =0 , by multiplication by 1

((((SA0A2A1A3 ’ (SAleAs ’ SAleAz)) (SA0A2A1A3 : ((SAleAs : SA3A0A2) + (_1 ’ ((_1 ’ SAsAoAz) : (_1 : SA1A0A3))))))
+ (SA0A2A1A3 ’ (SA3A2X : SA1A0A2A3))) ((SA1A0A2A3 : ((_1 ’ SA3A0A2) ’ SAleAs))
+ (SA1404545 - (SA14545 - Sa,404,)))) = , by fraction with number denominator

((((SAOAZAIAS : (SAIA(JAS : SAleAz)) (SA0A2A1A3 : ((SAlAOAS : SA3A0A2) + (_1 ’ (_1 : ((_1 : SAsAoAz) : SAIAOAS))))))
+ (SA0A2A1A3 : (SA3A2X : SAlAOAZAS))) ((SAlA(JAzAs : ((_1 ’ SASAOAQ) : SAIAOAS))
+ (Sa, 404545 - (Sa;,4,4, - S4,404,)))) = , by associativity and commutativity

((((SA0A2A1A3 ’ (SAleAs ’ SAleAz)) (SA0A2A1A3 : ((SAleAs : SA3A0A2) + (1 : ((_1 ’ SA3A0A2) ’ SAleAs)))))
+ (SA0A2A1A3 ’ (SA3A2X : SA1A0A2A3))) ((SA1A0A2A3 : ((_1 ’ SA3A0A2) ’ SAleAs))
+ (Sa, 404545 - (Sa;,4,4, - S4,404,)))) = , by multiplication of constants

((((SA0A2A1A3 : (SAleAs ’ SAleAz)) (SAoAzAlA% ’ ((SA1A0A3 : SA3A0A2) + ((_1 : SA3A0A2) ’ SAleAs))))
+ (SA0A2A1A3 ’ (SAsAzX : SA1A0A2A3))) ((SAleAzAs ’ ((_1 : SA3A0A2) : SA1A0A3))
+ (5S4, 404245 - (SA,4545 - SA,4045)))) = , by multiplication by 1

((((SAOAQAIAS : (SAleAs : SAleAz)) + (SAoAzAlAS : ((0 (SAIA(JAS : SASAOAZ)) + ))) (SA0A2A1A3 : (SA3A2X : SAlAOAZAS)))
+ ((SAlA(JAzAs : ((_1 : SA3A0A2) : SAleAs)) + (SA1A0A2A3 : (SA1A2A3 : SAleAz)))) 0, by similar summands



)%

(A.154)

(A.155)

(A.156)

(A.157)

(A.158)

(A.159)

(A.160)

((((SA0A2A1A3 : (SAleAs ’ SAleAz)) + (SAoAzAlAs ’ (0 + O))) + (SAoAzAlAs ’ (SA3A2X : SA1A0A2A3)))
+ ((SAleAzAs ’ ((_1 : SA3A0A2) : SA1A0A3)) + (SAleAzAs ’ (SAlAzAs ’ SAleAz))))
=0 , by multiplication by 0

((((SA0A2A1A3 : (SA1A0A3 : SA1A0A2)) + (SA0A2A1A3 ’ 0)) + (SAoAzAlAs ’ (SA3A2X : SA1A0A2A3)))
+ ((SAleAzAs ’ ((_1 : SA3A0A2) : SA1A0A3))
+ (Sa1404245 - (SA14,45 - SA,404,)))) =0 , by addition with 0

((((SAoAzAlAs ’ (SA1A0A3 : SA1A0A2)) + 0) + (SA0A2A1A3 : (SA3A2X : SAleAzAs)))
+ ((SAleAzAs ’ ((_1 ’ SA3A0A2) ’ SA1A0A3)) + (SA1A0A2A3 ’ (SA1A2A3 : SAleAz)))) =0, by multiplication by 0

(((SA0A2A1A3 ’ (SAleAs ’ SAleAz)) + (SA0A2A1A3 : (SA3A2X : SAleAzAs))) + ((SA1A0A2A3 : ((_1 ’ SA3A0A2) ’ SAleAs))
+ (S, 404245 - (54,4545 - Sa1404,)))) =0 , by addition with 0

(((SA0A2A1A3 ’ (SAleAs ’ SAleAz)) + (SA0A2A1A3 : (SA3A2X : SAleAzAs))) + ((SA1A0A2A3 : (_1 : (SA3A0A2 ’ SAleAs)))
+ (5S4, 404245 * (Sa,4545 - SA4,404,)))) =0 , by right association

(((SA0A2A1A3 ’ (SAleAs ’ SAleAz)) + (SA0A2A1A3 : (SA3A2X : SAleAzAs))) + ((_1 : (SA1A0A2A3 : (SA3A0A2 ’ SAleAs)))
+ (5S4, 404245 - (Sa,4545 - S4,404,)))) =0 , by associativity and commutativity

5103'5322+_1'5203'Ss21
(((SAoAzAlAs (Sas4045 - Sa,404,)) + <5A0A2A1A3 - ((( Aidods T 28424 )SA (A . A( Aztos* Sasas))) '5A1A0A2A3>)>
1404A42A3

+ ((_1 : (SAIA(JAZAS : (SAsAoAz 'SAleAs))) + (SA1A0A2A3 : (SA1A2A3 'SAlA(JAz)))> =0, by Lemma 30 (point X eliminated)



v

(A.161)

(A.162)

(A.163)

(A.164)

(A.165)

((SAleAs ) 0) + (_1 ) (SAonAs ) SAsAzAl))) S )))
TPALAgAS A

(((SAOAZAIAS : (SAleAs : SAleAz)) + (SAOAZAIAS : ( S
A1AgAz A3
+ ((_1 ’ (SAIAOAZAS : (SAsAoAz : SAleAs))) + (SAlAOAZAS : (SA1A2A3 : SAleAz)))>

=0 , by Lemma 2 (equal)

((SAleAs . O) + (_1 i (SAonAs i SASAZAl))) IS )))
S TPALAgAL A
A1AgA2A3

(((SAOAZAIAS : (SAIA(JAS : SAleAz)) + (SAoAzAlAS : (
+ ((_1 : (SAlAOAZAS : ((_1 ’ SAZA(JAS) : SAIA(JAS))) + (SAlAOAZAS : (SAlAZAS : SAleAz)))>
=0 , by Lemma 1

((SA1A0A3 i O) + (_1 i (SA2A0A3 i SA3A2A1))) S >>>
S *OA1AgAs Asg
A1AgAz A3

(<(SA0A2A1A3 : (SAleAs : SAleAz)) + <SA0A2A1A3 : (

+ ((_1 : (SA1A0A2A3 : ((_1 : SAonAs) : SA1A0A3))) + (SA1A0A2A3 : ((_1 : SAsAzAl) : SA1A0A2)))>

=0 , by Lemma 1

0+_1'5203'5321
(((SAOAZAIAS : (SAIAOAS : SAleAz)) + (SA(JAZAlAS : (( ( ( Az404 As Ao ))) . SA1A0A2A3>>>

SAyAgAsAs
+ ((_1 ' (SA1A0A2A3 . ((_1 ' SAonAS) : SA1A0A3)))

+ (SA1A0A2A3 . ((—1 . SA3A2A1) . SA1A0A2)))> =0 , by multiplication by 0

—1-(S -S
<((SA0A2A1A3 : (SA1A0A3 : SA1A0A2)) + (SA0A2A1A3 : <( ( ngOAB A3A2A1)) : SA1A0A2A3>>>
A1AgAz A3

+ ((_1 : (SA1A0A2A3 . ((_1 . SA2A0A3) ! SA1A0A3)))
+ (SA1A0A2A3 : ((_1 : SA3A2A1) : SAleAz)))> =0 ’ by addition with 0



4%

(((SAOAZAIAS : (SAIA(JAS : SAleAz)) + (SAoAzAlAS :
(A166) + ((_1 : (SAleAzAS : ((_1 ’ SA2A0A3) ’ SAIA(JAS)))

+ (Sa, 404545 - ((—1-Sa,4,4,) - SAleAz)))> =0 , by multiplication of fractions

((_1 ) (SA2A0A3 ) SAsAzAl)) | SA1A0A2A3)>>
SAyA0A2 A,

(<(SA0A2A1A3 ’ (SA1A0A3 : SA1A0A2)) + <SA0A2A1A3 ’
(A167) =+ ((_1 : (SAleAzAs ’ ((_1 : SA2A0A3) : SA1A0A3)))

+ (Sa,404045 - ((—1-Sasa,4,) - SA1A0A2)))> =0 , by ratio cancellation

((=1- (SA2A0A31' Sa54541)) 1)))

(<(SA0A2A1A3 ’ (SA1A0A3 : SA1A0A2)) + <SA0A2A1A3 ’
(A168) =+ ((_1 ’ (SAleAzAs : ((_1 : SA2A0A3) : SA1A0A3)))

+ (Sa 404545 - ((=1-Saza,4,) - SAleAQ)))> =0 , by multiplication by 1

(-1 (SAQAO,i3 : SAgAQAl))>>

(A 169) (((SAOAZAIAS : (SAIA(JAS : SAleAz)) + (SA0A2A1A3 : (_1 . (SA2A0A3 : SAgAgAl)))) + ((—1 . (SA1A0A2A3 . ((_1 . SAonAS) . SA1A0A3)))

+ (Sa, 404045 - (=1 Sa4,4,)  Sa,404,)))) =0 , by fraction with number denominator
(A 170) (((SAOAZAIAS : (SAIA(JAS : SAleAz)) + (_1 . (SA0A2A1A3 ’ (SA2A0A3 : SAgAgAl)))) + ((—1 . (SA1A0A2A3 . ((_1 . SAonAS) . SA1A0A3)))
' + (Sa, 404045 - (=1 Sa,4,4,) Sa,404,)))) =0 , by associativity and commutativity
(A 171) (((SAOAZAIAS : (SAIA(JAS : SAleAz)) + (_1 . (SA0A2A1A3 ’ (SAQA(JAg : SAgAgAl)))) + ((—1 . (SA1A0A2A3 . (_1 . (SA2A0A3 . SAIAOAS))))

+ (SA1A0A2A3 . ((—1 . SASAZAI) . SA1A0A2)))) =0 , by right association



134

(((SA0A2A1A3 ’ (SA1A0A3 'SAleAz)) + (_1 : (SA0A2A1A3 ’ (SA2A0A3 'SA3A2A1)))) + ((_1 ’ (_1 ’ (SA1A0A2A3 : (SA2A0A3 : SA1A0A3))))

A.172

( ) + (Sa, 404545 - (1 Sa54,4,) - Sa,404,)))) =0 , by associativity and commutativity

(A173) (((SAOA2A1A3 ' (SA1A0A3 ’ SA1A0A2)) + (_1 . (SA0A2A1A3 : (SAonAa ' SAsAzAl)))) + ((1 . (SA1A0A2A3 . (SA2A0A3 : SAleAs)))

+ (Sa, 404045 - (=1 Sa,4,4,) - Sa,404,)))) =0 , by multiplication of constants
(A 174) (((SAOA2A1A3 ' (SA1A0A3 ’ SA1A0A2)) + (_1 : (SA0A2A1A3 : (SAonAs : SAsAzAl)))) + ((SA1A0A2A3 : (SAonAg : SA1A0A3))
+ (Sa, 404045 - (1 Sa34,4,) - Sa,404,)))) =0 , by multiplication by 1

(A 175) (((SAOA2A1A3 ' (SA1A0A3 ’ SA1A0A2)) + (_1 : (SA0A2A1A3 : (SAonAs : SAsAzAl)))) + ((SA1A0A2A3 : (SAonAg : SA1A0A3))
. + (Sa1404545 - (=1 (Saz4,4, - S4,404,))))) =0 , by right association

(A 176) (((SAOA2A1A3 ' (SA1A0A3 ’ SA1A0A2)) + (_1 : (SA0A2A1A3 : (SAonAs : SAsAzAl)))) + ((SA1A0A2A3 : (SAonAg : SA1A0A3))
’ + (=1 (Sa 404245 - (Sas4,4, - Sa,404,))))) =0 , by associativity and commutativity

(A 177) ((((SAOA2A1 + SAOAIAS) ' (SA1A0A3 ' SAIAUAz)) + (_1 ’ (SA0A2A1A3 ’ (SA2A0A3 ’ SA3A2A1)))) + ((SAleAzAs : (SAonAs : SA1A0A3))

+ (_1 : (SA1A0A2A3 : (SAsAzAl : SAleAz))))) =0 , by Definition 4
((((SAoAzAl + SAoAlAs) ’ (SA1A0A3 : SA1A0A2)) + (_1 : ((SAoAzAl + SA0A1A3) ’ (SA2A0A3 ’ SA3A2A1))))
(A178) + ((SA1A0A2A3 ’ (SA2A0A3 ’ SAIAOAS)) + (_1 : (SAIAOAZAS : (SAsAzAl ’ SA1A0A2)))))

=0 , by Definition 4

((((SAoAzAl + SA(JAIAS) : (SAleAs : SAleAz)) + (_1 : ((SAoAzAl + SAOAlAS) ’ (SA2A0A3 ’ SAsAzAl))))
(Al?g) + (((SA1A0A2 + SAlAZAS) ’ (SA2A0A3 ’ SAIAOAS))
+ (_1 ’ (SA1A0A2A3 : (SA3A2A1 : SAleAz))))) =0 , by Definition 4



4%

(A.180)

(A.181)

(A.182)

(A.183)

(A.184)

(A.185)

((((SAoAzAl + SAoAlAs) ’ (SAleAs ’ SAleAz)) + (_1 : ((SA0A2A1 + SA0A1A3) : (SA2A0A3 : SA3A2A1))))
+ (((SA1A0A2 + SA1A2A3) : (SA2A0A3 : SA1A0A3))
+ (=1 ((Saya04s +S4,4545) - (Sa5404; - Sa14045))))) =0 ., by Definition 4

((((SAoAzAl + (_1 : SAleAs)) : (SAIA(JAS : SAIA(JA?)) + (_1 : ((SA(JAzAl + SA(JAIAS) : (SAQAOAS : SAsAzAl))))
+ (((SAIAOAQ + SAlAZAS) : (SAQA(JAS : SAIA(JAS)) + (_ : ((SAleAz + SAIAZAS) : (SAsAzAl : SAIAOAQ)))))
=0 , by Lemma 1

((((SAoAzAl + (_1 ’ SAleAs)) : (SA1A0A3 : SA1A0A2)) + (_1 : ((SAoAzAl + (_1 ’ SAleAs)) ’ (SA2A0A3 : SAsAzAl))))
+ (((SA1A0A2 + SA1A2A3) : (SA2A0A3 : SAleAs)) + (_ ’ ((SA1A0A2 + SAlAzAs) ’ (SAsAzAl : SA1A0A2)))))
=0 , by Lemma 1

((((Sagasa;, + (=1-(Saya0a, + (Sa,4,4; +54,4045)))) - ((Say 404, + (Sa,4,45 +Sa,4045)) - SA404,))
+ (_1 : ((SA0A2A1 + (_1 : (SA1A0A2 + (SA1A2A3 + SA2A0A3)))) ’ (SAonAs ’ SAsAzAl))))
+ (((Say404, +SA1454;) - (Sas4045 - (SA1 4045 + (5S4, 4545 + SA,4045))))
+ (=1 ((Saya04s +S4,4545) - (Sa5404;, - Sa14045))))) =0 , by Lemma 4

((((Sagasa;, + (=1 -(Sagasa, + (Sa,4,4; +54,4045)))) - ((Say 404, + (Sa,4,4;5 +Sa,4045)) - SA1404,))
+ (=1 ((Sapasa, + (=1-(Sa,404, + (Sa,4,45 +SA,4045)))) - (Sas4045 - Saza,4,))))
+ (((Sa,404;, +54,4545) - (Sasa045 - (Sa, 404, + (Sa, 4545 + Sa,4045))))
+ (=1 ((Saya04s +S4,4545) - (Sa5404;, - Sa14045))))) =0 , by Lemma 1

((((SAoAzAl + (_1 ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SA1A0A2))
+ (=1 ((Sapasa, + (=1-(Sa,404, + (Sa,4,45 +SA,4045)))) - (Sas4045 - Saza,4,))))
+ (((Sa,404;, +54,4545) - (Sasa045 - (Sa, 404, + (Sa, 4545 + Sa,4045))))
+ (=1 ((Sa 04 + S4,4545) - (Saz404; - Sa14045))))) =0 , by Lemma 1



Gy

(A.186)

(A.187)

(A.188)

(A.189)

(A.190)

((((Sagasa, + (=1-(Saga,a, + (Sa,4,4;5 + Sa,4045)))) - ((Sagasa, + (Sa,4,4;5 + Sa,404;)) - Saga,4,1))
+ (_1 : ((SA0A2A1 + (_1 : (SA1A0A2 + (SA1A2A3 + SA2A0A3)))) ’ (SAonAs ’ SAsAzAl))))
+ (((Say404, +SA1404;) - (Sas4045 - (Sa1404, + (5S4, 4545 + SA,4045))))
+ (=1 ((Saya04s + S4,4545) - (Sa5404; - Sa14045))))) =0 , by Lemma 1

((((SAoAzAl + (_1 ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) . SA0A2A1))
+ (_1 . ((SA0A2A1 + (_1 . (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) ’ (SAonAs ’ SAsAzAl))))
+ (((SA1A0A2 + SA1A2A3) . (SA2A0A3 : (SAleAz + (SA1A2A3 + SA2A0A3))))
+ (=1 ((Say404, + Sa,4,45) - (Saz4,4, - S4a,404,))))) =0 , by Lemma 1

((((SAoAzAl + (_1 ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SA0A2A1))
+ (=1 ((Sapas4, + (=1-(Saga,4, + (Sa 4,45 +SA,4045)))) - (Sas4045 - Sasa,4,))))
+ (((Saga,4; +54,4545) - (Sasa045 - (Sa, 404, + (Sa, 4545 + Sa,4045))))
+ (=1 ((Sa 04, + S4,4545) - (Saz404; - Sa14045))))) =0 , by Lemma 1

((((Sagasa;, + (=1 -(Sagasa, + (Sa,4,4; +54,4043)))) - ((Sagasa, + (Sa,4,4;5 +Sa,4045)) - SAgAqa,))
+ (=1 ((Sapas4, + (=1-(Saga,4, + (Sa 4,45 +SA,4045)))) - (Sas404s - Sasa,4,))))
+ (((Saga,4; +54,4545) - (Sasa045 - (Saga,4, + (Sa, 4,45 + Sas4045))))
+ (=1 ((Sa 04, + S4,4545) - (Saz404; - Sa14045))))) =0 , by Lemma 1

((((Sagasa; + (=1 -(Sagasa, + (Sa,4,4; +54,4043)))) - ((Sagasa, + (Sa,4,4;5 +Sa,4045)) - SAgAA,))
+ (=1 ((Sapas4, + (=1-(Saga,4, + (Sa 4,45 +SA,4045)))) - (Sas404; - Sasa,4,))))
+ (((SA0A2A1 + SA1A2A3) : (SA2A0A3 : (SA0A2A1 + (SA1A2A3 + SA2A0A3))))
+ (=1 ((Sagasa;, +S4,4545) - (Saz404; - Sa14045))))) =0 , by Lemma 1



9

(A.191)

(A.192)

(A.193)

(A.194)

(A.195)

((((SAoAzAl + (_1 ’ (SAoAzAl + (SAlAzAs + SA2A0A3)))) : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SA0A2A1))
+ (_1 : ((SA0A2A1 + (_1 : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) ’ (SAonAs ’ SAsAzAl))))

+ (((SA0A2A1 + SA1A2A3) : (SA2A0A3 : (SA0A2A1 + (SA1A2A3 + SA2A0A3))))

+ (_1 : ((SA0A2A1 + SA1A2A3) ’ (SA3A2A1 ’ SAoAzAl))))) =0

)

by Lemma 1

((((SAoAzAl + (_1 ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SA0A2A1))
+ (_1 : ((SA0A2A1 + (_1 : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) ’ (SAonAs ’ (_1 : SA1A2A3)))))

+ (((SA0A2A1 + SA1A2A3) : (SA2A0A3 : (SA0A2A1 + (SA1A2A3 + SA2A0A3))))

+ (_1 : ((SAoAzAl + SAlAZAS) ’ (SASAQAI : SAOAQAI))))) =0

)

by Lemma 1

((((SA0A2A1 + (_1 : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) ’ ((SAoAzAl + (SA1A2A3 + SA2A0A3)) ’ SAoAzAl))
+ (_1 : ((SA(JAQAI + (_1 : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) : (SAZAOAS : (_1 : SAlAZAS)))))

+ (((SA(JAQAI + SA1A2A3) : (SAQA(JAS : (SA(JAzAl + (SA1A2A3 + SAQAOAB))))
+ (_1 ’ ((SA(JAzAl + SA1A2A3) : ((_1 : SAlAZAS) : SAoAzAl))))) =0

)

by Lemma 1

((((SAoAzAl + (_1 : (SAoAzAl + (SAlAzAs + SAQA(JAS)))) ’ ((SA(JAQAI + (SAIAQAS + SAZAOAS)) ’ SA(JAQAI))
+ (_1 : ((SA(JAQAI + (_1 : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) : (_1 : (SAZAOAS ’ SAlAZAS)))))

+ (((SA(JAQAI + SA1A2A3) : (SAQA(JAS : (SA(JAzAl + (SA1A2A3 + SAQAOAB))))
+ (_1 : ((SA(JAzAl + SA1A2A3) : ((_1 : SAlAZAS) ’ SAoAzAl))))) =0

)

by associativity and commutativity

((((SAoAzAl + (_1 : (SAoAzAl + (SAlAzAs + SAQA(JAS)))) ’ ((SA(JAQAI + (SAIAQAS + SAZAOAS)) ’ SA(JAQAI))
+ (_1 : (_1 ’ ((SA(JAQAl + (_1 : (SA(JAzAl + (SA1A2A3 + SAQAOAB)))) : (SAZAOAS ’ SAlAZAS)))))

+ (((SAoAzAl + SAlAzAs) ’ (SA2A0A3 ’ (SA0A2A1 + (SA1A2A3 + SAonAs))))
+ (_1 ’ ((SA0A2A1 + SAlAzAs) : ((_1 : SA1A2A3) ’ SA0A2A1))))) =0

)

by associativity and commutativity



Ly

(A.196)

(A.197)

(A.198)

(A.199)

(A.200)

((((Sagasa, + (=1 (Saga.a, + (Sa, 4,45 +Sa,4045)))) - ((Saga,a, + (Saya,4; +Sa,404;)) - Sagasa,))
+ (1 : ((SAoAzAl + (_1 ’ (SAoAzAl + (SAlAzAs + SA2A0A3)))) ’ (SA2A0A3 : SA1A2A3))))
+ (((Sapasa, +Sa,404;) - (Sasa04; - (Saga.4, + (Sa, 4,45 + Sa,4045))))
+ (=1 ((Sagasa; +Sa,4545)  ((—1-S4,4,4,) - Sap4s4,))))) =0 , by multiplication of constants

((((SA0A2A1 + (_1 : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) ’ ((SAoAzAl + (SA1A2A3 + SA2A0A3)) ’ SAoAzAl))
+ ((Saa,4, + (=1 (Saga,4, + (Sa, 4,45 + S4,4045)))) - (Sasa045 - Sa,4.45)))
+ (((Sapasa, +S4,404;) - (Sas 4045 - (Saga.4, + (Sa, 4,45 + Sa,4045))))
+ (=1 ((Sagasa; +Sa,4545) - (1S4, 4545) - Sapas4,))))) =0 , by multiplication by 1

((((SA0A2A1 + (_1 : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) ’ ((SAoAzAl + (SA1A2A3 + SA2A0A3)) ’ SAoAzAl))
+ ((Sapasa, + (=1 (Saga,4, + (SA, 4,45 +S4,4045)))) - (Say4045 - Sa4245)))
+ (((Sapgasa;, +54,454;5) - (Sa,4045 - (Saga,a; + (Sai 4,45 + Sa,4045))))
+ (=1 ((Sagasa; +Sa,4545) - (=1 (Sa, 4045 - Sa04,4,)))))) =0 , by right association

((((SAoAzAl + (_1 . (SAoAzAl + (SAlAzAs + SAQA(JAS)))) : ((SA(JAQAI + (SAIAQAS + SAZAOAS)) : SA(JAQAI))
+ ((SA(JAQAI + (_1 : (SA(JAQAI + (SAIAQAS + SAZAOAS)))) . (SAQAOAS . SAlAzAs)))
+ (((SA(JAQAI + SA1A2A3) : (SAQA(JAS : (SA(JAzAl + (SA1A2A3 + SAQAOAB))))
+(=1-(=1-((Sagas4, +Sa,4,4,)  (Sa,4,4, - Sap4,4,)))))) =0 , by associativity and commutativity

((((Sagasa;, + (=1-(Sapasa, + (Sa,4,4; +54,4045)))) - ((Sagasa, + (Sa,4,4;5 +Sa,404;5)) - SagAs4,))
+ ((Sapasa, + (=1 (Saga,4, + (SA, 4,45 +S4,4045)))) - (Sa,4045 - SA,4245)))
+ (((Sapasa; +Sa1404;) - (Sas 4045 - (Saga.4, + (Sa, 4,45 + Sa,4045))))
+ (1 ((Sagasa, + Sa;4045) - (Sa;4,44 - Sag4.4,))))) =0 , by multiplication of constants



%

((((Sagasa, + (=1-(Saga.a, + (Sa, 4,45 +S1,4045)))) - ((Saga,a, + (Saya,4; +Sa,4045)) - Sagasa,))
+ ((Saga,4, + (=1 (Saga,4, + (Sa, 4,45 + S4,4045)))) - (Sa,4045 - SA,4.45)))
+ (((Sapasa;, +Sa1404;) - (Sasa04; - (Saga.4, + (Sa, 4,45 + SA,4045))))
+ ((SagAsa, + S4;4545) - (Say 4,45 - Sapas4,)))) =0 , by multiplication by 1

(A.201)

((((((SA0A2A1+(SA1A2A3+SA2A0A3))'SA0A2A1)'SA0A2A1)+(((SA0A2A1+(SA1A2A3+SA2A0A3))'SA0A2A1)'(—1'(SA0A2A1+(SA1A2A3+SA2A0A3)))))
@ (%?é AsA; + (=1 (Sagasn, + (5414545 + 5454045)))) - (Sasa04; - S4,4545)))

( SAgAsA; T SA1A2A3) ’ (SAonAs ’ (SAoAzAl + (SAlAzAs + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))
0 , by distribution of multiplication over addition

((((((SA0A2A1+(SA1A2A3+SA2A0A3))'SA0A2A1)'SA0A2A1)+(—1'(((SA0A2A1+(SA1A2A3+SA2A0A3))'SA0A2A1)'(SA0A2A1+(SA1A2A3+SA2A0A3)))))
?FA(%@@ AzAr + (=1 (Saga,4, + (54,4545 + S4,4045)))) - (Saz404, - S4,4,45)))
+ ( AgAzA; T SAlAZAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) : (SA1A2A3 : SAoAzAl))))

0 , by associativity and commutativity

(((((SAoAzAl +(SA1A2A3 +SA2A0A3))'(SA0A2A1'SAoAzAl))+(_1'(((SAoAzAl+(SA1A2A3 +SA2A0A3))'SAUAQAl)'(SAoAzAl+(SA1A2A3 +SA2A0A3)))))
?_A(%?g Az Ay T+ (_1 ’ (SA0A2A1 + (SAlAZAB + SAonAs)))) ’ (SA2A0A3 : SAIAQAS)))
( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

0 , by right association

(((((SAoAzAl +(SA1A2A3 +SA2A0A3)) : (SA(JAzAl 'SAoAzAl))+(_1' ((SA(JAZAl +(SA1A2A3 +SA2A0A3)) : (SAOAQAI '(SA(JAQAl +(SA1A2A3 +SA2A0A3))))))
?_A(%?g Az Ay T (_1 ’ (SA0A2A1 + (SAlAZAB + SAonAs)))) : (SA2A0A3 : SAIAQAS)))
( SA0A2A1 + SA1A2A3) ’ (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by right association



67

—~

(((((SAoAzAl 'SA0A2A1)'SA0A2A1)+((SA0A2A1 'SAoAzAl)'(SA1A2A3+SA2A0A3)))+(_
(%?g Axay + (=1 (Saga,4, + (Sa,4:45 + 5454045)))) - (Saza045 - Sa,454,)))
( AgAs Ay T SA1A2A3) ’ (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) +

0 :

+t

—~

((((SA0A2A1 '(SA0A2A1 'SAoAzAl))+((SA0A2A1 'SAoAzAl)'(SA1A2A3 +SA2A0A3)))+(_
(%?; Axay + (=1 (Saga,4, + (Sa,4:45 + 5454045)))) - (Saza045 - Sa,454,)))
( AgAs Ay T SA1A2A3) ’ (SAonAs ’ (SAoAzAl + (SA1A2A3 + SA2A0A3)))) +

0 ;

ot

—~

((((SA0A2A1 '(SA0A2A1 'SAoAzAl))+(SAoA2A1 : (SA0A2A1 '(SA1A2A3 +SA2A0A3))))+(_
(%ﬁg AzA; + (=1 (Saga,4, + (84,4245 + 54,404,)))) - (Sa,4045 - Sa,4545)))
( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) +

0 ;

ik

—~

((((SAoAzAl '(SA(JAQAl 'SAUAQAl))+(SA0A2A1 : ((SA(JAQAI 'SAlAQAS)
(%ﬁg AzA; + (=1 (Saga,4, + (84,4245 + 54,404,)))) - (Sas4045 - Sa,4545)))
( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) +

0 ;

o+

—~

((((SAoAzAl (SA(JAQAI 'SAUAQAl))+((SA0A2A1 '(SA(JAQAl 'SAlAQAs))
’ (SAOAQAI + (SAlAZAS + SAonAs)))) ’ (SAQA(JAS : SAIAQAS)))

(%? A2 Aq (
( SA0A2A1 + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3))))

+

)

1 ((SAoAzAl +

1 ((SAoAzAl +

1 ((SAoAzAl +

+(SA0A2A1 'SAonAs))))+(_

+(SA0A2A1 : (SAOAQAI 'SAQAUAS))))+(_

((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

by distribution of multiplication over addition

((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

by right association

((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

by right association

1'((SA0A2A1 +

((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

by distribution of multiplication over addition

1 ((SA(JAQAl +

+ ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

by distribution of multiplication over addition

(SA1A2A3 +SA2A0A3)) : (SAoAzAl '(SAoAzAl

(SA1A2A3 +SA2A0A3)) : (SA0A2A1 '(SA0A2A1

(SA1A2A3 +SA2A0A3)) : (SA0A2A1 '(SA0A2A1

(SAlAzAS +SA2A0A3)) ’ (SA(JAQAI : (SAoAzAl

+(SA1A2A3 +SA2A0A3)))))

+(SA1A2A3 +SA2A0A3)))))

+(SA1A2A3 +SA2A0A3)))))

+(SA1A2A3 +S

(SA1A2A3 +SA2A0A3)) : (SAoAzAl '(SA(JAQAl +(‘E
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—~

((((SA0A2A1 '(SAoAzAl 'SAoAzAl))+((SA0A2A1 '(SAoAzAl 'SA1A2A3))+(SA0A2A1 : (SAoAzAl 'SAonAs))))+(_1' (((SAoAzAl : (SA0A2A1 +(SA1A2A3 +SA2A0A3)))'SA0A2A1)+
(%?f AsA; + (=1 (Sagasa, + (5414545 + 5454045)))) - (Sas404; - S4,4545)))

( SA0A2A1 + SA1A2A3) ’ (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

0 , by distribution of multiplication over addition

+t

—~

((((SA0A2A1 '(SA0A2A1 'SAoAzAl))+((SAoA2A1 '(SA0A2A1 'SA1A2A3))+(SA0A2A1 . (SA0A2A1 'SAonAs))))+(_1' ((SAoAzAl . ((SA0A2A1 +(SA1A2A3 +SA2A0A3))'SA0A2A1 ))+
(%?é AsA; + (=1 (Sagasa, + (5414545 + 5454045)))) - (Sas404; - Sa,4545)))

( SAgAsA; T SA1A2A3) ’ (SAonAs ’ (SAoAzAl + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

0 , by right association

ot

—~

((((SA0A2A1 '(SA0A2A1 'SAoAzAl))+((SAoA2A1 '(SA0A2A1 'SA1A2A3))+(SA0A2A1 . (SA0A2A1 'SAonAs))))+(_1' ((SAoAzAl . ((SA0A2A1 +(SA1A2A3 +SA2A0A3))'SA0A2A1 ))+
(%? Az Ay T+ (_1 : (SAOAQAI + (SAlAZAS + SAonAs)))) : (SAQA(JAS . SAIAQAS)))

( ‘§A0A2A1 + SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

0 , by right association

+ik

(((((SAoAzAl '(SA(JAQAl 'SAUAQAl))+((SA0A2A1 '(SA(JAQAl 'SAlAQAs))+(SA0A2A1 : (SAOAQAI 'SAQAOAS))))+((_1' (SA(JAQAI : ((SAoAzAl +(SA1A2A3 +SA2A0A3))'SA0A2A1 )))—i
?_A(%?g Az Ay T+ (_1 : (SA0A2A1 + (SAlAZAB + SAonAs)))) ’ (SA2A0A3 : SAIAQAS)))
( AgAzA; T SAlAzAS) ’ (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

0 , by distribution of multiplication over addition

(((((Sagaza; - (Sagas 4, Saga,4,))+((Saga, 4, (Sagara, - Sa,a,45)) +(S 4044, (Saga,4,°Sa,4045))))+((=1-(Saga, 4, - ((Saga,4, - Saga,4,)+(Sag4,4,(Sa, 4,45 +54
er(%j'g AxAy + (=1 (Saga,4, + (Sa 4,45 +S4,4045)))) - (Sas4045 - Sa,4,45)))
( SA0A2A1 + SA1A2A3) : (SAonAs : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) . (SA1A2A3 . SA0A2A1))))

=0 , by distribution of multiplication over addition



16

(((((SA0A2A1 '(SAoAzAl 'SAoAzAl))+((SA0A2A1 '(SAoAzAl 'SA1A2A3))+(SA0A2A1 : (SAoAzAl 'SAonAs))))+((_l' ((SAoAzAl : (SA0A2A1 'SA0A2A1))+(SA0A2A1 : (SA0A2A1 : (S/
@ (%?g Axay + (=1 (Saga,4, + (Sa,4:45 + 5454045)))) - (Saza045 - Sa,454,)))
+ ( AgAs Ay T SA1A2A3) ’ (SAonAs ’ (SAoAzAl + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

0 , by distribution of multiplication over addition

—~

((((SA0A2A1 '(SA0A2A1 'SAoAzAl))+((SA0A2A1 '(SA0A2A1 'SA1A2A3))+(SA0A2A1 : (SA0A2A1 'SAonAs))))+(((_1 ’ (SA0A2A1 : (SA0A2A1 'SA0A2A1)))+(_1 ’ (SA0A2A1 '(SAoAzf
(% AyA; T (_1 ’ (SAoAzAl + (SA1A2A3 + SA2A0A3)))) ’ (SA2A0A3 : SA1A2A3)))

( ?;AOA2A1 + SA1A2A3) ’ (SAonAs ’ (SAoAzAl + (SAlAzAs + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

0 , by distribution of multiplication over addition

it

—~

(((( (SA0A2A1 '(SA0A2A1 'SAoAzAl)))+((SA0A2A1 '(SA0A2A1 'SA1A2A3))+(SA0A2A1 '(SA0A2A1 'SA2A0A3))))+((O+(_1' (SA0A2A1 : (SA0A2A1 : (SA1A2A3 +SA2A0A3)))))+(_
(%? Az Ay T+ (_1 : (SAOAQAI + (SAlAZAS + SAonAs)))) : (SAQA(JAS . SAIAQAS)))

( ‘§A0A2A1 + SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

0 , by similar summands

+ik

((((O ((SAoAzAl'(SAoAQAl'SAlAQAS))+(SA0A2A1'(SAoAzAl SAQAOAS)))) (( ( 1 (SAoAzAl'(SA(JAQAl'(SAlAzAs+SA2A0A3)))))+(_1'(SAoAzAl'((SAOAQAl +(SA1A2A:
T(%? Axay + (=1 (Saoa,a, + (54,4545 + S4,4045)))) - (Sa,4045 - S4,4,45)))

+ ( ‘ngAQAl + SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) (( AgAzAy T SA1A2A3) . (SAlAzAs . SAoAzAl))))

0 , by multiplication by 0

(((((SAoAzAl '(SA(JAQAl 'SAlAQAs))+(SA0A2A1 : (SAOAQAI 'SAQAUAS)))+((O+(_1' (SAOAQAI '(SA(JAQAl : (SAlAZAS +SA2A0A3)))))+(_1 ’ (SAoAzAl : ((SA(JAQAI +(SA1A2A3 +5.
?_A(%?é A Ay T (_1 ’ (SA0A2A1 + (SAlAZAB + SAonAs)))) : (SA2A0A3 : SAIAQAS)))
( SA0A2A1 + SA1A2A3) ’ (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by addition with 0



(4"

—~

((((Sagasa, - (Saga,4,54,4545)) +(Sa0a,41 (549454, -S454045)))+((=1-(Saga,4, (Saga,4, - (Sa14,45+S4,4045)))) + (=1 (Saga,4, - ((Saga,4, + (54,4545 +545404
(%?f Asay (=1 (Saga,a, + (Sa 4,45 + S454045)))) - (Sas4045 - S4,4,45)))

( SA0A2A1 + SA1A2A3) : (SAonAs : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) . (SA1A2A3 . SA0A2A1))))

0 , by addition with 0

+t

—~

((((SA0A2A1 '(SA0A2A1 'SA1A2A3))+(SA0A2A1 : (SA0A2A1 'SAonAs)))+((_1' (SA0A2A1 '((SA0A2A1 'SA1A2A3)+(SA0A2A1 'SAonAs))))+(_1' (SA0A2A1 '((SA0A2A1 +(SA1A21
(%?é AsA; + (=1 (Sagasa, + (5414545 + 5454045)))) - (Sasa04; - S4,4,45)))

( SAgAsA; T SA1A2A3) ’ (SAonAs ’ (SAoAzAl + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

0 , by distribution of multiplication over addition

ot

—~

((((SA0A2A1 '(SA0A2A1 'SA1A2A3))+(SA0A2A1 . (SA0A2A1 'SAonAs)))+((_1' ((SAoAzAl . (SA0A2A1 'SA1A2A3))+(SA0A2A1 '(SA0A2A1 'SA2A0A3))))+(_1 ’ (SA0A2A1 . ((SAoAzf
(%? Az Ay T+ (_1 : (SAOAQAI + (SAlAZAS + SAonAs)))) : (SAQA(JAS . SAIAQAS)))

( ‘§A0A2A1 + SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

0 , by distribution of multiplication over addition

ik

(((((SAoAzAl '(SA(JAQAl 'SAlAQAs))+(SA0A2A1 : (SAOAQAI 'SAQAOAS)))+(((_1' (SA(JAQAI : (SAoAzAl 'SAlAzAS)))+(_1 ’ (SAoAzAl : (SAoAzAl 'SAQAUAS))))+(_1' (SA(JAQAI ((5
?_A(%?g Az Ay T (_1 ’ (SA0A2A1 + (SAlAZAB + SAonAs)))) ’ (SA2A0A3 : SAIAQAS)))
( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

0 , by distribution of multiplication over addition

—~

(((( (SAoAzAl '(SA(JAQAl 'SAlAQAS)))+(SA0A2A1 '(SA(JAQAl 'SAQAUAS)))+((O+(_1' (SA(JAQAI '(SA(JAzAl 'SAonAs))))+(_1 : (SAoAzAl . ((SAOAQAI +(SA1A2A3 —"_SAQAUAS))‘
(%?g Azar T (=1 (Saga,4, + (Sa14545 + 8454045)))) - (Saz4045 - Sa,4245)))

( SAgAsA; T SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by similar summands

+
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(((0+ SA0A2A1 (SA0A2A1 'SAngAs)))+((O+(_1 : (SA0A2A1 '(SAoAzAl 'SAonAs))))+(_1' (SAoAzAl '((SA0A2A1 +(SA1A2A3 +SA2A0A3)) ’ (SAlAzAs +SA2A0A3))))))
(%? A2A1 (SAoAzAl + (SA1A2A3 + SA2A0A3)))) ’ (SA2A0A3 : SA1A2A3)))

( AgAz Ay T SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

= , by multiplication by 0

+/—\

—~

(((SA0A2A1 (SAoAzAl'SAonAs))+((O+(_1'(SA0A2A1'(SAoAzAl SA2A0A3)))) ( 1 (SA0A2A1'((SA0A2A1+(SA1A2A3+SA2A0A3))'(SA1A2A3+SA2A0A3))))))
(%? A2A1 (SAoAzAl + (SA1A2A3 + SA2A0A3)))) (SA2A0A3 SA1A2A3)))
( AgAz Ay T SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) (( ApAz Ay T SA1A2A3) : (SA1A2A3 : SA0A2A1))))

, by addition with 0

ot

0

—~

(((SA0A2A1 '(SA0A2A1 'SAonAs))+((_1' (SA0A2A1 '(SA0A2A1 'SA2A0A3)))+(_1' (SA0A2A1 : ((SA0A2A1 +(SA1A2A3 +SA2A0A3)) ’ (SA1A2A3 +SA2A0A3))))))
(%? Az Ay T+ (_1 : (SAOAQAI + (SAlAZAS + SAonAs)))) : (SAQA(JAS . SAIAQAS)))
( ‘§A0A2A1 + SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

, by addition with 0

it

=0

((((0-(Sapasa, - (Sapasa, - Say4045))) + (04 (=1 (Saga.4, - ((Sagasa, + (Sa 4,45 +Sa,4045)) - (Sa, 4,45 + S4,40435))))))
(A.229) + ((Sapas4, + (=1 (Saga,4, + (Sa, 4,45 +S4,4045)))) - (SAsA045 - Sa4,45)))
+ (((Saga,4; +S4,4545) - (Sasa045 - (Saga.a;, + (Sa, 4,45 + Sa,4045))))
+ ((SagAsa; +S4,4545) - (Sa; 4,45 - Sagasa,)))) =0 , by similar summands

(((O4+ (04 (=1-(Saga.a, - ((Sagara, + (Sa, 4,45 +Sa,4045)) - (Sa,4,45 +Sa,4045))))))
+ ((Sapasa;, + (=1 (Sagara, + (SA, 4,45 +S4,4045)))) - (Sa,4045 - SA,4245)))
+ (((Sapasa;, +SA1404;) - (Sasa045 - (Saga.4, + (Sa, 4,45 + SA,4045))))
+ ((SagAsa, + Sa;4545) - (Say 4,45 - Sapas4,)))) =0 , by multiplication by 0

(A.230)



45

(((0 + (_1 ’ (SAoAzAl : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : (SA1A2A3 + SA2A0A3)))))
+ ((Saga,4, + (=1 (Saga,4, + (Sa, 4,45 + 5454045)))) - (Sa,4045 - SA,4.45)))
+ (((Sapasa;, + Sa1404;) - (Sasa04; - (Saga.4, + (Sa, 4,45 + SA,4045))))
+ ((SagAsa, + Sa;4545) - (Say 4,45 - Sapgas4a,)))) =0 , by addition with 0

(A.231)

(( (SA0A2A1 : ((SAoAzAl + (SAlAzAs + SA2A0A3)) ’ (SAlAzAs + SA2A0A3))))
SAoAzAl ( (SAoAzAl + (SAlAzAs + SA2A0A3)))) : (SA2A0A3 : SA1A2A3)))
SAoAzAl + SAlAzA'a) (SA2A0A3 : (SA0A2A1 + (SA1A2A3 + SAonAs))))

(A.232) (
((Saoasa; + Sa,4245) - (Sa, 4,45 - Sap4,4,)))) =0 , by addition with 0

(—1-
+ ((
+ ((
+

(((_1 : (SA0A2A1 : (((SAoAzAl + (SAlAzAs + SA2A0A3)) : SAlAzAs) + ((SAoAzAl + (SAlAzAs + SA2A0A3)) : SAonAs))))
+ ((SAoAzAl + (_1 : (SA0A2A1 + (SA1A2A3 + SAZAOAS)))) . (SAonAs . SAlAzAs)))
(((SAoAzAl + SA1A2A3) : (SA2A0A3 . (SAoAzAl + (SA1A2A3 + SAQAOAS))))
+ ((SapAsa;, +S4,4,45)  (Sa 4,45 - Sag4,4,)))) =0 , by distribution of multiplication over addition

(A.233)

(((_1 . ((SAoAzAl : ((SA0A2A1 + (SAlAzAs + SAZAOAS)) . SAIAZAS)) + (SAoAzAl . ((SAoAzAl + (SAlAZAS + SA2A0A3)) . SAZAOAS))))
((SA0A2A1 + (_1 : (SAoAzAl + (SA1A2A3 + SAZAOAS)))) . (SAZAOAS : SAlAZAS)))

(((SAoAzAl + SA1A2A3) . (SAZAOAS . (SAoAzAl + (SA1A2A3 + SAZAOAS))))

+ ((SapAsa;, +S4a,4,4,)  (Sa 4.4, - Sag4,4,)))) =0 , by distribution of multiplication over addition

((((_1 : (SAoAzAl : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SAlAzAs))) + (_1 . (SAoAzAl : ((SAoAzAl + (SA1A2A3 + SA2A0A3)) : SAonAs))))
+ ((SAoAzAl + (_1 . (SAoAzAl + (SAlAZAS + SAonAs)))) : (SA2A0A3 : SAlAzAs)))
+ (((SAoAzAl + SA1A2A3) ’ (SA2A0A3 ’ (SAoAzAl + (SAlAzAs + SA2A0A3))))
+ ((Sagasa, +Sa,4,45) - (Sa, 4045 - Saga,4,)))) =0 , by distribution of multiplication over addition

(A.235)



qq

(((( (SAoAzAl '((SA1A2A3 'SA0A2A1)+(SA1A2A3 ’ (SAlAzAs +SA2A0A3)))))+(_1' (SAoAzAl : ((SA0A2A1 +(SA1A2A3 +SA2A0A3))'SA2A0A3))))
f (%?g Axay + (=1 (Saga,4, + (Sa,4:45 + 5454045)))) - (Saza045 - Sa,454,)))
+ ( AgAs Ay T SA1A2A3) ’ (SAonAs ’ (SAoAzAl + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

((( SAoAzAl (SA1A2A3'SA0A2A1))+(SA0A2A1'(SA1A2A3'(SA1A2A3+SA2A0A3)))))+(—1'(SA0A2A1'((SA0A2A1+(SA1A2A3+SA2A0A3))'SA2A0A3))))
(%? A2A1 (SAoAzAl + (SA1A2A3 + SA2A0A3)))) ’ (SA2A0A3 : SA1A2A3)))
( AgAs Ay T SA1A2A3) (SAonAs ’ (SAoAzAl + (SAlAzAs + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition
((((( (SA0A2A1 '(SA1A2A3 'SA0A2A1)))+(_1 ’ (SA0A2A1 : (SA1A2A3 ’ (SA1A2A3 +SA2A0A3)))))+(_1' (SA0A2A1 '((SA0A2A1 +(SA1A2A3 +SA2A0A3))'SA2A0A3))))
?FA(%?SQ AzAr + (=1 (Saga,4, + (5414545 + S4,4045)))) - (Saz404, - S4,4,45)))
+ ( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))
=0 , by distribution of multiplication over addition
((((( (SA(JAQAI '(SAlAzAs'SAoAzAl)))+(_1'(SA0A2A1 ((SAlAQAS SA1A2A3) (SAlAQAs'SAonAs)))))+(_1'(SAoAzAl'((SA0A2A1 +(SA1A2A3 +SA2A0A3))'SA2A0A3))))
zr(%?g AzA; + (=1 (Saga,4, + (84,4245 + 545404,)))) - (Sa,4045 - Sa,4545)))
( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) ((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

0

, by distribution of multiplication over addition

—~
—~

((( (SA0A2A1'(SA1A2A3'SAoAzAl)))+(_1'((SAoAzAl (SAlAQAS SAIAQAS)) (SA(JAZAl.(SAlAZAS.SAQAOAS)))))+(_1.(SA(JAQAI.((SA(JAZAl+(SA1A2A3+SA2A0A3)).S*
(%56 Asa; (=1 (Saon.a, + (541545 +54,4045)))) - (Sasa04s - Sa14,45)))

( SA0A2A1 + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) (( AgAsA; T SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

ot



9¢

((((( (SAoAzAl (SA1A2A3 SA0A2A1)))+((_1 ’ (SA0A2A1 : (SAlAzAs 'SAlAzAs)))+(_1' (SAoAzAl '(SAlAzAs 'SA2A0A3)))))+(_1 ’ (SA0A2A1 : ((SAoAzAl +

+ (%S A2A1 + ( (SAoAzAl (SA1A2A3 + SA2A0A3)))) ’ (SA2A0A3 : SA1A2A3)))
( éSAoAzAl + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

((((( (SA0A2A1 (SA1A2A3 SA0A2A1)))+((_1'(SA0A2A1'(SAlAzAs'SAlAzAs)))+(_1'(SA0A2A1'(SAlAzAs'SA2A0A3)))))+(_1'(SA0A2A1'((SA2A0A3
?_A(%S A2A1 + ( (SAoAzAl (SA1A2A3 + SA2A0A3)))) ’ (SA2A0A3 : SA1A2A3)))

+ ( éSAoAzAl + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

((((( (SA0A2A1 '(SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SA1A2A3 'SAlAzAs)))+(_1' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+(_1 ’ ((SA0A2A1 : (SA2A0A3
+

’ai

(%53 AzA, + (=1 (Saga,4, + (84,4245 + 54,404,)))) - (Sa,4045 - Sa,4545)))
( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

0 , by distribution of multiplication over addition

—~
—~

((( (SA(JAQAI '(SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_1' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS
(%2’33142141 + (_1 : (SAOAQAI + (SAlAZAS + SAonAs)))) : (SAQA(JAS . SAIAQAS)))
( ( AoAz Ay T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

, by distribution of multiplication over addition

+o+

0

—~
—~

((( (SA(JAQAI '(SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_1' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS
(%Sg Asa; (=1 (Sagn.a, + (5414545 +54,4045)))) - (Sasa045 - Sa14,45)))

( SA0A2A1 + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

+

'SAOAQAl)))+(_1'(

'SAOAQAl)))+(_1'(

(SA1A2A3 +SA2A0A

“Sagas4,)+(Sa,4,4

'SA0A2A1 ))+(SA0A21

C

o
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((((( (SAoAzAl (SA1A2A3'SA0A2A1)))+((_1'(SA0A2A1'(SAlAzAs'SAlAzAs)))+(_1'(SA0A2A1'(SAlAzAs'SA2A0A3)))))+((_1'(SA0A2A1'(SA2A0A3
f (%Sg yAzr + 1+ (Sagasa, + (Sa,4545 + S454045)))) - (Sas 4045 - S4,4,45)))
( EL AgAs Ay T SA1A2A3) (SAonAs ’ (SAoAzAl + (SAlAzAs + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

((((( (SAoAzAl (SA1A2A3 SA0A2A1)))+((_1'(SA0A2A1'(SAlAzAs'SAlAzAs)))+(_1'(SA0A2A1'(SAlAzAs'SA2A0A3)))))+((_1'(SA0A2A1'(SA2A0A3
?_A(%; A2A1 SAoAzAl (SA1A2A3 + SA2A0A3)))) ’ (SA2A0A3 : SA1A2A3)))

+ ( EL AgAs Ay T SA1A2A3) (SAonAs ’ (SAoAzAl + (SAlAzAs + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

((((( (SAoAzAl '(SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SAlAzAs 'SAlAzAs)))+(_2' (SAoAzAl '(SAlAzAs 'SA2A0A3)))))+((_1 ’ (SA0A2A1 : (SA2A0A3
+

S

(%ﬁg Az Ay T+ (_1 ’ (SA0A2A1 + (SAlAZAB + SAonAs)))) : (SA2A0A3 : SAIAQAS)))
( ( AgAzA; T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) : (SAlAzAs : SAoAzAl))))

0 , by similar summands

—~
—~

((( (SA(JAQAI '(SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_2' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS
(%2193142141 + (_1 : (SAOAQAI + (SAlAZAS + SAonAs)))) : (SAQA(JAS . SAIAQAS)))
( ( AoAx Ay T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

, by addition with 0

o+

0

((((( (SA(JAQAI '(SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl : (SAlAQAS 'SAlAQAS)))+(_2' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl : (SAZA(JAS
?_A(%% 2AoAs <A A545) Sagazay) + ((Sasaas - Sayasa,) - (=1 (Sagaza, + (Sa,4,4, + Sa,4045))))))
( SA0A2A1 + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

=0 , by distribution of multiplication over addition

'SAoAzAl)))+(_l'((

'SAoAzAl)))+((_l'(

'SAoAzAl)))+(O+(_

'SAUAQAl)))+(_1'(‘S

'SAUAQAl)))+(_1'(‘S
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((((( (SAoAzAl '(SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SAlAzAs 'SAlAzAs)))+(_1' (SAoAzAl '(SAlAzAs 'SA2A0A3)))))+((_1 ’ (SA0A2A1 : (SA2A0A3
+ (? SA2A0A3 : SA1A2A3) : (_1 ’ (SAoAzAl + (SAlAzAs + SA2A0A3))))))

( (BSAOAZAI + SA1A2A3) ’ (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))
0 , by similar summands

—~
—

((( (SA0A2A1 '(SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SA1A2A3 'SAlAzAs)))+(_1' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+((_1 ’ (SA0A2A1 : (SA2A0A3
(%?éiAoAs SAlAzAs) ’ ( L- (SAoAzAl + (SA1A2A3 + SAonAs)))))

( SA0A2A1 + SA1A2A3) (SAonAs : (SAoAzAl + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) . (SA1A2A3 . SA0A2A1))))

0 , by addition with 0

’:;Jr

—~
—~

((( (SA0A2A1 (SA1A2A3 SA0A2A1)))+((_1 ’ (SA0A2A1 . (SA1A2A3 'SAlAzAs)))+(_1' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+((_1 ’ (SA0A2A1 . (SA2A0A3
(_gg SAQA(JAS SA1A2A3) (SA(JAQAI + (SA1A2A3 + SAQAOAS)))))
(% AoAx Ay T SAlAzAS) (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

, by associativity and commutativity

+’;+

—~
—~

((( (SA(JAQAI (SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_1' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS
(_(gl SAonAs : SA1A2A3 : (SA(JAQAI + (SA1A2A3 + SAZAOAS))))))
(% ApAz Ay T SAlAzAS) (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

, by right association

;;r

—~
—~

((( (SA(JAQAI (SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_1' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS
(_55 SAonAs : (SA1A2A3 : SA(JAQAI) + (SA1A2A3 . (SA1A2A3 + SAQAOAS))))))

(% SApgAsA; T SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

by distribution of multiplication over addition

+

)

'SAoAzAl)))+(_l'(’S

'SAoAzAl)))+(_l'(’S

'SAoAzAl)))+(_l'(’S

'SAUAQAl)))+(_1'(‘S

'SAUAQAl)))+(_1'(‘S
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((((( (SAoAzAl (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SAlAzAs 'SAlAzAs)))+(_1' (SAoAzAl '(SAlAzAs 'SA2A0A3)))))+((_1 ’ (SA0A2A1 : (SA2A0A3
+ (_Fl SAonAs ’ (SAlAzAs ’ SAoAzAl)) + (SA2A0A3 : (SA1A2A3 : (SA1A2A3 + SA2A0A3))))))

(% AgAz Ay T SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))
= , by distribution of multiplication over addition

((((( (SA0A2A1 (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 . (SA1A2A3 'SAlAzAs)))+(_1' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+((_1 ’ (SA0A2A1 . (SA2A0A3
+A(% SA2A0A3 ’ SA1A2A3 ’ SAoAzAl))) + (_1 : (SA2A0A3 : (SA1A2A3 ’ (SAlAzAs + SA2A0A3))))))
( (55140142141 + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))
=0 , by distribution of multiplication over addition
((((( (SA0A2A1 (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 . (SA1A2A3 'SAlAzAs)))+(_2' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+((_1 ’ (SA0A2A1 . (SA2A0A3
?_A(%jé SA2A0A3 : (SAlAZAS ’ (SA1A2A3 + SAonAs))))))
+ ( (5 ApAz Ay T SAlAzAS) : (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))
=0 , by similar summands

—~
—~

((( (SA(JAQAI (SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_2' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS
(_(gl SAonAs : SA1A2A3 : (SA1A2A3 + SAZAOAS)))))
(% AoAx Ay T SAlAzAS) (SAQA(JAS : (SA(JAQAI + (SA1A2A3 + SAZAOAS)))) + ((SAoAzAl + SA1A2A3) . (SAlAzAs . SAoAzAl))))

, by addition with 0

;;r

—~
—~

((( (SA(JAQAI (SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_2' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS
(_Fl SAonAs : (SA1A2A3 : SA1A2A3) + (SA1A2A3 . SAQA(JAS)))))
(% SAgAsA; T SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

, by distribution of multiplication over addition

+

'SAoAzAl)))+(_l'(’S

'SAoAzAl)))+(_l'(’S

'SAoAzAl)))+(_l'(’S

'SAUAQAl)))+(_1'(‘S

'SAUAQAl)))+(_1'(‘S
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((((( (SAoAzAl (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SAlAzAs 'SAlAzAs)))+(_2' (SAoAzAl '(SAlAzAs 'SA2A0A3)))))+((_1 ’ (SA0A2A1 : (SA2A0A3
+ (_Pl SAonAs ’ (SAlAzAs ’ SAlAzAs)) + (SA2A0A3 : (SA1A2A3 : SA2A0A3)))))

(% SAgAsA; T SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))
= , by distribution of multiplication over addition

—~
—

((( (SA0A2A1 (SA1A2A3'SA0A2A1)))+((_1'(SA0A2A1'(SAlAzAs'SAlAzAs)))+(_2'(SA0A2A1'(SAlAzAs'SA2A0A3)))))+((_1'(SA0A2A1'(SA2A0A3
(% SAonAs ’ SA1A2A3 ’ SAlAzAs))) + (_1 : (SA2A0A3 : (SA1A2A3 ’ SA2A0A3)))))

( FSAoAzAl + SA1A2A3) (SAonAs ’ (SA0A2A1 + (SA1A2A3 + SA2A0A3)))) + ((SA0A2A1 + SA1A2A3) : (SA1A2A3 : SA0A2A1))))

0 , by distribution of multiplication over addition

:;r

—~
—

((( (SA0A2A1 (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SA1A2A3 'SAlAzAs)))+(_2' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+((_1 ’ (SA0A2A1 : (SA2A0A3
( SAQA(JAS : SA1A2A3 : SAIAQAS))) + (_1 . (SAZAOAS . (SAlAZAS : SAZAOAS)))))

(%{3{3 Az AoAsz * SA0A2A1 (SA1A2A3 + SAZAOAS)) . SA(JAZAl) + ((SAonAs . (SAoAzAl + (SAlAZAS + SAQAOAS))) : SAIAZAS))

+ ((Sagasa;, +Sa,4,4,)  (Say4,44 - Sap4ar4,)))) =0 , by distribution of multiplication over addition

+

((((( (SA(JAQAI (SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_2' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS

+ (% SAQA(JAS ’ (SA1A2A3 ’ SAIAQAS))) + (_1 : (SAZAOAS : (SAlAZAS ’ SAZAOAS)))))
( F A2ApAsz ” SA(JAQAl + (SA1A2A3 + SAZAOAS)) : SA(JAQAl)) + ((SAonAs : (SAoAzAl + (SAlAZAS + SAQAOAS))) : SAIAZAS))
((SAoAQAl + SA1A2A3) (SAlAQAS : SAQAQAl)))) — O 5 by rlght aSSOCiatiOn

((((( (SA(JAQAI (SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_2' (SAOAQAI '(SA1A2A3 'SAonAs)))))+((_1 : (SAoAzAl . (SAZA(JAS

+ (% SAQA(JAS : (SA1A2A3 : SAIAQAS))) + (_1 : (SAZAOAS : (SAlAZAS ’ SAZAOAS)))))
( P Az2AgAs SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SAoAzAl)) + (SA2A0A3 : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SA1A2A3)))
+ ((Saga,4, +Sa,4,45) - (Sa; 4,45 - Saga,4,)))) =0 , by right association

'SAoAzAl)))+(_l'(’S

'SAoAzAl)))+(_l'(’S

'SAoAzAl)))+(_l'(’S

'SAUAQAl)))+(_1'(‘S

'SAUAQAl)))+(_1'(‘S
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((((( (SAoAzAl (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SAlAzAs 'SAlAzAs)))+(_2' (SAoAzAl '(SAlAzAs 'SA2A0A3)))))+((_1 ’ (SA0A2A1 : (SA2A0A3 “SApAs4, )))+(_1 (’S

+ (% SAonAs ’ (SAlAzAs ’ SAlAzAs))) + (_1 : (SA2A0A3 : (SA1A2A3 ’ SA2A0A3)))))
( F A2 AgAs SAoAzAl : SAoAzAl) + (SA0A2A1 : (SA1A2A3 + SA2A0A3)))) + (SA2A0A3 ’ ((SAoAzAl + (SAlAzAs + SA2A0A3)) ’ SAlAzAs)))
+ ((Sagasa, +Sa,4,45) - (Saya,44 - Saga,4,)))) =0 , by distribution of multiplication over addition

((((( (SA0A2A1 (SA1A2A3'SA0A2A1)))+((—1'(SA0A2A1'(SA1A2A3 SAlAzAs))) ( (SAoAzAl'(SAlAzAs'SA2A0A3)))))+((_1'(SA0A2A1'(SA2A0A3'SAoAzAl)))+(_1'(’S
SAonAs ’ SA1A2A3 SAlAzAs))) + (_1 : (SA2A0A3 : (SA1A2A3 SA2A0A3)))))
+A((%?Z‘A2AUA3 SA0A2A1 SA0A2A1))+(SA2A0A3 ’ (SA0A2A1 : (SA1A2A3 +SA2A0A3))))+(S A2 AgAs” ((SA0A2A1 +(SA1A2A3 +SA2A0A3))'SA1A2A3)))
+ ((Sapasa;, +54,424,) - (54,4545 - Sag4:4,)))) =0 , by distribution of multiplication over addition

—1-(Saga24, (54,4545 5204,4,))) F((—1-(Saga,4, - (S, 4545 -S4, 4545))) + (=2 (Sag4,4, - (SA, 4045 -S45,4045))))) +((0-(Sag .4, - (Say4045-Sa0454,))) +(—1-(Sa
%_81 (Sasa0as - (Sa, 4045 - Sa,4545))) + (=1 (Sa,a045 - (Sayas45 - Sas4043)))))
{30 F (8454045 - (Sapasa; - (Saias4; +S454045)))) + (Sasa04s - ((Sapasa, + (Sa, 4,4, + Sas404,)) - Sar4545)))
((SAoAQAl + SA1A2A3) . (SA1A2A3 . SA0A2A1)))) =0 , by similar summands

—1-(Sa0454, (S, 42455 20454,)))F((=1-(Sag .4, - (Sa,4,45 -S4, 4,45))) +(=2-(SAg 424, - (SA, 4545 S4,4045))))) +(0+(=1-(Sa,4,4, - (Sa,4045-S4,4045)))))
%_S} (Sana0as  (Say4,45 - Sa,4.45))) + (=1 (Saya04, - (Sa, 4545 - Sas4045)))))
&) F (844045 - (Sapasa; - (Sai 4,45 +S454045)))) + (Sasa04s - ((Sapasa, + (Sa, 4,4, + Sas404,)) - Say4545)))
((Sapasa;, +Sa,4045)  (SA; 4545 - Sagas4,)))) =0 , by multiplication by 0

—1-(Sap454, (S, 42455 20454,)))F((=1-(Sag .4, - (Sa,4,45 -S4, 4,45))) +(=2-(SAg 424, - (SA, 4545 S4,4045))))) +(=1-(Sag 24, - (Sa,4045-SA,4045))))
%—01 (Sasa0as - (Sa, 4045 - Sa,4045))) + (=1 (Sa,a045 - (Sayas45 - Sas4043)))))
(70 (SA2A0A3 : (SA0A2A1 ’ (SA1A2A3 + SA2A0A3)))) + (SAonAs ’ ((SA0A2A1 + (SA1A2A3 + SAonAs)) : SA1A2A3)))
((Sapasa; +S4a,4245) - (Sa, 4545 - Sagas4,)))) =0 , by addition with 0



¢9

(((((=1-(Sapasa, - (Sa,4,455204,4,))) F((—1-(Saga,4, - (Sa1 4545 -S4, 4545))) + (=2 (Sa04,4, - (SA1 4545 - SA4045))))) (=1 (Sag4,4, - (S, 404,
+ ( (SAonAs ’ (SAlAzAs SAlAzAs))) + ( (SA2A0A3 : (SA1A2A3 ’ SA2A0A3)))))

(%ZA%AgAgAg “(Sapa04, - (Sa,4,45 + Sa,40435))) + (Sas4045 - ((Saga,a, + (Saya,4; +Sa,4045)) - Sa1454,)))

+ ((SagAsa; +S4,454,) - (Sa; 4,44 - Sagasa,)))) =0 , by addition with 0

((((( (SA0A2A1 (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 . (SA1A2A3 'SAlAzAs)))+(_2' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+(_1 ’ (SA0A2A1 . (SA2A0A3

+ (% 1) SAonAs ’ (SA1A2A3 ’ SAlAzAs))) + (_1 : (SA2A0A3 : (SA1A2A3 ’ SA2A0A3)))))
( (7 A2AgAsz SA0A2A1 : SA1A2A3) + (SA0A2A1 : SA2A0A3))) + (SA2A0A3 : ((SAoAzAl + (SA1A2A3 + SA2A0A3)) ’ SAlAzAs)))
+ ((Sapas4;, +54,424,) - (54,4545 - Sag4.4,)))) =0 , by distribution of multiplication over addition

((((( (SA0A2A1 (SA1A2A3 'SA0A2A1)))+((_1 ’ (SA0A2A1 : (SA1A2A3 'SAlAzAs)))+(_2' (SA0A2A1 '(SA1A2A3 'SA2A0A3)))))+(_1 ’ (SA0A2A1 . (SA2A0A3
+ ( SAQA(JAS : SA1A2A3 SAIAQAS))) + (_1 . (SAZAOAS . (SAlAZAS : SAZAOAS)))))

(%(76 AzAoAsz * SA0A2A1 SAIAQAS)) + (SAonAs . (SAoAzAl . SAonAs))) + (SAQA(JAS : ((SA(JAQAl + (SA1A2A3 + SAZAOAS)) . SAIAQAS)))

+ ((Sapasa, +54,424,) - (54,4545 - Sag4:4,)))) =0 , by distribution of multiplication over addition

-1 (SA(JAQAI (SA1A2A3 'SAoAzAl)))+((_1 : (SAoAzAl . (SAlAQAS 'SAlAQAS)))+(_1' (SAOAQAI '(SA1A2A3 'SAonAs)))))+(_1 : (SA(JAzAl . (SAZAOAS
%_i (SAQA(JAS : (SA1A2A3 : SAIAQAS))) + (_1 . (SAZAOAS . (SAlAZAS : SAZAOAS)))))
(70 (SAZAOAS . (SAoAzAl : SAZAOAS))) + (SAQA(JAS : ((SA(JAzAl + (SA1A2A3 + SAQAOAS)) . SAlAzAs)))
((Sapasa;, +54,4.45) - (54,4545 - Saga.4,)))) =0 , by similar summands

(( (SA(JAQAI (SA1A2A3 SAoAzAl)))+((_1 ’ (SAoAzAl : (SAlAQAS 'SAlAQAS)))+(_1' (SAOAQAI '(SA1A2A3 'SAonAs)))))+(_1 ’ (SA(JAzAl : (SAZAOAS

+ (% SAQA(JAS ’ (SA1A2A3 SAIAQAS))) + (_1 : (SAZAOAS : (SAlAZAS ’ SAZAOAS)))))
( (75142140143 ’ (SA0A2A1 SAonAs)) (SA2A0A3 : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : SA1A2A3)))
+ ((SagAsa; +S4,454,) - (Sa; 4,44 - Sagasa,)))) =0 , by addition with 0

'SAonAs))))

'SAonAs))))

'SAonAs))))

'SAQAUAS))))

'SAQAUAS))))



€9

—~
—~

(*A% ) (Fazdons - (Sarasas - Sarazas))) + (=1 (Sazaons - (944045 - Saz4045)))))
+ ((0F (Sapapas - ((Sagasa, + (Sa; 4,45 + Sar4045)) - Say4545))) + ((Sagasa, +Sa,4,45) - (Sa, 4,45 - Sagasa,))))
=0 , by similar summands
(((((—=1- (Sagasa, - (Sa,4545 - Sagas4.))) + (1 (Sagaza, - (Say 4545 - Sara245))) + (=1 (Sagasa, - (Sa,454, - Sa,4045))))) +0)
(A.277) (=1 (Sasa045 - (514545 - 54,2545))) + (=1 (Saz4045 - (54,4545 - Sa,4045)))))
+ (04 (Sapa04; - ((Saga,a, + (Sa 4,45 +S4,4045)) - SA14245)))
+ ((Sapazas +5414544) - (Sa14545 - S404,41)))) = 0 , by multiplication by 0

((((_1 : (SA0A2A1 . (SA1A2A3 . SA0A2A1))) + ((_1 ’ (SA0A2A1 : (SA1A2A3 : SA1A2A3))) + (—1 : (SA0A2A1 : (SA1A2A3 : SAonAs)))))
(A.278) + (1 (Saz4045 - (5414245 - Sa,4,45))) + (=1 (Sas4045 - (54,454, - S424045)))))
+ ((O + (SAQA(JAS . ((SAoAzAl + (SAlAzAs + SA2A0A3)) . SAlAzAs)))

+ ((Saoaza, +54,4,4,) - (54,454, - Sap424,)))) =0 , by addition with 0

(=1 - (Sagasa, - (Sa, 4545 - Sagana,)) + (=1 (Sagaya, - (Sa,a,4s - Sai4,45))) + (=1 (Saga,a, - (Sa, 4,45 - Sasa04s)))))
(A.279) + (=1 (Sasa04; - (Sa, 4045 - Sa,4245))) + (=1 (Sap404; - (Sa, 454, - Sa2404,)))))
+ ((Sas404s - ((Saga,a, + (Sa; 4,45 + SA,4045)) - Sa,4,45))

+ ((Sa0424, + 54,454,) - (S4,4,4, - S404:4,)))) =0 , by addition with 0

(((_1 (SA0A2A1 . (SA1A2A3 'SA0A2A1)))+((_1 . (SA0A2A1 : (SA1A2A3 'SAlAzAs)))+(_1' (SA0A2A1 : (SA1A2A3 'SA2A0A3)))))+(O' (SA0A2A1 . (SA2A0A3 'SA2A0A3))))



Proving lemma...(level 1)
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99

(A.280)

Sa 4,45 =0

)

by the statement



Failed to prove or disprove the conjecture.
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L9

(A.281)

(A.282)

(A.283)

(A.284)

(A.285)

(A.286)

((((=1
+ (-1

(SA0A2A1 : (1 : SAoAzAl))) + ((_1 ’ (SAoAzAl ’ (1 ’ SA1A2A3))

(SA2A0A3 ’ (1 SA1A2A3))) + (_

+ ((SA0A2A1 + SA1A2A3) (1 : SA0A2A1)))) =0

(((( L (SA0A2A1 : SA0A2A1)) + ((_
(SA2A0A3 : (1 : SA1A2A3))) + (_

+((-1

((SAoAzAl + SA1A2A3) ’ (1 : SA0A2A1)))) =0

(((( L (SA0A2A1 : SA0A2A1)) + ((_
(SA2A0A3 : (1 : SA1A2A3))) + (_

+((-1

1 (SAoAzAl : SAlAzAs)) + (_

((SAoAzAl + SA1A2A3) ’ (1 : SA0A2A1)))) =0

((((=1-
+((-1

(SA0A2A1 : SA0A2A1)) +

(=
(SA2A0A3 ’ (1 : SA1A2A3))) + (_

1 (SAoAzAl : SAlAzAs)) + (_

+ ((SAoAzAl + SA1A2A3) ’ (1 : SA0A2A1)))) =0

((((=1-
+((-1

(((( L (SA0A2A1 SA0A2A1)) + ((_1 : (SAoAzAl : SAlAzAs)) + (_

+((-1

)
+ ((SA0A2A1 + SA1A2A3) (

(SAoAzAl SAoAzAl)) + ((_1 : (SA0A2A1 : SA1A2A3))
+ (_1 : (SA2A0A3 : (1 SA2A0A3)))))

(SA2A0A3 SA1A2A3

(SAQA(]Ag SA1A2A’§
((SAoAzAl + SAlAZAS)

)
1

)
(1-

SA0A2A1)))) =0

+ (_1 ’ (SA2A0A3 : SA2A0A3)))) +
SAoAzAl)))) =0

L- (SA2A0A3 ’ (1 ’ SAonAs))))) +

L- (SA2A0A3 ’ (1 ’ SAonAs))))) +

L- (SA2A0A3 ’ (1 ’ SAonAs))))) +

) + (_1 ’ (SAoAzAl : (1 ’ SAonAs)))))

)

)

)

)

((SA2A0A3 ’ ((SAoAzAl + (SAlAzAs + SA2A0A3)) ’ 1))

by cancellation rule (assuming Sa, 4,4, 7 0)

1 (SAoAzAl : (1 : SA1A2A3))) ( L- (SAoAzAl : (1 : SAonAs)))))

L- (SA2A0A3 ’ (1 SAonA%))))) ((SA2A0A3 ’ ((SAoAzAl + (SAlAzAs + SA2A0A3)) : 1))

by multiplication by 1

L- (SAoAzAl : (1 : SAonAs)))))
((SA2A0A3 : ((SAoAzAl + (SAlAzAs + SA2A0A3)) : 1))

by multiplication by 1

L (SAoAzAl : SA2A0A3))))
((SA2A0A3 ’ ((SAoAzAl + (SAlAzAs + SA2A0A3)) ’ 1))

by multiplication by 1

( 1 (SA0A2A1 SA2A0A3))))

((SA2A0A3 : ((SA0A2A1 + (SA1A2A3 + SA2A0A3)) : 1))

)

by multiplication by 1

1-(Sapasa, - Sa34045))))

((SA2A0A3 : ((SAoAzAl + (SAlAzAs + SA2A0A3)) : 1))

)

by multiplication by 1



89

(A.287)

(A.288)

(A.289)

(A.290)

(A.291)

(A.292)

(A.293)

((((_1 : (SAoAzAl ’ SAoAzAl)) + ((_1 : (SA0A2A1 ’ SA1A2A3)) + (_1 ’ (SAoAzAl ’ SAonAs))))
+ ((_1 : (SA2A0A3 : SA1A2A3)) (_1 ’ (SAonAs ’ SAonAs)))) + ((SA2A0A3 : (SA0A2A1 + (SA1A2A3 + SA2A0A3)))
+ ((Sapa24, +Sa,4,45) - (1-S4,4,4,)))) =0 , by multiplication by 1

((((_1 : (SA0A2A1 : SA0A2A1)) + ((_1 ’ (SAoAzAl ’ SAlAzAs)) + (_1 : (SA0A2A1 : SA2A0A3))))
+ ((_1 : (SAonAs : SA1A2A3)) + (_1 : (SA2A0A3 : SA2A0A3)))) + ((SAonAs ’ (SAoAzAl + (SAlAzAS + SA2A0A3)))
+ ((Sa0a,4, + Sa,4545) - Sapa.4,))) =0 , by multiplication by 1
((((_1 : (SA0A2A1 : SA0A2A1)) + ((_1 ’ (SAoAzAl ’ SAlAzAs)) + (_1 ’ (SAoAzAl : SA2A0A3))))
=+ ((_1 : (SA2A0A3 ’ SA1A2A3)) + (_1 ’ (SAonAs ’ SAonAs)))) + (((SA2A0A3 ’ SAoAzAl) + (SAonAs ’ (SAlAzAs + SA2A0A3)))
+ ((Sapasa, +Sa,4045)  Sagara,))) =0 , by distribution of multiplication over addition
((((_ (SAoAzAl ’ SAoAzAl)) + ((_1 ’ (SA0A2A1 : SA1A2A3)) + (0 : (SA0A2A1 : SA2A0A3))))

1-
+ ((_1 : (SA2A0A3 . SA1A2A3)) + (_1 . (SA2A0A3 . SA2A0A3)))) =+ ((0 + (SA2A0A3 : (SAlAzAs + SA2A0A3)))
+ ((Sagasa, + 54, 4545) - Sagana,))) =0 , by similar summands

((((_1 : (SA0A2A1 : SA0A2A1)) + ((_1 ’ (SAoAzAl ’ SAlAzAs)) + 0)) + ((_1 ’ (SA2A0A3 : SA1A2A3)) + (_1 : (SA2A0A3 : SA2A0A3))))
+ ((0+ (Saya045 - (Say4.45 + Sas4045))) + ((Sagasa, + Sa,4,45) - Saga.a,))) =0, by multiplication by 0

((((_1 ’ (SAoAzAl : SAoAzAl)) + (_1 : (SA0A2A1 : SA1A2A3))) + ((_1 ’ (SA2A0A3 : SA1A2A3)) + (_1 : (SA2A0A3 : SA2A0A3))))
+((0+(SA2A0A3 : (SAlAzAs +SA2A0A3)))+((SA0A2A1 +SA1A2A3) 'SA0A2A1))) =0, by addition with 0

((((_1 : (SA0A2A1 : SA0A2A1)) + (_1 : (SA0A2A1 ’ SA1A2A3))) + ((_1 : (SA2A0A3 : SA1A2A3)) + (_1 : (SA2A0A3 ’ SA2A0A3))))
+ ((SA2A0A3 . (SAlAzAs + SA2A0A3)) + ((SAoAzAl + SAlAzAs) ' SAoAzAl))) =0, by addition with 0



69

(A.294)

(A.295)

(A.296)

(A.297)

(A.298)

(A.299)

(A.300)

(A.301)

(A.302)

((((_1 ’ (SAoAzAl : SAoAzAl)) + (_1 : (SA0A2A1 : SA1A2A3))) + ((_1 ’ (SA2A0A3 : SA1A2A3)) + (_1 : (SA2A0A3 : SA2A0A3))))
+ (((SA2A0A3 : SA1A2A3) + (SA2A0A3 : SA2A0A3)) + ((SAoAzAl + SAlAzAs) : SAoAzAl)))

=0

)

by distribution of multiplication over addition

((((_1 : (SA0A2A1 : SA0A2A1)) + (_1 : (SA0A2A1 ’ SA1A2A3))) + ((0 ’ (SAonAs ’ SAlAzAs)) + (_1 : (SA2A0A3 : SA2A0A3))))
+ ((0 + (SA2A0A3 : SA2A0A3)) + ((SA0A2A1 + SA1A2A3) : SA0A2A1))) =0 >

by similar summands

((((_1 : (SA(JAzAl : SA(JAZAl)) + (_1 : (SAoAzAl : SAlAZAS))) + (0 + (_1 : (SAZA(JAS : SAZAOAS))))
+ ((0 + (SA2A0A3 : SA2A0A3)) + ((SA0A2A1 + SA1A2A3) : SA0A2A1))) =0 >

by multiplication by 0

((((_1 : (SA(JAzAl : SA(JAZAl)) + (_1 : (SAoAzAl : SAlAZAS))) + (_1 : (SA2A0A3 : SAzA(JAs)))
+ ((O + (SA2A0A3 : SA2A0A3)) + ((SAoAzAl + SAIAZAS) : SAoAzAl))) =0 )

by addition with 0

((((_1 : (SA0A2A1 : SA0A2A1)) + (_1 : (SA(JAzAl : SAlAzAs))) + (_1 : (SAZA(JAS : SAZAOAS)))
+ ((SAzA(JAs : SA2A0A3) + ((SA0A2A1 + SA1A2A3) : SA(JAZAl))) =0 )

by addition with 0

((((_1 : (SA0A2A1 . SA0A2A1)) + (_1 . (SAoAzAl . SAlAzAs))) + (O . (SAZAOAS : SAZAOAS)))

+ (0 + ((SAoAzAl + SA1A2A3) : SAoAzAl))) =0

)

by similar summands

((((_1 : (SA0A2A1 . SA0A2A1)) + (_1 . (SAoAzAl . SAlAzAs))) + O)

+ (0 + ((SAoAzAl + SA1A2A3) : SAoAzAl))) =0

)

by multiplication by 0

(((_1 : (SAoAzAl ’ SAoAzAl)) + (_1 : (SA0A2A1 : SA1A2A3)))

+ (0 + ((SAoAzAl + SA1A2A3) : SAoAzAl))) =0

((

(_
+

)

by addition with 0

1 (SAoAzAl : SAoAzAl)) + (_1 ’ (SAoAzAl : SA1A2A3)))

((SA0A2A1 + SAlAzAs) : SAoAzAl)) =0

9

by addition with 0



Proving lemma...(level 1)
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(A.303)

Sapa.4, =0

)

by the statement



Failed to prove or disprove the conjecture.
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(A.304)

(A.305)

(A.306)

(A.307)

(A.308)

(A.309)

(A.310)

(A.311)

(A.312)

(A.313)

(A.314)

(((_1 : (1 : SAoAzAl)) + (_1 ’ (1 ’ SAlAzAs))) + ((SA0A2A1 + SA1A2A3) : 1)) =0

(((_1 : SAoAzAl) + (_1 : (1 : SAlAZAS))) + ((SA(JAzAl + SAIAZAS) . 1)) =0

(((_1 . SAoAzAl) + (_1 : SAIAZAS)) + ((SAoAzAl + SAlAZAS) : 1)) =0

(((_1 : SA(JAZAl) + (_1 : SAlAzAs)) + (SAoAzAl + SAlAzAs)) =0

(((O : SA0A2A1) + (_1 : SA1A2A3)) + (0 + SA1A2A3)) =0

(04 (—1-5S4,4545)) + (04 Sa,4,4,)) =0

((_1 ’ SA1A2A3) + (0 + SA1A2A3)) =0

((_1 ' SA1A2A3) + SAIA?AS) =0

((O : SA1A2A3) + 0) =0

(0+0)=0

0=0

, by cancellation rule (assuming Sa, 4,4, # 0)

, by multiplication by 1

, by multiplication by 1

, by multiplication by 1

by similar summands

by multiplication by 0

by addition with 0

by addition with 0

by similar summands

by multiplication by 0

by addition with 0



Q.E.D.

NDG conditions are:

SA,A0As F SayAgas 1€, lines AjAs and AgAsz are not parallel (construction
based assumption)

SAgAsAs £ SA Amas L€, lines AgA; and Ay As are not parallel (construction
based assumption)

SA 4,45 # 0 1e., points Ay, As and A are not collinear (cancellation assump-
tion)

SapAsa, # 0 ie., points Ag, As and A; are not collinear (cancellation assump-
tion)

Number of elimination proof steps: 14
Number of geometric proof steps: 51
Number of algebraic proof steps: 234
Total number of proof steps: 299

Time spent by the prover: 0.029 seconds
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A.3 GEOO0003 — Harmonic Set
The Theorem Statement [CGZ96]

Theorem 3 (Harmonic Set) Let L be the intersection of AB and CD, K the
intersection of AD and BC, F the intersection of BD and KL, and G the inter-
section of AC' and KL. Then % = é=1€

The Image — GCLC 5.0

Prover’s Code

point A 30 32
point B 40 40
point C 48 28
point D 40 25

cmark_1t A
cmark_t B
cmark_rt C
cmark_rb D

% point L
line AB A B
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line CD C D
intersec L AB
cmark_b L

% point K
line AD A D
line BC B C
intersec K AD
cmark_b K

% point F
line BD B D
line KL K L
intersec F BD
cmark_b F

% point G
line AC A C
intersec G AC
cmark_b G

drawsegment
drawsegment
drawsegment
drawsegment
drawsegment
drawsegment
drawsegment

Fe=mwWweE=Qw
QT X X

prove { equal

CD

BC

KL

KL

{ sratio LFKF } { sratio L GGK } }

Proved — Proof, made with GCLC, v1.0
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L.

(A.315)
(A.316)

(A.317)

(A.318)

(A.319)

(A.320)

(A.321)

(A.322) (SLBD :

(A.323) <SLBD .

LF IG
KF GEK
_
LF LG
—=|-1"=
KF KG
LF < SLAC>
KF Sk ac
LF _ (=1-Spac)
— =
KF Skac
Srep  (=1-Srpac)
SkBD Skac

(StBp - Skac) = (—=1-(Spac - SkBD))

(SLBp - Sack) = (=1 (Spac - SBpk))

((Sapc - Sacp) ng;;(SDBC . SAcA)))> = (=1 (Spac - Sppx))

((Sasc - SACD;;;_CI -(Sppc - 0)))) = (=1-(Spac - SpK))

by the statement

by geometric simplifications

by Lemma 8 (point G eliminated)

by algebraic simplifications

by Lemma 8 (point F eliminated)

by algebraic simplifications

by geometric simplifications

by Lemma 30 (point K eliminated)

)

by geometric simplifications

)



3L

(A.324)

(A.325)

(A.326)

(A.327)

(A.328)

(A.329)

(A.330)

(A.331)

(Step - (SaBc - Sacp))

((Sacp - Sepe)+ (=1 (Spep - Sepa)))

=(=1-(Spac - SBpK)) , by algebraic simplifications
Saspc
(SLep - (SaBc - Sacp)) _ (_1
Saspc
) (SLAC' ((Sasc - Sppp) + (=1 (SpsC - SBDA)))>> , by Lemma 30 (point K eliminated)
Saspc
(SLBp - (Sac - Sacp)) _ (_1

SaBpC

. <SLAC. ((Sac -0) + (=1 (Spsc - SBDA)D)) , by geometric simplifications
SaBpcC

(SLBD . (SABC . SACD)) = (SLAC . (SDBC . SBDA)) s by algebraic simpliﬁcations
(Sepr - (Sapc - Sacp)) = (Sacr - (Spse - Spa)) , by geometric simplifications

((Sacp -0) + (=1-(Spcp - SBpa)))

-(Sapc - SACD)> = (Sacr

-(Sppc-Sepa)), by Lemma 30 (point L eliminated)

SacBp

(=1-(Spcep - (Spa - (Sapc - Sacp))))

- (Sasc - SACD)) = (Sact

-(Sgep - Sepa)), by geometric simplifications

Sacep

= (Sacr - (Spep - Sepa)) , by algebraic simplifications

SacBp



6.

(—=1-(SBcp - (SBpa - (Sac - Sacp)))) _ <((SACD -Sace) + (=1-(Spep - Saca)))

(A.332) SacBp Sacep
-(Spep - SBDA)> , by Lemma 30 (point L eliminated)
(—=1-(Sep - (SBpa - (Sapc - Sacp)))) _ <((SACD -(=1-Sapc)) +(=1-(Spcp - 0)))
(A.333) SacBp Sacep
- (Sep - SBDA)> , by geometric simplifications
(A.334) 0=0 , by algebraic simplifications



Q.E.D.

NDG conditions are:

Sacp # Spep ie., lines AB and CD are not parallel (construction based
assumption )

Sapc # Sppe ie., lines AD and BC are not parallel (construction based
assumption )

Sprr # Spkr ie., lines BD and KL are not parallel (construction based
assumption)

Saxr # Sckr ie., lines AC and KL are not parallel (construction based
assumption )

Pgri # 0ie., points K and F are not identical (conjecture based assumption)

Porea # 01i.e., points G and K are not identical (conjecture based assumption)

Number of elimination proof steps: 6
Number of geometric proof steps: 11
Number of algebraic proof steps: 34
Total number of proof steps: 51

Time spent by the prover: 0.003 seconds
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A4 GEO0004 — Thales’ Theorem

The Theorem Statment

Theorem 4 (Thales’ Theorem) At intersecting sides of an angle / BOD by par-
allel lines BD and AC, the angle sides are divided into the proportional segments:

ox _oc
OB 0D
The Image — GCLC 5.0
C

Prover’s Code

point 0 40 10
point A 80 10
point C 60 30

online B O A
line a A C
line c 0 C

parallel b B a
intersec D ¢ b
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drawline
drawline
drawline

W= 0O O
OaQar>=

drawline

cmark_t O
cmark_t A
cmark_t B
cmark_t C
cmark_t D

% parallel BC’ and B’C
prove { equal { sratio 0 AOB } { sratio 0 COD 1} }

Proved — Proof, made with GCLC, v1.0 Let rg be the number such
that PRATIO B O O A 1y (for a concrete example r9=-0.553045).

Let P! be the point such that lines P} B and AC are parallel (and PRATIO P}
B AC1).
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(A.335)

(A.336)

(A.337)

(A.338)

(A.339)

(A.340)

(A.341)

(A.342)

SN

SN

SN N

2l

sl

oi oc
OB 0D
OA _ Sopcr;
—— - —~
OB SOBPbl

(Sosee+ (1-(Sopce + (—1-Sopca))))

Sopp;

(Sosce + (Soscc + (—1-Sosca)))

Sopp}

(Sosce + (Soscc + (—1-Sosca)))

(Soss + (1-(Sopc + (—1-Sopa))))

_ (Sosce + (Soscc + (—1-Sosca)))

(0+(1-(Sopc + (—=1-Sopa))))

(Soscm + (Socc + (=1-Sopca)))
(Sosc + (—1-Sopa))

((Scos + Socs) + ((Scos + Socc) + (=1 (Scos + Soca))))

SN

(Scos + (—1-Sa0B))

by the statement

by Lemma 37 (reciprocial , second case —
points O, O, and C are collinear) (point D
eliminated)

by Lemma 29 (point P} eliminated)

by algebraic simplifications

by Lemma 29 (point P} eliminated)

by geometric simplifications

by algebraic simplifications

, by geometric simplifications
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(A.343)

(A.344)

(A.345)

(A.346)

(A.347)

(A.348)

(A.349)

(A.350)

(A.351)

(A.352)

0A — ((Scos + Socs) + (Socc + (=1- Soca)))
OB (Scos + (—1-Sa0B))
g?; _ ((Sco + Socg) + (Socc + (=1-Soca)))
o0 | ro) (Scop +(=1-Sa0B))
04
2 (Sco+ (=1 Scon) + (0+ (<1 Soc))
(0+7o) (Scop + (—=1-Sa0B))

(Sco + (=1-SaoB)) = (—1-(Soca - o))

((Scoo + (ro - (Scoa + (—=1-5c00)))) + (=1-Saos)) = (—=1-(Soca - 10))

(04 (ro - (Scoa+ (=1-0)))) 4+ (=1 SaoB)) = (—1- ((-=1- Scoa) - 10))

Sao =0

(Saoo + (ro - (Saoa + (—=1-S400)))) =0

(O+(ro- (0+(=1-0)))) =0

0=0

by algebraic simplifications

by Lemma 39 (reciprocial) (point
eliminated)

by geometric simplifications

by algebraic simplifications

, by Lemma 29 (point B eliminated)

, by geometric simplifications

by algebraic simplifications

by Lemma 29 (point B eliminated)

by geometric simplifications

by algebraic simplifications

B



Q.E.D.

NDG conditions are:

Son P} # Scp py ie, lines OC and BP} are not parallel (construction based
assumption )

Popo # 0 i.e., points O and B are not identical (conjecture based assumption)

Popo # 0 i.e., points O and D are not identical (conjecture based assumption)

Number of elimination proof steps: 6
Number of geometric proof steps: 18
Number of algebraic proof steps: 34
Total number of proof steps: 58

Time spent by the prover: 0.001 seconds
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A.5 GEOO0005 — Pappus’ Hexagon Theorem
The Theorem Statement [ZCG95]

Theorem 5 (Pappus’s Hexagon Theorem) If A, B, and C are three points on
one line, Ay, By, and Cy are three points on another line, and ABy meets BA; at
P, ACy meets CA; at Q, and BCy meets CDy at S, then the three points P, Q,
and S are collinear.

The Image — GCLC 5.0

C1
B
Ay

Prover’s Code

point A 40 10
point B 90 10
%point C 120 10
online C A B

drawline A C
cmark_b A
cmark_b B

cmark_b C

point A_1 25 40
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point B_1 45 45
%point C_1 65 50
online C_1 A_1 B_1

line A_1B_1 A_1 B_1

drawline A_1 C_1
cmark_t A_1
cmark_t B_1
cmark_t C_1

line AB_1
line AC_1

line BA_1

line BC_1

line CA_1

line CB_1

Q QW W= =

drawsegment
drawsegment
drawsegment
drawsegment
drawsegment
drawsegment

intersec P AB_1 BA_1
intersec Q AC_1 CA_1
intersec S BC_1 CB_1
cmark_1 P
cmark_t Q
cmark_t S

color 255 0 O
drawline P S

prove { equal { signed_area3 P Q S } 0 }

Proved — Proof, made with GCLC, v1.0 Let rg be the number such
that PRATIO C' A A B rq (for a concrete example ro=-0.553045).

Let 71 be the number such that PRATIO C; A; A; B; r; (for a concrete example
r1=1.951010).
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(A.353) Spgs =0 , by the statement

((SBcB, - Spgcy) + (=1 (Scycp, - SpeB)))

(A.354) 5 =0 , by Lemma 30 (point .S eliminated)
BCC1B,
(A.355) (Sso, - SClPQ);_ (=1 (Scics, - Spra))) =0 , by geometric simplifications
BCC1B,
(A.356) ((Spem, - Scypq) + (=1 (Scyes, - SBPg))) =0 , by algebraic simplifications
(A.357)
S - S —1-(S - S
<(SBCBl- ((Saca, CIPCI);_ ( (Serca ClPA)D) +(=1-(ScyoB, -SBPQ))> =0, by Lemma 30 (point @ eliminated)
ACCy Ay
(A.358)
. 1. .
(<SBCB1 . ((SACAl 0) + (S (Scchl SC&PA)))) + (_1 . (Scchl . SBPQ))) — 0 , by geometric Simpliﬁcations
ACCy Ay
(A.359) ((Spep, - (Scica, - Scypa)) + (Scye, - (Sepg - Sacc,4,))) =0 , by algebraic simplifications
((Saca, - Sppcy) + (=1 (Sc,ca, - Sppa))) )))
S 1'51 1'51 +Sl 17 - - — -5 141
(A.360) (( BCB,  (Scyca, - Scypa)) ( ciCB ( Sacon. ACC; A
=0 , by Lemma 30 (point @) eliminated)
Saca, - Sepp) + (—1- (Seca, - S
a6l ((SBCBl (Seroa, - Sac,r)) + (S01031 . ((( acas - Scisp) + (=1 (Scica, - Sasp))) 'SA001A1>>>
(A.361) Sacca

=0 , by geometric simplifications
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((SBeB, - (Scyca, - Sac,p))

A.362 .. . .
( ) +((SeyeB, - (Saca, - Sc,p))+(—=1-(Sc,oB, - (Sc,ca, - Sasp))))) =0, by algebraic simplifications
((SABA1 : SACIBI) + (_1 ) (SBIBAI ) SAClA)))
Spes, - | Scica, - 5
(A.363) ABBA
+ ((Scies, - (Saca, - Scisp)) + (=1 (Scyo, - (Scica, - SABP))))) =0 , by Lemma 30 (point P eliminated)
((Sapa, - Sac,B,) +(=1-(SB,Ba, -0)))
Spes, - | Scica, - 5
(A.364) ABBA
+((Sc,cB, - (Saca, - So,sp)) + (=1- (Sc,eB, - (Scyca, - SABP))))) =0 , by geometric simplifications
((SpeB, - (Scycay - (Sapa, - Sacip,))) + (SaBpia, - (Scicos, - (Saca, - Scisr)))
(A.365) LT
+ (=1-(SaBBya, - (Sc,eB, - (Scyoa, - Sasp)))))) =0, by algebraic simplifications
S 1'S1 1+_1'Sl 1'81
((SBCB1 : (SC1CA1 : (SABAI 'SAclBl))) =+ ((SABBIAI ’ <SCICBI : (SACAI : (( 484 Stk )S ( ( BiB4 = BA)))>>>
(A.366) AP
+(=1-(SaBB,a, - (ScyoB, - (Scyca, .SABP))))>> =0 , by Lemma 30 (point P eliminated)
(A.367) ((SBoB, - (Scica, - (SaBa, - Sacis,))) + (((Sciob, - (Saca, - (Sapa, - Scipp,))) + (=1-(Sc,cp, - (Saca, - (SBiBa, - SciB4)))))

+(=1-(SaBB,a, - (ScicB, - (Scica, - Sasp)))))) =0 , by algebraic simplifications
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((53031 “(Scica, - (Sapa, - Sacys,))) + (((501031 “(Saca, - (SaBa, - Sc,BB,))) + (=1 (SoioB, - (Saca, - (SB,Ba, - Sc,84)))))
(A.368) (— ( ( ( ((Sapa, - Sapp,) + (—1-(Sp, pa, 'SABA)))»))))
+ 1- SABBlA1 : Scchl . SCICAl :

SABBi A,
=0 , by Lemma 30 (point P eliminated)

((53031 (Scyca, - (SaBa, - Sacim))) + (((501031 “(Saca, - (Sapa, - Scyppy))) + (=1 (Scies, - (Saca, - (SBipay - Scipa)))))
(A-369), (_1_ <SABBIA1 , <501031 : <Sclc,41 (S4B, - Sapp,) + (=1 (S5, pa, .0)))>>>>>>

SABB A
=0 , by geometric simplifications

(A370) ((SBCB1 ’ (SC1CA1 : (SABAI : SACIBI))) + (((SC1CB1 : (SACA1 : (SABAl : SclBBl))) + (—1 : (S01031 : (SACA1 . (SBlBAl . SClBA)))))

+ (=1 (ScyoB, - (Scyca, - (Sapa, - Sapp,)))))) =0 , by algebraic simplifications
(A 371) ((SBCBI : (SCA1C1 ' (SABAI . SB1A01))) + (((SCBlcl . (SACAl . (SABAl : SBBlcl))) + (—1 . (SCBIC1 . (SACA1 . (SBlBAl . SBAc‘l)))))
) +(=1-(Sesycy - (Sca,c, - (SaBa, - Sass,)))))) =0 , by geometric simplifications
((SBes, - ((Scaya, + (r1- (Sca,s, + (=1 Sca,a,)))) - (Sapa, - Spac,)))
(A.372) + (((Sesycy - (Saca, - (SaBa, - SB,cy))) + (=1-(Scs,c, - (Saca, - (SB,Ba, - SBAC,)))))

+ (—1 . (503101 . (SoAlcl . (SABAl 'SABBl)))))) =0 , by Lemma 29 (point o eliminated)

((Spepy - ((0+ (r1- (Scay B, +(=1-0)))) - (Sapa, - S,ac,)))
(A.373) + (((Semyoy - (Saca, - (Sapa, - Sepicy))) + (=1 (Scpicy - (Saca, - (S Ba, - Spacy)))))
+(=1-(Sep,c, - (Sca,o, - (Sapa, - Sapn,)))))) =0 , by geometric simplifications
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((Spop, *(r1-(Scay B, *(Sapa, - Spyacy)))+(((Se,cy - (Saca, - (Sapa, -Sep,cy)))+(=1:(Scs,c, - (Saca, - (S Ba, - Spacy)))))

A.374
(A.374) +(=1-(Ses,c, - (Sca,o, - (Sapa, -Sasg,)))))) =0 , by algebraic simplifications
((SBCB1 . (Tl ' (SCAIBI ' (SABAI ' (SBIAAI (7’1 (SBIABI ( 1- SBIAAI))))))))
(A.375) + (((SeBycy - (Saca, - (Sapa, - Sp,cy))) +(—1- (503101 (Saca, - (SpBa, - SBacy)))))
+ (=1-(ScBicy - (Scascy - (SaBa, - SaBpy)))))) = , by Lemma 29 (point C; eliminated)
((SBCB1 . (Tl ' (SCAIBI ' (SABAI ' (SBIAAI (7’1 ( ( 1- SBIAAI))))))))
(A.376) + (((SeBycy - (Saca, - (Sapa, - Sp,cy))) +(—1- (503101 (Saca, - (SpBa, - SBacy)))))
+ (=1-(Sepycy - (Sca,c, - (Sapa, - Sapsy)))))) = , by geometric simplifications

(((Seep, (11 (Scayb, - (Sapa, - SByaa,)))) + (=1 (Secp, - (11 - (Sca,p, - (Sapa, - (11 - SB,4a,)))))))
(A.377) + (((Semycy - (Saca, - (Sapa, - Sepicy))) + (=1- (503101 (Saca, - (SB,Ba, - SBacy)))))
+(=1-(Sep,c, - (Sca,c, - (Sapa, - Sasn,)))))) = , by algebraic simplifications

(((Seep, - (11 (Sca,B, - (Sapa, - SByaa,)))) + (=1 (53031 “(r1-(ScaB, - (Sapa, - (11 SB,441)))))))
(A378) + (((Scpya, + (r1- (Sesip, + (=1 ScB,a,)))) - ( - (SaBa, - SeBicy))) + (=1 (Seb,c, - (Saca, - (SBiBa, - SBacy)))))
+(=1-(Scs,c, - (Sca,c, - (Sapa, - San,)))))) = , by Lemma 29 (point C; eliminated)

(((Seep, - (11 (Scayb, - (Sapa, - SByaa,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (r1-SB,44,)))))))
(A379)  +((((=1-Sca,) +(r1-(0+(=1-(=1-Sca,5,)))))- (SACA1 (SaBa,-SpBicy)))+(=1-(ScB.c, - (Saca, - (SBiBa, - Spacy)))))
+(=1-(Se,c, - (Sca,c, - (Saa, - Saps,)))))) = , by geometric simplifications

A.380)

((Secp, - (r1- (Sca,b, - (Sapa, - SByaa,)))) + (=1 (Spes, - (11 (Sca, B, - (Sapa, - (11 SB,44,)))))))

((((=1-(Saca, - (SABAl'(SBBlcl'SCAlBl))))Jr(SACAl (Sapa, (SBBicy(11-Sca,B,))))) +(=1-(Scs,c, - (Saca, (S Ba, Spacy)))))
(—1- ) = , by algebraic simplifications

+t+ 2

1-
(Scpic, - (Sca,c, - (Sapa, - Sasp,)))
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(((Seepy - (11 (Sca,B, - (Sapa, - SB14a,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (r1 - SB,44,)))))))
GAASHL - (Saca, - (Sapa, ((Sepya,+(r1-(SBB. B, +(=1-SBB,14,)))) Sca,B,)))) +(Saca, (Sapa, - (SeBic, (11-Sca,B,)))) +(=1-(Scr,c, (Saca, - (SBBA, - SBacy))
+ (=1-(ScBicy - (Scascy - (Saa, - Sapgy)))))) =0 , by Lemma 29 (point C; eliminated)

(((Seepy - (11 (Sca,B, - (Sapa, - SB14a,)))) + (=1 (Secp, - (11 (Sca,B, - (SaBa, - (11 - SB,44,)))))))
A2 (Saca, - (Sapa, ((Sepya, +(r1-(0+(=1-SBB,4,)))) Sca,B,)))) +(Saca,  (Sapa, - (SeBic, *(11-Sca,B,))))) +(=1-(Scr,c, (Saca, - ((=1-SBB,a,) - Spac,)))
+ (=1-(SeB,c, - (Sca,c, - (Sapa, - Saps,)))))) =0 , by geometric simplifications

(((Seepy - (11 (Sca,b, - (Sapa, - SB1aa,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (11 - SB,44,)))))))
AA8)1-(Saca, - (Sapa, - (Sca, b, 'SBBlAl)))H(SACAl (Sapa, (Sca B, (r1-SBB141)))))+(Saca, (Sapa, - (SeB,c, (T11-Sca,B,)))))+(Scr.c, - (Saca, (S, a, S
+ (—1-(Scycy - (Sca,c, - (Sapa, - Sasry)))))) = , by algebraic simplifications

(((Seepy - (11 (Scayb, - (Sapa, - SByaa,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (11 - SB,4a,)))))))
A4} 1-(Saca, (Sapa, - (Sca, B, 'SBBlAl)))H(SACAl (Sapa, (Sca,b,(r1-SBB141)))))+(Saca, (Sapa, - ((Sep,a, +(r1- (S B, +(=1-SBB,4,)))) (11-Sca,B,))
+ (=1-(ScBicy - (Scascy - (Sapa, - Saspy)))))) = , by Lemma 29 (point C; eliminated)

(((Spcp, - (11 (Scayby - (SaBa, - Spiaay)))) + (=1 (Spep, - (11 (Scaus, - (Sapa, - (r1-5B,44a,)))))))
ébA('(?@&l ’ (SACAI : (SABAI : (SCAIBI 'SBBlAl))))+(SACA1 (SABAI '(SCAlBl -(7’1 'SBBlAl)))))+(SACA1 : (SABAI '((SBBlAl +(T1 : (O+(_1'SBBlA1 )))) (Tl 'SCAlBl )))))+(£
+ (=1-(SeB,c, - (Sca,c, - (Sapa, - Sas,)))))) = , by geometric simplifications

(((Seepy (11 (Sca,b, - (Sapa, - SByaa,)))) + (=1 (Secp, - (11 (ScaiB, - (Sapa, - (r1-SB,4a,)))))))
GAAR6)1-(Saca, (Sapa, - (Sca,B,-SBBia,))))+(2:(Saca, - (Sapa, - (Sca B, (r1-SBB141))))))+(=1-(Saca, (Sapa, - (11-(Sca, B, - (11-SBB,4,))))))) +(ScB,0:  (Sac
+ (=1-(Scsyc, - (Sca,c, - (Sapa, - Sapp,)))))) =0 , by algebraic simplifications
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(((Spe, - (11 (Scay B, - (SaBa, - SByaa,)))) + (=1 (Secp, - (r1- (Sca,B, - (Sapa, - (r1-5B,44,)))))))
ébA('(?@?}l ’ (SACAI : (SABAI : (SCAIBI 'SBBlAl))))+(2' (SACAI : (SABAI '(SCAlBl -(7’1 'SBBlAl))))))+(_1 ’ (SACAI ’ (SABAI : (Tl ’ (SCAlBl : (Tl 'SBBlAl)))))))+((SCBlA1 +(T1
+ (=1-(ScBicy - (Scascy - (Sapa, - Sapgy)))))) =0 , by Lemma 29 (point C; eliminated)

(((Spcp, - (11 (Scayby + (SaBa, - Spiaay)))) + (=1 (Spep, - (11 (Scaus, - (Sapa, - (r1-5B,44a,)))))))
ébA('(?@S}'l ’ (SACAI : (SABAI : (SCAIBI 'SBBlAl))))+(2' (SACAI : (SABAI '(SCAlBl -(7’1 'SBBlAl))))))+(_1 ’ (SACAI ’ (SABAI : (Tl ’ (SCAlBl : (Tl 'SBBIAI)))))))_F(((_I'SCAIBI‘,
+ (=1-(SeB,c, - (Sca,c, - (Sapa, - Saps,)))))) =0 , by geometric simplifications

(((Seepy (11 (Sca,B, - (Sapa, - SB1aa,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (11 - SB,44,)))))))
GAAR0)1-(Saca, (Sapa, - (Sca,B, - SBBia,))))+(2:(Saca, - (Sapa, - (Sca B, (r1-SBB141))))))+(=1-(Saca, (Sapa, (11 (Sca, B, (11-SBB,4,)))))) +((=1-(Saca, -
+ (=1-(Se,c, - (Sca,c, - (SaBa, - Sas,)))))) =0 , by algebraic simplifications

(((Seep, - (11 (Sca,B, - (Sapa, - SBy4a,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (11 - SB,4a,)))))))
GAEQ0)}1-(Saca, - (Sapa, - (Sca,B, - SBBia,))))+(2:(Saca, - (Sapa, - (Sca,, (r1-SBB141)))))) +(=1-(Saca, - (Sapa, (11 (Sca, B, - (11-SBB,4,)))))) +((=1-(Saca, -
+ (=1-(ScBicy - (Scascy - (Sapa, - Sapgy)))))) =0 , by Lemma 29 (point C; eliminated)

(((Seepy - (11 (Scayb, - (Sapa, - SBy4a,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (11 - SB,4a,)))))))
AA)1-(Saca, (Sapa, - (Sca,B,-SBBia,))))+(2:(Saca, - (Sapa, - (Sca B, (r1-SBB41))))))+(=1-(Saca, (Sapa, (11 (Sca, B, - (11-SBB,4,)))))) + (=1 (Saca, -
+ (=1-(ScB,c; - (Sca,c, - (Sapa, - (=1-SBas,))))))) =0 , by geometric simplifications

(((Seepy (11 (Sca,B, - (Sapa, - SBy4a,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (11 SB,4a,)))))))
A uca, - (Sapa, (Scap, (11-S8B,a,)))+(=1-(Saca, - (Sapa, - (r1-(Sca, B, (r1-SBB,14,))))))) +(=1-(Saca, - (SB A, (Sca, B, (r1-SBAaB,)))))+(Saca, - (SBa,
+ (Ses,cy - (Sca,oy - (SaBa, - SBas,))))) =0 , by algebraic simplifications
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(((Seepy - (11 (Sca,B, - (Sapa, - SB14a,)))) + (=1 (Secp, - (11 (Sca,B, - (Sapa, - (r1 - SB,44,)))))))

)
ébA('(?QQSV)“CAl '(SABAl : (SCAIBI : (Tl 'SBBlAl)))

+ (Sep,cy - (Sca,o - (Sapa, - Spas,))))) =0 , by Lemma 29 (point C eliminated)

(((Seepy - (11 (Sca,B, - (Sapa, - SByaa,)))) + (=1 (Secp, - (11 (ScaiB, - (Sapa, - (11 - SB,4a,)))))))

)
M(JQ&%CI‘M '(SABAl : (SCAIBI : (Tl 'SBBlAl)))

+ (Sesyoy - (Sca,c, - (Saga, - Seap,))))) =0 , by geometric simplifications

(((Seep, (11 (Sca,b, - (Sapa, - SByaa,)))) + (=1 (Secp, - (11 - (Sca,B, - (Sapa, - (11 - SB,4a,)))))))
(A.395) + (((—=1-(Saca, - (SBB,a, - (Sca,B, - (r1-SBaB,))))) + (Saca, - (SBB,a, - (11 (Sca,B, - (11 - SBaB,))))))
+ (Sep,c, - (Sca,o, - (Sapa, - SBap,))))) =0 , by algebraic simplifications

(((Spe, - (11 (Sca,B, - (SaBa, - SByaa,)))) + (=1-(Secp, - (r1- (Sca,B, - (Sapa, - (r1-5B,44,)))))))
(A.396) + (((—=1-(Saca, - (SBB,A, - (Sca,B, - (11-SBAB,))))) + (Saca, - (SBB, A, - (11 - (Sca,B, - (11 - SBAB,))))))
+((Sepya, +(r1-(See,B, +(—=1-ScB,a,)))) (Sca,cy - (Sapa, - Seap,))))) =0, by Lemma 29 (point C eliminated)

((Seeby - (11 (Sca,b, - (SaBa, - SByaa,)))) + (=1 (Seep, - (11 - (Scaib, - (Sapa, - (11 SB,4a4,)))))))
+ (((=1-(Saca, - (SBB,a,  (Sca,B, - (11 SBap,))))) + (Saca, - (SBya, - (11 - (Sca,B, - (11 - SBAB,))))))
+ (((=1-Sca,p,) + (r1 - (0+ (=1-(=1-Sca,B,)))) - (Sca,c, - (Sapa, - Spap,)))))
=0 , by geometric simplifications

(A.397)

(((Ses, - (r1- (SaBa, - Siaay))) + (=1 (Spes, - (r1 - (SaBa, - (r1- SB,aa,))))))
(A398H- (((—=1- (Saca, - (SBBya, - (11-SBAB,)))) + (Saca, - (SBB,a, - (r1- (11 - SBaB,)))))
+((=1-(Sca,c, - (SaBa, - Spap,))) + (Sca,c, - (Sapa, - (Spas, -71)))))) =0, by algebraic simplifications

)+ (=1-(Saca, (Sapa,(11-(Sca, B, (11-SBB,4,))))))) +((=1-(Saca,  (SeB,a, - (Sca, B, (11-SBab,)))))+(Saca, - (Ses,

)+ (=1-(Saca, (Sapa, (11 (Sca,B, " (11-SBB,4,))))))) +((=1-(Saca, - (SeB,a, - (Sca, B, (11:SBab,))))) +(Saca, - (Ses,
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(((Spepy (11 (Sapa, - SB1aa,))) + (=1 (Spes, - (r1- (Sapa, - (11 SB,44,))))))

(A.399) + (((=1-(Saca, - (SBya, - (11 SBaB,)))) + (Saca, - (SBBia, - (11 (11 SBag,)))))
. + (=1 ((Scaya, + (r1- (Sca,B, +(=1-Sca,a,))) - (Sapa, - Spap,))) + (Sca,c, - (Sapa, - (Spag, 11))))))
=0 , by Lemma 29 (point C eliminated)

(((Spep, (11 (Sapa, - SBiaa,))) + (=1 (Spes, - (r1- (Sapa, - (11 SB,44,))))))
+ (((=1-(Saca, - (SBp,a, - (11 SBap,)))) + (Saca, - (Sep,a, - (11 (11 Spas,)))))
+((=1-((0+ (11 (Sca,B, +(=1-0)))) - (Sapa, - Spap,))) + (Sca,c, - (Sapa, - (Spap, - 71))))))
=0 , by geometric simplifications

(A.400)

(((SpcB, - (SaBa, - Spyaa,)) + (=1 (Spcp, - (Sapa, - (11 SB,44,)))))
(A401)  +(((=1-(Saca, - (SBBia, - SBAB,))) + (Saca, - (SeBya, - (r1-SBaB,))))

+ ((=1-(Sca,B, - (Sapa, - Spap,))) + (Sca,c, - (Saa, - Span,))))) =0 , by algebraic simplifications
(((Seeb, - (SaBa, - Spyaa,)) + (=1 (Sees, - (Sapa, - (11 SB,aa,)))))
(A.402) + (((=1-(Saca, - (SBBa, - Spap,))) + (Saca, - (Sep,a, - (r1- Spap,))))
' + ((=1-(Sca,B, - (SaBa, - Span,))) + ((Sca,a, + (r1 - (Sca, B, + (=1-Sca,4,)))) - (Sapa, - Spas,)))))
=0 , by Lemma 29 (point C; eliminated)
(((Spe, - (Sapa, - Spyaa,)) + (=1 (Spep, - (Sapa, - (11 SB,44,)))))
(A.403) + (((=1-(Saca, - (SBB1a, - SBaBy))) + (Saca, - (SeB 4, - (11 SBaB,))))
' ((=1-(Sca,B, - (SaBa, - SBas,))) + (04 (r1 - (Sca,B, + (=1-0)))) - (SaBa, - SBas,)))))

+
=0 , by geometric simplifications
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(((SBcB, - (SaBa, - Spyaa,)) + (=1 (Secs, - (SaBa, - (11 SB,44,)))))
+ (((=1-(Saca, - (SBB,a, - SBaB,))) + (Saca, - (SBB,a, - (11 - SBaB,))))
+((=1-(Sca, B, (Sapa, - Spap,)))+(r1-(Sca,B, - (Sapa, - Span,)))))) =0, by algebraic simplifications

(A.404)

((SBiBC - (SaBa, - Spyaa,)) + (=1 (SBsc - (SaBa, - (r1- SB,4a,)))))
(A.405)  + (((=1-(Sa,ac - (SBBia, - SBAB,))) + (Sa,ac - (SBB, A, - (r1-SBAB,))))
+((=1-(Sa,Byc-(Sapa, - Spap,)))+(r1-(Say,B,c-(Sapa, -Spag,)))))) =0, by geometric simplifications

((((SBia + (1o - (SByBB + (=1 SB,BA)))) - (SaBA, - SBiaa,)) + (=1 (SBiBC - (SaBa, - (11 SB,a4,)))))
(A406)+ (((—1- (Sa,ac - (SBBiA, - SBAB,))) + (Sayac - (SBB,a, - (11 - SBap,))))
+ ((=1-(Sa,B,c - (Sapa, - SBap,)))+ (r1-(Sa,B,c - (Saa, - Sgan,)))))) =0, by Lemma 29 (point C' eliminated)

(((SBiBa + (ro - (0+ (=1 SB,B4)))) - (SaBa, - SBiaa,)) + (=1 (SBiBC - (SaBa, - (11 5B,44,)))))
(AA407)+ (((—=1-(Sa,ac - (SBByA, - SByBA))) + (Sayac - (SBBy A, - (11 - SB,BA))))
+((—=1-(SayByc - (Sapa, - SpyBa))) + (r1- (SayByc - (Sapa, - Sp,Ba)))))) =0, by geometric simplifications

((((SaBa, - (SBiaa, - SBiBA)) + (=1 (SaBa, - (SBiaa, - (ro - SB,BA))))) + (=1-(SBiBC - (SaBA, - (11 5B,44,)))))
(A.408)+ (((—=1-(Sa,ac - (SBByA, - SByBA))) + (Sayac - (SBByA, - (11 - SB,BA))))
+((=1-(SayBic - (Sapa, - Sp,Ba))) + (r1-(Sa,B,c - (SaBa, - Sp,B4a)))))) =0, by algebraic simplifications

((((Sapa, - (SByaa, - Spipa)) + (=1-(Sapa, - (SB,aa, (10 SB,BA)))))
+ (=1 ((Sp,Ba + (10 (SBiBB + (=1 SB,BA)))) - (SaBA, - (11 - 5B,44,)))))
+ (((=1-(Sa,ac - (SBB1 A, - SBiBA))) + (Sayac - (SeBia, - (1 - SB,BA))))
+((=1-(SayB,c - (Sapa, - Sp,Ba))) + (r1-(Sa,B,c - (Sapa, - Sp,B4a)))))) =0, by Lemma 29 (point C eliminated)

(A.409)
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(A.410)

(A.A411)

(A.412)

(A.413)

(A.414)

(A.415)

((((Sapa, - (SByaa, - Spipa)) + (=1 (Sapa, - (Sp,aa, - (10 SB,BA)))))
+(=1-((Spipa+ (10 (0+ (=1-SB,Ba)))) - (Sapa, - (11 - SB,a4,)))))
+ (((=1-(Sa,ac - (SBBi1a, - SBiBA))) + (Sa,ac - (SBB,a, - (11 SBiBA))))
+((=1-(Sa,Byc-(Sapa, - Sp,Ba)))+(r1-(Say,B,c-(Sapa, -Sg,B4)))))) =0, by geometric simplifications

((((Sapa, - Spyaa,) + (=1 (Sapa, - (Spiaa, -10)))) + (=1 (Sapa, - (11 - Sp1aay))) + (Sapa, - (11 (SBiaa, 10)))))
=+ (((_1 ’ (SAIAC : SBBIAI)) =+ (SAlAC : (SBBIAI ’ 7’1))) + ((_1 ’ (SAIBIC ’ SABAI)) + (7’1 : (SAIBIC : SABAI)))))
=0 , by algebraic simplifications

((((Sapa, * Spyaa,) + (=1-(Sapa, - (Sp,aa, "70)))) + ((=1-(Sapa, - (11 SB,aa,))) + (Sapa, - (r1- (SB,aa, - 70)))))
+ (((=1-((Saya4 + (1o - (SayaB + (=1-S4a,44)))) - SBB,4,)) + (Sa,ac - (SBB, A, - 71)))
+ ((=1-(SayByc - Sapa,)) + (11 - (Sa,B,c - Sapa,))))) =0 , by Lemma 29 (point C' eliminated)

((((SaBa, - Spyaa,) + (=1 (Sapa, - (SBiaa, *10)))) + ((=1-(Sapa, - (r1-Sp,aa,))) + (Sapa, - (r1- (SB,aa, - 10)))))
+ (((=1-((0+ (ro - (Sapa, +(=1-0)))) - Spp,4,)) + (Sa,4c - (SBB, 4, *71)))
+((=1-(Sa,B,c - Sapa,)) + (r1- (SayB,c - Sapa,))))) =0 , by geometric simplifications

((((Sapa, * Spyaa,) + (=1-(Sapa, - (SB,aa, "70)))) + ((=1-(Sapa, - (11 SB,aa,))) + (Sapa, - (r1-(SB,aa, *70)))))
+ (((=1-(ro- (Sapa, - SBB1a,))) + (Sa,ac - (SBB,a, - 71)))
+((=1-(Sa,B,c - Sapa,)) + (r1- (SayB,c - Sapa,))))) =0 , by algebraic simplifications

((((Sapa, * Spyaa,) + (=1-(Sapa, - (Sp,aa, "70)))) + ((=1-(Sapa, - (11 SB,aa,))) + (Sapa, - (r1-(SB,aa, *70)))))
+ (((=1-(ro- (Sapa, - SBB,a,))) + ((Sa,aa + (0 - (SA1AB +(=1-54,44)))) - (SBB, 4, *71)))
+ ((=1-(SayByc - Sapay)) + (r1- (Sa,Bic - Sapa,))))) = , by Lemma 29 (point C' eliminated)
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((((Sapa, * Spiaa,) + (=1-(Sapa, - (Sp,aa, 70)))) + ((=1-(Sapa, - (11 - Sp,aa,))) + (Sapa, - (r1- (SB, a4, - 70)))))
(A416)  + (((=1-(ro- (SaBa, - SeB1a,))) + ((0+ (r0- (Sapa, +(=1-0)))) - (SBB, 4, *71)))
+ ((—1-(Sa,Bic - Sapa,)) + (r1- (Sa,Bic - Sapa,))))) =0 , by geometric simplifications

(((SBIAAI + (_1 : (SBIAAI : TO))) + ((_1 : (Tl : SBIAAI)) + (Tl : (SBIAAI : TO))))

AAl7 .. . .
( ) +(((=1-(ro-SBBya,))+ (ro- (SBBA, *71))) +((=1-Sa,B,c)+ (11-Sa,B,¢)))) =0, by algebraic simplifications

(((SBIAAI + (_1 : (SBIAAI : TO))) + ((_1 : (Tl : SBIAAI)) + (7’1 : (SBIAAI TO)))) + (((_1 : (TO : SBBIAI)) + (TO : (SBBIAI 'Tl)))

A.418
( ) +((=1-(Sa,Bya+ (ro-(SayB,B+ (—=1-Sa,8,4)))))+ (r1-Sa,B,¢)))) =0 , by Lemma 29 (point C eliminated)

(A.419) (((SByaa, + (=1-(SByaa, -70))) + ((=1-(r1-SB,aa,)) + (r1- (SBraa, -70)))) + (((=1-(ro - SBB1a,)) + (10 - (SBByA, - T1)))
. +((=1-(Sp,an, +(ro- (=1-Sppa,)+ (=1-Sp,44,)))) + (r1-Sa,5,c)))) =0, by geometric simplifications

(A.420)  (((=1-Sp,aa,) +(SB,aa, -70)) + ((ro - SBBya,) + Sa,B,c)) =0 , by algebraic simplifications

(A.421) (((=1-Sp,aa,) + (SB,aa, - 70))

+ ((ro-Sepya,) + (SayBya+ (ro- (Sa,Bys+(=1-S4,8,4)))))) =0, by Lemma 29 (point C' eliminated)

(((_1 : SBIAAI) + (SBIAAI : TO))

A 422
( ) +((ro-SeByay )+ (SByaa, +(ro-((=1-Sp,a,)+(—1-Sp,44,)))))) =0, by geometric simplifications

(A.423) 0=0 , by algebraic simplifications



Q.E.D.

NDG conditions are:
Sapa, # Sp,Ba, i.e., lines AB; and BA; are not parallel (construction based

assumption )

Saca, # Scyca, ie., lines ACy and C'A; are not parallel (construction based
assumption)

Spep, # Scyop, i-e., lines BCy and CB; are not parallel (construction based
assumption)

Sca, B, # 0i.e., points C, A; and B; are not collinear (cancellation assumption)
r1 # 0 (cancellation assumption)
Sp,pa # 0 i.e., points By, B and A are not collinear (cancellation assumption)
Sapa, # 01i.e., points A, B and A; are not collinear (cancellation assumption)
ro # 0 (cancellation assumption)

Number of elimination proof steps: 24
Number of geometric proof steps: 65
Number of algebraic proof steps: 269
Total number of proof steps: 358

Time spent by the prover: 0.039 seconds
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A.6 GEO0006 — Menelaus’ Theorem
The Theorem Statement [CGZ96]

Theorem 6 (Menelaus’ Theorem) A transversal meets the three sides AB, BC,
and C'A of a triangle ABC in F, D, and E respectively. Then ?:g = —%g:’é.
The non-degenerate condition is that A, B, and C' are not on line EF'.

The Image — GCLC 5.0

Prover’s Code

dim 100 100
area 5 5 90 90

point A 30 20
point B 70 20
point C 40 70

point X 15 55
point Y 75 10

line a B C

line b A C
line c A B

100



line p X Y
intersec D a p
intersec E b p
intersec F ¢ p
drawsegment A B
drawsegment A C
drawsegment B C
drawline p
cmark_b A
cmark_t B
cmark_t C
cmark_t D
cmark_1t E

cmark_rt F

prove { equal { signed_area3 D EF } { 0 } }

Proved — Proof, made with GCLC, v1.0
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(A.424) Sper =0 , by the statement

((Saxy -Spes)+ (=1-(SBxy - SpEA)))

(A.425) =0 , by Lemma 30 (point F' eliminated)
SAxBY
(A.426) ((Saxy - Sppp) + (=1 (Spxy - Sapp))) =0 , by geometric simplifications
SaxBy
(A.427) ((Saxy - Sppe) + (—=1-(Spxy - Sapg))) =0 , by algebraic simplifications
(A.428)
(<SAXY ((Saxy - Sepc) + (=1 (Scxy - SBDA)))) 4 (=1 (Spxy - SADE))) =0 , by Lemma 30 (point E eliminated)
Saxcy
(A.429)
(<SAXY' ((Saxy -0)+ (=1 (Soxy - SBDA)))) (-1 (SBXY'SADE))> =0, by geometric simplifications
Saxcy
(A.430) ((Saxy - (Sexy - Sppa)) + (Sexy - (Sape - Saxcy))) =0 , by algebraic simplifications
S - S +(=1-(S -S
((SAXY (Sexy - Sppa)) + (SBXY , ((( Axy - Sapc) S( (Soxy - Sapa))) ‘SAXCY>>>
(A.431) axoy

=0 , by Lemma 30 (point E eliminated)
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(A.432) <(SAXY (Soxy - Sapp))

n (SBXY . (((SAXY ~Scap) + (=1 (Soxy -0))) 'SAXCY>>>

Saxcy
=0 , by geometric simplifications
(A.433) ((SCXY . SABD) + (SBXY . SCAD)) =0 , by algebraic simplifications
(A.434)
(<SCXY'((SBXY'SQBC)‘F(—I-(SCXy'SﬁBB)D><+(SBxy.5bAD)><_07 by Lemma 30 (point D eliminated)
Spxcy
(A.435) (<Scxy . ((Spxy - Sapc) + (=1 (Soxy - O)))> + (Sexy - SCAD)> =0 , by geometric simplifications
Spxcy
(A.436) ((Sexy - Sapc) + (Scap - Spxey)) =0 , by algebraic simplifications
(A.437)
((SCXY . SABC) + (((SBXY . SCAC) + (_1 . (SCXY . SCAB))) . SBXCY)) _ O, by Lemma 30 (pOiIlt D eliminated)
Spxcy
(A.438) ((SCXY -Sapc) + (((SBXY 0+ (S_l (Sexy - Sapc))) . SBxcy>> =0 , by geometric simplifications
BXCY

(A.439) 0=0 , by algebraic simplifications



Q.E.D.

NDG conditions are:
Spxy # Scxy ie., lines BC and XY are not parallel (construction based

assumption)

Saxy # Scxy ie., lines AC and XY are not parallel (construction based
assumption )

Saxy # Spxy ie., lines AB and XY are not parallel (construction based
assumption)

Saxy # 0 i.e., points A, X and Y are not collinear (cancellation assumption)
Spxy # 0 i.e., points B, X and Y are not collinear (cancellation assumption)

Number of elimination proof steps: 5
Number of geometric proof steps: 9
Number of algebraic proof steps: 39
Total number of proof steps: 53

Time spent by the prover: 0.002 seconds
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A7  GEOO0007 — Midpoint Theorem

The Theorem Statement [Nar(4]

Theorem 7 (Midpoint Theorem) Let ABC be a triangle, and let A; and By be
the midpoints of BC' and AC respectively. Then the line A;By is parallel to the base
AB.

The Image — GCLC 5.0

Al Bl

Prover’s Code

point A 20 10
point B 70 10
point C 35 40

drawsegment A B
drawsegment A C

drawsegment B C

midpoint B_1 B
1A

C
midpoint A_ C

drawsegment A_1 B_1
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cmark_b A
cmark_b B
cmark_t C

cmark_1t A_1
cmark_rt B_1

prove { equal { signed_area3 A_1 B_1 A } { signed_area3 A_1 B_.1 B } }

Proved — Proof, made with GCLC, v1.0

106



20T

(A.440)

(A.441)

(A.442)

(A.443)

(A.444)

(A.445)

(A.446)

(A.447)

(A.448)

(A.449)

Sa,Ba=54,BB , by the statement
Sp,a4, = SB,BA, , by geometric simplifications
1
(SBLAA + (5 - (Sp,ac + (—1- S&AA)))) = SB,BA, , by Lemma 29 (point A; eliminated)
1
0+ 5 (Spac +(=1-0)) ) ) = Ss,Ba, , by geometric simplifications
1
(5 ' S&Ac) = Sp,BA, , by algebraic simplifications
1 1
3 Spac | = | SB,a + 3 (Sp,Bc + (—1-SB,BA)) , by Lemma 29 (point A; eliminated)
1 1
3 Sace, | = | Span, + 3 (Spep, + (=1-Spag,)) , by geometric simplifications
Sacp, = (Spap, + Spcn,) , by algebraic simplifications
1
Sacs + 3 (Sacc+ (—=1-Sacn)) = (Spap, + Secn,) , by Lemma 29 (point B; eliminated)

1
(SACB + (5 (04 (—1- SACB))>> = (Spap, + Spca,) , by geometric simplifications
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1
(A.450) (— . SACB> = (SpaB, +SBcnB,) , by algebraic simplifications

2
1 1 . ..
(A.451) 3 Sace | = | Sgas + 3 (Spac + (=1-Spagp)) ) | + Sses, , by Lemma 29 (point B; eliminated)
1 1 . . .

(A.452) <§ . SACB> = <(0 + (5 - (SacB+ (—1- 0))>> + SBCBl> , by geometric simplifications
(A.453) 0= Sges, , by algebraic simplifications

(A.454) 0= (SBCB + (% -(Spee+ (—1- SBCB))>> , by Lemma 29 (point B; eliminated)
(A.455) 0= (0 + (% ~(0+(—-1- O)))) , by geometric simplifications

(A.456) 0=0 , by algebraic simplifications



Q.E.D.

There are no ndg conditions.

Number of elimination proof steps: 5
Number of geometric proof steps: 15
Number of algebraic proof steps: 25
Total number of proof steps: 45

Time spent by the prover: 0.001 seconds
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A.8 GEOO0008 — Orthocenter Theorem
The Theorem Statement [CGZ93]

Theorem 8 (Orthocenter Theorem) Given a triangle ABC, the three altitudes
are concurrent in a point H.

The Image — GCLC 5.0

Prover’s Code

dim 100 100

point A 10 10
point B 50 10
point C 40 70

line a B C
line b A C
line ¢ B A

perp hA A a
perp hB B b

intersec H hA hB
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drawsegment A B
drawsegment A C
drawsegment B C

drawline A H
drawline B H

=

cmark_1t
cmark_rt
cmark_1t C

oW

cmark_rt H
drawdashline C H
prove { equal { pythagoras_difference3 A C H } { pythagoras_difference3 B C H } }

Proved — Proof, made with GCLC, v1.0 Let F?, be the foot of the
normal from the point A on the line a.
Let Fjlg be the foot of the normal from the point B on the line b.
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(A.457) Pacr = Ppen , by the statement

((SABFl “Pacry ) + (—1' (SF" BF} 'PACA)))
(A.458) B hA hA nE = Ppon , by Lemma 30 (point H eliminated)
SABF, Flp,
((SABF,}B 'PACF,?A> + (‘1' (SF;%ABF,}B 'PACA)>>
(A.459) SABE AT
((SABF1 - Pporp ) + (—1' (SFU BF} ‘PBCA)>>
- Lo LA —_ , by Lemma 30 (point H eliminated)
SABFY, Fly,

(A.460)
((SABF;B 'PACF;;A) + <—1' (SF;;ABF;B 'PACA))) = ((SABFgB 'PBCF,‘;A)

+ (—1 : (SF;?,ABF;%B . PBCA))) , by algebraic simplifications

- Pacpo
Paca AT

(—1' (SF,‘;ABF;B 'PACA>)>

- ( (SABF&B -PBCFgA) + (—1- (SFSABF;,B -PBCA)>> , by Lemma 31 (point F}'j; eliminated)

((((PBAC -Sapc) + (Peca - Sapa))
(A.461)
+
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(A.462)

(A.463)

(A.464)

(A.465)

PACF,gA>

(( (Pac - Sapc) + (Ppca - 0))
Paca
+ ( (SF Br}, - Paca )
= ((SABF - Ppcpp ) ( 1- (SF;?ABFiB -PBCA))) , by geometric simplifications

((PBAC : (SABC : PACF;;A)) + (—1 : (SF}?ABFiB (Paca - PACA))))
Paca
= ((SABF&B . PBCF}?A) + (—1 . (SF;?ABFiB . PBCA))) , by algebraic simplifications

SaBF!,

((PBAC . ( ( Pracigpne ) (P ) ,(PACA.pACA>)))
o

Paca
. Ppcro ) ( 1. (SF BE1 PBCA>>) . by Lemma 31 (point Fl, eliminated)

((Poac - (Sapc Pacrp, ) )+ ((=1+ (Paca+ (Poac - Srp,nc))) + (=1 (Paca+ (Poca-Spp,54)))))

Paca
= ((S’ABF;B . PBCF;?A> + (—1 . (SF;?ABFiB . PBCA))> , by algebraic simplifications




48!

((Poac - (Sapc - Pacsy,)) + ((=1+ (Paca+ (Poac - Spp,6c))) + (=1 (Paca+ (Poca-Srp,54)))))

Paca
(A.466) _ ((((PBAC -Sapc) + (Ppca - Sapa)) P )
Paca B
+ (—1 : (SF}?ABF}%B - Ppe A))) , by Lemma 31 (point F', eliminated)
((PBAC ' (SABC : PACF,?A)) + (<—1 : (PACA ' (PBAC : SF,?ABC)» + <—1 : (PACA ' (PBCA : SF;L’ABA>>)))
(A.467) _ (<((PBAC'SABC)+(PBCA'O)) p ) ) Haca
Prc BCFY,
+ <_1 . <SF’?ABF’15 . chA))> , by geometric simplifications
((PBAC : (SABC : PAcp,gA))
) (1 (P (P 5 50) (- (Pren (ren-S0)))) = (P (S0 o)
+ (—1 . (SF}?,A BF}, (Ppca - PACA)))) , by algebraic simplifications

((PBAC : (SABC : PACF}?A>>

wagy (=1 (Paca-(Ppac-Sey,nc)) ) + (=1 (Paca: (Poca-Sep,54))) ) ) = ((PBAC' (SascPocep, ) )+ (_1
(s )

~(PBCA-PAC,4)) )) , by Lemma 31 (point F,%B eliminated)
Paca



GIT

((PBAC : (SABC : PACF}?A))

waroy T (Paea (PoacSrpe))) + (21 (Paca - (Poca-Srz,50))))) = (Poac- (Sase - Pocry,))

+ (<1 (Poea (Poac - Sry,5c)))

+ (—1 . (PBCA . (PBCA . SF;?,A BA) ) ) )) , by algebraic simplifications

((PBAC ' (SABC : PACF;%A))

+ (=1 (Paca+ (Poac - Sperg, ) ) ) + (=1 (Paca+ (Peca-Sparg,))))) = ((Peac - (Sasc - Pscry, )

(A.A471) +(<_1. (PBCA'(PBAC'SBCF,?A)))
+ <—1 : (PBCA : (PBCA : SBAF,?A>)))> , by geometric simplifications
(<PBAC . (SABc ((Pasc - PACC;;LPACB : PACB))))
A (-1 (Paca- (Paac-Sner,))) + (-1 (Paca- (Paca-S5ary,)))) ) = (Poac (Sanc- Pacry,))

+ (-1 (Poca- (Prac - Sserp,)))

+ (—1 . (PBCA . (PBCA . SBAF,?A))))) ., by Lemma 31 (point F?, eliminated)
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(Posc (sape- (Lm0 (Paco Prca))

Ppcp
iy (0 (en (e s )+ (oo (i (s ) = (o (s,

+ (-1 (Pacs - (Prac - Sserp,)))

+ (—1 . (PACB . (PACB . SBAF}?A ) ) ) )) , by geometric simplifications

((PBAC (SaBc - (Pacs - PacB))) + ((‘1 : (PBCB ' (PACA ' (PBAC ' SBCF;?A)))) + (_1' (PBCB ' (PACA ' (PACB ' SBAFSA))))»

(s
BAC - (SaBCO - Pperp,

+ ((—1 . (PACB . (PBAC . SBCF;?,A))) + (—1 . (PACB . (PACB . SBAF;?,A))))) , by algebraic simplifications

((PBAC (Sagc - (Pacs - Pacs))) + (<_1. (PBCB . (PACA' (PBAc~ ((PABC~SBcc)+(PAcB-SBCB)))))) I (_1. (pBCB. (PACA . (pACB . SBAF;;A))))))

gA(4<7J§’J)E:Ac : (SABC ' PBCFEA))

+ ((—1- (PACB . (PBAC . SBCF}?,A))) + (—1- (PACB . (PACB . SBAF}?,A))))) , by Lemma 31 (point F}?A eliminated)

((PBAC -(Sapc - (Pacs - Pacs))) + ((—1 : (PBCB : (PACA : (PBAC : ((PABC'?DH(PACB'O)))))) + (—1 : (PBCB ' (PACA : (PACB : SBAF;?A))))»

B (-,

=+ ((—1 . (PACB . (PBAC . SBCF}?,A))) + (—1 . (PACB . (PACB . SBAF;?,A))>>) , by geometric simplifications

Ppcp



L1

(A.477)
((PBAC “(Sapc - (Pacs - Paci))) + (‘1 : (PBCB ' (PACA ' (PACB ' SBAF;?a)))))

Ppcp ((PBAC . (SABC . PBCF%?A))

+ ((—1 . (PACB . (PBAC . SBCF}?,A))) + (—1 . (PACB . (PACB . SBAF;?,A)>>>) , by algebraic simplifications

((PBAC (Sapc - (Pacs - Pacn))) + <_1 . (pBCB . (pACA : (pACB , ((PABc~SBA%)B+C(§ACB~SBAB)))))))
Ppcp
(A.478) = ((PBAC : (SABC : PBCF&‘)) + ((—1 : (PACB : (PBAC : SBCF;%A)»
+ (—1 : (PACB : (PACB - Sp AF;?A))))) . by Lemma 31 (point F, eliminated)

((PBAC (Sapc - (Pacs - Pacn))) + <_1 : (PBCB : (PACA : (PACB , ((PABC'(_l'AS;DABC))+(PACB'O)))))))

PBCB BCB
(A-479) = ((PBAC : (SABC ' PBCF3A>> + ((-1 : (PACB : (PBAC ' SBCF,Q’A)))
+ (_1 . (pACB . (pACB . SBAF’?A»))) , by geometric simplifications
(A.480)

((Pac - (SaBc - (Pac - Pacs))) + (Paca - (Pacs - (PaBc - Sapc))))

Pacn = ((Poac-(samc - Pocry,))

+ ((—1 . (PACB . (PBAC . SBCF}?A))) + (—1 . (PACB . (PACB . SBAF,?A))))) , by algebraic simplifications



STT

(A.481)
((Ppac - (SaBc - (Pacs - PacB))) + (Paca - (Pacs - (Papc - Sac)))) _ <(PBAC ' <SABC ((Pasc - Ppcc) + (Pacs - PBCB))))

Ppcn Ppcp

+ ((—1~ (PACB . (PBAC . SBCF’?A))) + (—1~ (PACB . (PACB . SBAF}?A))))) ., by Lemma 31 (point F}, eliminated)

(A.482)
((Ppac - (Sapc - (Pacs - Pac))) + (Paca - (Pacs - (Papc - Sac)))) ((P . (S ((PaBc - 0) + (Pacs - PBCB))))
Pron = BAC - | SaBc Prcs

+ ((—1 . (PACB . (PBAC . SBCF}?A)>> + (—1 . (PACB . (PACB . SBAF,?A)))>> , by geometric simplifications

(A.483)

((Ppac - (SaBc - (Pacs - Pac))) + (Paca - (Pacs - (Papc - Sasc)))) ((P (8 Pacy))
Pron = ((Ppac - (SaBc - Pacn

+ ((—1 . (PACB . (PBAC . SBCF}?,A))) + (—1 . (PACB . (PACB . SBAF;?,A)>>>) , by algebraic simplifications

((Pac - (Sapc - (Pace - Pacg))) + (Paca - (Pacs - (Papc - Sasc))))
Ppep

(A.484) = ((PBAC “(Sapc - Pacg)) + <(—1 : <PACB : (PBAC :

((PaBc - Spcc) + (Pacs - SpcB)) )))
Pgcp

+ (—1 . (PACB . (PACB . SBAF,?A)))>> , by Lemma 31 (point F}, eliminated)



61T

((Peac - (Sagc - (Pace - Pacg))) + (Paca - (Pacs - (Papc - Sapc))))

Ppcp
P -0) + (P -0
(A.485) = ((PBAC (Sapc - Pacp)) + ((—1 : (PACB : <PBAC {(Paso 1)3 (Pacs ))>>>
BCB
+ (—1 . (PACB . (PACB . SBAF;?A))>>> , by geometric simplifications

((Ppac - (Sapc - (Pacs - Pacn))) + (Paca - (Pacs - (Papc - Sapc))))
(A.486) Ppop
= ((PBAC - (Sapc - Pacp)) + (—1 . (PACB . (PACB . SBAF,?A)))) , by algebraic simplifications

((Ppac - (Sapc - (Pacs - PacB))) + (Paca - (Pacs - (Papc - Sasc))))
Ppca

(A487) = <(PBAC (SaBc - Pacp))

P -5 P -5
+ (—1. (PACB . <PACB' (Papc BAC;+( ACB BAB)))))) ., by Lemma 31 (point F?, eliminated)
BCB

((Peac - (Sapc - (Pacs - PacB))) + (Paca - (Pacs - (Papc - Sasc))))
PpcB

(A.488) = ((PBAC (SaBc - Pacn))

+ <—1 . (PACB . (PACB . (Papc - (=1- Sapc)) + (Pacs - O))>>>> , by geometric simplifications

Ppcn

(A.489) ((Ppac - Pac) + (Paca - Papc)) = (Ppac - Peeg) + (Pacs - Papc)) , by algebraic simplifications



0cl

(((BA-BA)+ (CA-CA))+ (—-1-(BC-BC)))-((CA-CA)+ (BC-BC))+ (—1-(BA- BA))))
+((2-(CA-CA))-(BA-BA)+(BC-BC))+(-1-(CA-CA)))))=((((BA-BA)+(CA-CA))+(—1-(BC-B(C)))-(2-(BC-B()))

A.490

( ) +((((CA-CA)+ (BC-BC))+ (—1-(BA- BA)))
-(((BA-BA)+ (BC-BC))+ (—1-(CA-CA))))) , by geometric simplifications

(A.491) 0=0 , by algebraic simplifications



Q.E.D.

NDG conditions are:

Sapc # 0 i.e., points A, B and C' are not collinear (foot is not the point itself;
construction based assumption)

Spac # 0 i.e., points B, A and C' are not collinear (foot is not the point itself;
construction based assumption)

SABF;B # SF;?ABFia ie., lines AFY, and BF}, are not parallel (construction
based assumption)

Pacp # 0 ie., angle ACB is not right angle (cancellation assumption)

CA # 0 (cancellation assumption)

Number of elimination proof steps: 12
Number of geometric proof steps: 51
Number of algebraic proof steps: 212
Total number of proof steps: 275

Time spent by the prover: 0.019 seconds
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A.9 GEO0009 — Midpoint of a Parallelogram
The Theorem Statement [ZCG95]

Theorem 9 Let O be the intersection of the two diagonals AC and BD of a par-
allelogram ABCD. Then O is the midpoint of AC.

The Image — GCLC 5.0

Prover’s Code

point A 20 10
point B 70 10
point C 90 40

line ab A B
parallel cd C ab

line bc B C
parallel ad A bc

intersec D ad cd

line a A C
line b D B
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intersec 0 a b

drawsegment
drawsegment
drawsegment
drawsegment
drawsegment
drawsegment

W= Wwor==
oo ouw

cmark_b A
cmark_b B
cmark_t C
cmark_t D
cmark_b O

prove { equal { sratio AOOC } {1} }

Proved — Proof, made with GCLC, v1.0 Let P be the point such
that lines P%,C and AB are parallel (and PRATIO P?, C' A B 1).

Let P!, be the point such that lines P!, A and BC are parallel (and PRATIO
Pl,ABC1).
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Vel

(A.492)

(A.493)

(A.494)

(A.495)

(A.496)

(A.497)

(A.498)

AO
co

SADB)
_1.24DB )\ _ 4
< Scps

(—=1-SapB)

=1
Scpa

(—1-Spap)
SBcp

1 ((SacrtySoars,) + (-2 (Sraore,5001) )

S 1 po
Acpl PO

=1

Seep

1 ((SACPgd'SBAP;d)+ (71' (SP;dCPgd 0)))

S 1 po0
Acpl, PO,

SBcp

by the statement

by geometric simplifications

by Lemma 8 (point O eliminated)

by algebraic simplifications

by geometric simplifications

by Lemma 30 (point D eliminated)

by geometric simplifications



¢cl

(A.499)

(A.500)

(A.501)

(A.502)

(A.503)

(A.504)

<—1 : (SAcpgd : SBAPald))

(SAOP;ded ' SBCD)

(—1 : (SACPfd : SBAPald))

((SAC'Pgd 'SBCP;d> + (_1' (Spgdcpgd'SBCA> ))
Sacpr,po -

1 0
CCCCCCCC

<—1 : (SAcpgd : SBAPald))
((SACPgd : SBCPald> + (‘1 : (Spgdcpgd 'SBCA>))

(—1 (Sacpe, - SBAPJd))

((SACPCUd : SBCP;) + (‘1 ' (SCPc”dPid ' SBCA))) -

(—1 : (SAcpcod (Spaa+(1-(Spac + (-1 SBAB)))))>

((SACPCUd ‘ SBCP;d) + (‘1 ‘ (SCPQdP;d : SBCA)))

(1 (Sacs, - 0+ (1 (Smac + (-1-0))))

=1

(s Sners )+ (1 (o -1 -5010)])

, by algebraic simplifications

, by Lemma 30 (point D eliminated)

, by algebraic simplifications

, by geometric simplifications

, by Lemma 29 (point P}, eliminated)

, by geometric simplifications



9¢l

(1 (Sucrs 510)

(A.505) ((SAchi'SBCRL) +—<Scp&;gd-SBAc))

=1 , by algebraic simplifications

(A.506)
(_1'(SACR%'SBAC>>
((Saces, - (Smea+(1- (Snce +(=1- Spca)) + (Scrspy, - Spac))

=1, by Lemma 29 (point P!, eliminated)

(1 (sacm 5000))

A.507) S (1 5ome) 2 (L Ot (L) + (Sormrr - Soac =1 , by geometric simplifications
I (O )+ o, 5]
(A.508) <_1 . <SACPCUd . SBAC)) =1 , by algebraic simplifications
(EHCTRERS) Py
<_1'<SACR%'SBAC))
s (0 G 5000)) + (o (1 (e = (1 5] 500
=1 , by Lemma 29 (point P}, eliminated)

(A.510)

<_1 . <SACP3d . SBAC)) =1 , by geometric simplifications

(1 (Sacm, - Smac)) + ((Sacms + (1-(0+ (1 Seren)))) - Spac))



¢l

(A.511)

(A.512)

(A.513)

(A.514)

(A.515)

(A.516)

(A.517)

(A.518)

Sacp,

S =1
CP% B

Sacpo, )

Spcp,

(Saco + (1-(Sacs + (=1-54c4))) _ )

Spcp,

0+ (1-(Sacs +(=1-0))))

=1
Spcp,

Sacn _1

Spcp,

Sacn _1

(Spcc + (1-(Spes + (—1-SBca))))

Sacs

07 0 (1 (1 Sacp)))

1=1

by algebraic simplifications

by geometric simplifications

by Lemma 29 (point P2, eliminated)

by geometric simplifications

by algebraic simplifications

by Lemma 29 (point PY, eliminated)

by geometric simplifications

by algebraic simplifications



Q.E.D.

NDG conditions are:

Sac PY, # S Pl cpo, i€, lines AP}, and CPY; are not parallel (construction
based assumption)

Sapp # Scpp ie., lines AC and DB are not parallel (construction based
assumption)

Poco # 0 1i.e., points O and C are not identical (conjecture based assumption)

Number of elimination proof steps: 8
Number of geometric proof steps: 19
Number of algebraic proof steps: 45
Total number of proof steps: 72

Time spent by the prover: 0.002 seconds
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A.10 GEO0010 — The fundamental principle of
affine geometry

The Theorem Statement [ZCG95]

Theorem 10 (The Fundamental Principle of Affine Geometry) Let A, B,
and P be three points on a plane, and C be a point on line PA. The line passing
through C and parallel to AB intersects PB in D. Q is the intersection of AD and
BC. M is the intersection of AB and PQ. Show that M is the midpoint of AB.

The Image — GCLC 5.0

Prover’s Code

point A 20 10
point B 70 10
point P 50 40

line ab A B
%line pa P A
line pb P B

online C P A
parallel pab C ab
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intersec D pab pb

line ad A D
line bc B C
intersec Q ad bc

line pq P Q
intersec M ab pq

cmark_b
cmark_b
cmark_t
cmark_t
cmark_t
cmark_r
cmark_b

2EO0OUQ'Uwe

drawsegment
drawsegment
drawsegment
drawsegment
drawsegment
drawsegment
drawsegment

QW WE ==
209" QU ow

prove { equal { sratio AMMB } {1} }

Proved — Proof, made with GCLC, v1.0 Let rg be the number such
that PRATIO C' P P A ry (for a concrete example ro=-0.553045).

Let Pplab be the point such that lines PplabC and AB are parallel (and PRATIO
Pl C AB1).

pab
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1€1

(A.519)

(A.520)

(A.521)

(A.522)

(A.523)

(A.524)

(A.525)

(A.526)

<_1.S‘4ﬂ>:1
SePo

(=1-Sarq)

=1
Seprqg

(_1 . ((SABC'SAPD)+(_1'(SDBC'SAPA))))
SaBpc -

SepPqQ

(_1 . ((SABC~SAPD)+(*1~(SDBC~0))))
=1

Saspc

SBpPqQ

(—=1-(SaBc - Saprp))

=1
(SaBpc - SBPQ)

(—=1-(SaBc - Saprp))

(SABDC - (Banctpeplt 2 Bpnc Sopall )

=1

by the statement

by geometric simplifications

by Lemma 8 (point M eliminated)

by algebraic simplifications

by Lemma 30 (point @ eliminated)

by geometric simplifications

by algebraic simplifications

by Lemma 30 (point @ eliminated)



cel

(=1-(SaBc - Saprp))

A.527 =1 , by algebraic simplifications
( ) ((Sapc - Sepp) + (=1-(Spsc - Spa))) s P
(=1-(Sapc - Sapp)) e
A.528 =1 , by geometric simplifications
( ) ((Sac - Sppp) +(=1-(Seep - Sepa))) Ve P
o (o (g
(A.529) T | PaBer PRl
=1 , by Lemma 30 (point D eliminated
((Sapc - Sepp) +(—=1-(Seep - Spa))) v ® )
(1 (e (sero- S )) + (S (rgmn-5202)

(A.530) =1 , by algebraic simplifications

((50135}@,,3 -(Sapc SBPD)) + (—1' (SCPP;abB -(Seep - SBPA))))

((=1-(Sasc - (Scrs - Sapps,))) + (Sasc (Ses, pi - Sarc)))

(A.531) ((SCPPplabB . (SABC . ((SCPB-SBPP;ab>S+(1~(Sp;abPB'SBPC>>> )) + <_1 . (SCPP,}abB - (SBep - SBPA))))

cpPPl . B
pab

=1 , by Lemma 30 (point D eliminated)

(A.532)
(1 (S (S-S0 )+ (S (Srzrn-52)

((SCPP;MB ' (SABC ' ((SCPB-(—I-SPplabPB>2+<—l-(Sp;abPB'(_l'SCPB)>>> )) 4 (_1 . (SCPP;MB . (SBCD . SBPA))))

cpPPl! . B
pab

=1 , by geometric simplifications



eel

-1 (SABC ' (SCPB ' SAPPZ}ab))) + (SABC : (SP;abPB : SAPC)))

((
(A.533) (_1 ) (SCPPplabB ~(Spep - SBPA)))

=1

(A.534)
((—1' (SABC' (SCPB : SAPPplab))) + (SABC <5p PB " SAPC

((SCPB'SBCPI b)-‘r(—l (SP PB SBCC
—1-15 1 g o -S
CPP!,,B Scrri s BPA

((_1'<SABC'(SCPB'SAPP;QI)))) (SABC (SP PB - SAPC

)
Sl [ S (SR E ST D)) ))
)

(A.536) <<_1' (SABC' (SCPB ' SAPPﬁab))) (SABC Sp1,PB " SAPC)

(
(—1 : (SCPB : (SBCP SBPA)))

(

)

(A.537) (<—1 : (SABC' (SCPB : SAPP;(“))) (SABC Spepl,, 'SAPC>>) .
-1 (SCPB : (SBCP -Sppa )

; _

, by algebraic simplifications

by Lemma 30 (point D eliminated)

, by geometric simplifications

, by algebraic simplifications

, by geometric simplifications

((—1 “(SaBc - (Sopp - (Sapc + (1-(Saps + (—=1-Sapa))))))) + (SABC ' (SPBP;M : SAPC)))

(A.538) (—1 ' (Sch ' (SBCszb ' SBPA)))

=1 , by Lemma 29 (point P, eliminated)



VET

(=1 (Sapc - (Sepn - (Sapc + (1+ (Sapn + (=1-0))) + (Sapc (Spsry, - Sarc)))

o (- (sern (e (1 -5200)
=1

, by geometric simplifications

(((_1 (Sapc - (Scpp - Sapc))) + (=1-(Sasc - (Scps - Sapp)))) + (SABC ' (SPBPJab ' SAPC)))
(A.540) (SCPB . (SBcp;ab . SAPB))

=1 , by algebraic simplifications

(A.541)
(((=1-(SaBc - (Scpp - Sapc))) + (=1-(Sapc - (Scpp - Sapn)))) + (Sasc - (Spc + (1 - (Spep + (—=1-SpBA)))) - Sarc)))

(SCPB : (SBCP;}ab : SAPB))
=1 , by Lemma 29 (point P}, eliminated)

(A.542)
(((=1-(SaBc - (Scpp - Sapc))) + (=1-(Sapc - (Scpp - Sapn)))) + (Sapc - (Scpp+ (1- (04 (=1-Sapr)))) - Sarc)))

(SCPB : (SBcp;ab : SAPB))

=1 , by geometric simplifications

((=1-(Sapc - (Scpp-Saps))) + (=1-(Sapc - (Sapc - Saprs))))

A.543 =1 , by algebraic simplifications
( ) (Sch : (SBCPplab 'SAPB)>
((=1-(Sapc - (ScpB-Sapp))) + (=1-(Sapc - (Sapc - Saprs))))
A.544 =1 , by Lemma 29 (point P} pap €liminated
(A.544) (Scrs - ((Ssce + (1 (Sscs + (—1- S5ca)))) - Sars)) ' (Point Fyan )



Gel

((=1-(Sapc - (Sppc - Sapg))) + (=1 (Sapc - (Sapc - Sarg))))
(Sppc - ((0+ (1-(0+ (=1-Sapc)))) - Sars))

(A.545) =1 , by geometric simplifications

((=1-(Sapc - (Sppc - Sapg))) + (=1 (Sapc - (Sapc - Sarg))))

(A.546) (—=1-(Spac - (Sapc - Saps)))

=1 , by algebraic simplifications

((=1-((Sapp+ (ro- (Sapa+(=1-Sagpr)))) - (Spac - Saprs))) + (=1 (Sasc - (Sapc - Saprr))))
(A.547) (=1-(Spac - (Sapc - Sarn)))
=1 , by Lemma 29 (point C eliminated)

(=1-((Sapp + (ro - (04 (=1-Sapp)))) - (Spec - (=1 Sapp)))) + (=1 (Sapc - (Sarc - (—=1-Sapr)))))
(A.548) (—=1-(Sppc - (Sapc - (=1-Sagp))))
=1 , by geometric simplifications

(((Spec - (Sap - Sasp)) + (—1-(Spec - (Sasp - (1o - Sasp))))) + (Sapc - (Sapc - Sasp)))
(A.549) (Sppc - (Sapc - Sasp))
=1 , by algebraic simplifications

(A.550)
((((Spp + (ro - (SpBa+ (=1-Spgp)))) - (Sap - Sanp)) + (=1-(Sppc - (Sasp - (ro - Sasp))))) + (Sac - (Sapc - Sasp)))
(Spec - (SaBc - Sasp))
=1 , by Lemma 29 (point C' eliminated)

((((0+(ro- (Sppa +(=1-0)))) - ((=1-Sppa) - (=1-Sppa))) + (=1 (Sppc - ((=1-Sppa) - (r0 - (=1-Sppa)))))) + (Sapc - (Sapc - (=1 - Sppa))))

(A.551) (Spec - (Sapc - (—1-Sppa)))
=1 , by geometric simplifications



9¢T

(((ro - (SpBa - (SpBa - SPBA))) + (=1 (SPBC - (SPBA - (10 - SPBA))))) + (=1 (SaBC - (SAPC - SPBA))))
(A.552) (—=1-(Spsc - (SaBc - SpBa)))
=1 , by algebraic simplifications

(((ro - (SpBa - (SpBa - SPpBA))) + (=1 ((SpBP + (10 - (SPBA + (=1-SPBP)))) - (SPBA - (r0 - SPBA))))) + (=1 (SaBC - (SAPC - SPBA))))
(A.553) (—=1-(Spec - (Sapc - Sppa)))
=1 , by Lemma 29 (point C' eliminated)

(((ro - (Sppa - (Sppa - Sppa))) + (=1-((0+ (ro - (SpBA + (=1-0)))) - (SpBaA - (0 - SPBA))))) + (=1 (Sapc - (Sapc - Sppa))))

(=1-(Spec - (Sapc - Sppa)))
=1 , by geometric simplifications

(((ro- (SpBa - (SpBa - SpBA))) + (=1 (r0- (SPBA - (SPBA - (T0-SPBA)))))) + (—=1-(SaBC - (Sapc - SpBa))))

(A.555) (=1-(SpBc - (Sapc - Sppa)))
=1 , by algebraic simplifications

(((ro- (Spa - (SpBa - SpBA))) + (=1 (r0- (SpBa - (SPBA - (10 - SPBA)))))) + (=1-((Sap + (1o - (Sapa+ (=1-Sasp)))) - (Sapc - Spa))))
(A.556) (=1-(Sppc - (SaBc - Sppa)))
=1 , by Lemma 29 (point C' eliminated)

(((ro - (Sppa - (Sppa - Sppa))) + (=1 (ro - (Sppa - (Sppa - (ro - Sppa)))))) + (=1-(((=1-Sppa) + (10 - (0+ (=1-(=1-Sppa))))) - (Sarc - Sppa))))

(A.557) (—=1-(Spac - (Sapc - Sppa)))
=1 , by geometric simplifications

(((ro - (SpBa - (SpBa - SPBA))) + (=1 (ro - (SPBA - (SPBA - (T0-SPBA)))))) + (Sapc - (SpBa - SpBA)) + (=1-(Sapc - (Sppa - (ro-SpBa))))))
(A.558) (=1-(Sppc - (Sapc - Sppa)))
=1 , by algebraic simplifications




LET

(((ro- (Sppa - (Spea -SpBa))) +(=1-(ro- (Sppa - (Sppa - (ro-Spra)))))) + (((Sapp + (ro - (Sapa + (=1-Sapp)))) - (Spea-Sppa)) + (=1 (Sapc - (Sppa - (ro
(A.559) (=1-(Sppc - (SaBc - Sppa)))
=1 , by Lemma 29 (point C' eliminated)

(((ro - (Sppa - (Spea -SpBa))) + (=1-(ro- (Sppa - (Sppa - (ro-Spra)))))) + (((0+ (ro- (04 (=1-0)))) - (Sppa - Spa)) + (=1 (Sapc - (Sppa - (10

- Sppa))))))

(A.560) (=1-(SpBc - (Sapc - Sppa)))
=1 , by geometric simplifications

(((ro - (SpBa - (SpBa - SpBA))) +(=1-(r0- (SPBA - (SPBA - (10 - SPBA)))))) + (=1 (Sapc - (SpBa - (10 - SpBA)))))
(A.561) (=1-(Sppc - (Sapc - Sppa)))
=1 , by algebraic simplifications

(((ro- (Spa - (SpBa - SPpBA))) + (=1 (10 - (SPBA - (SPBA - (r0 - SPBA)))))) + (=1 ((Sapp + (10 - (Sapa + (=1-Sapp)))) - (Sppa - (10 - SpBa)))))
(A.562) (=1-(SpBc - (SaBc - Sppa)))
=1 , by Lemma 29 (point C' eliminated)

(((ro - (Sppa - (Sppa - Sppa))) + (=1 (ro - (SpBa - (SPBA - (r0 - SPBA)))))) + (=1 ((0+ (ro - (0+ (=1-0)))) - (SPBa - (10 - SPBA)))))
(—=1-(SpBc - (SaBc - SpBa)))
=1 , by geometric simplifications

(A.564)
((ro - (SpBa - (Spa - SpBa)))+ (=1-(ro- (Spa - (Sppa - (r0 - SPBA))))))

(=1 (Sre - (Basc - Spa)) =1 , by algebraic simplifications
(A.565)
((ro- (SpBa - (Sppa-SpBa))) +(=1-(ro- (Spea - (SpBa-(r0-SpBAa)))))) . .
=1 , by L 29 t C el ted
(_1 . ((SPBP + (TO (SPBA + ( 1. SPBP)))) . (SABC . SPBA))) Yy Lemina (POln eliminate )



R¢T

(A.566)
((ro - (SpBa - (Spa - SpBa))) + (=1-(r0 - (SpBA - (SPBA - (T0 - SPBA))))))

(1 ((0+ (o (Spaa + (=1-0)))) - (Sanc - Spaa))) -
(A.567)
((ro- (SpBa - (Sppa-Sppa))) + (=1-(ro-(Spa - (SpBa - (r0-SPBA)))))) 1
(=1-(ro-(SpBa-(SaBc-Sppa)))) B
(A.568)
((ro- (Sppa - (Sppa - Sppa))) + (=1-(ro - (Sppa - (SpBa - (10-SPBA)))))) 1
(=1-(ro-(Spa - ((Sapp + (ro- (Sapa+ (=1-Sasp)))) - Sppa))))
(A.569)
((ro - (SpBa - (SPBA - SPBA))) + (=1 (ro - (SPBA - (SPBA - (10 SPBA)))))) _ 1

(=1-(ro-(Sppa-(((=1-Sppa) + (ro- (0+(=1-(=1-Sppa))))) - Spra))))

(A.570) 1=1

, by geometric simplifications

, by algebraic simplifications

, by Lemma 29 (point C' eliminated)

, by geometric simplifications

, by algebraic simplifications



Q.E.D.

NDG conditions are:

Scpp # Spgapr i.e., lines CPplab and PB are not parallel (construction based
assumption)

Sapc # Sppce ie., lines AD and BC are not parallel (construction based
assumption)

Sapg # Sppqg ie., lines AB and P(Q) are not parallel (construction based
assumption )

Prpyv # 0iee., points M and B are not identical (conjecture based assumption)

Number of elimination proof steps: 17
Number of geometric proof steps: 45
Number of algebraic proof steps: 145
Total number of proof steps: 207

Time spent by the prover: 0.010 seconds
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