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Choose a real sharp blade and cut each In at a point dn ∈ D,

at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Choose a real sharp blade and cut each In at a point dn ∈ D,

at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Choose a real sharp blade and cut each In at a point dn ∈ D, at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Choose a real sharp blade and cut each In at a point dn ∈ D, at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP

����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Choose a real sharp blade and cut each In at a point dn ∈ D, at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP

����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Choose a real sharp blade and cut each In at a point dn ∈ D, at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP

����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Choose a real sharp blade and cut each In at a point dn ∈ D, at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Choose a real sharp blade and cut each In at a point dn ∈ D, at M∗

now hyper-real sharp blade yields D∗, a (trivial) N∗ cut-set:

I1 I2

· · ·

In

· · ·

* * * *
*

PPPPPPPP����������

??? homeom. image

De�nition

An N∗ cut-set is a set K ⊂ M∗ that hits every Iu in a single
cut-point and such that π ↾ K is a homeomorphism onto N∗.

It can be a trivial copy of N∗.

Under PFA every N∗ cut-set is trivial, even Japanese ones

Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



Alan Dow More on non-trivial autohomeomorphisms of N∗ and M∗



A result and a question from 1993

N∗

M∗M∗

N∗
? ?

π π

-

-

∀Ψ

∃Hψ
?

?∃ΨH

?∀H

6? easy for trivial H

If Ψ is trivial, so is Hψ

[Farah] a map on N∗ is almost trivial if there is a ccc over �n ideal
on which it does have a lifting.

ccc over �n means no uncountable almost disjoint families not in
the ideal
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spurred on by this question re-emerging:

Theorem (CH with Will and KP)

Every H : N∗ → N∗ does lift to a Ψ : M∗ → M∗.

N∗ cut-sets will explain why this result seems harder than it should

Remark [PFA]

the question can be vacuous because, by Shelah, it is consistent
that every H : N∗ → N∗ is trivial.

Even more is true under PFA � and we end up with a new proof

Theorem (A. Vignatti, 2018)

PFA implies that every autohomeomorphism on M∗ is trivial.
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the independence

Theorem

There are forcing extensions of PFA models, in which

1 there are non-trivial H : N∗ → N∗, and

2 for every homeomorphism Ψ : M∗ → M∗, the induced Hψ is

actually trivial.

Thus, consistently not every H on N∗ lifts to ΨH on M∗.
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