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Preliminaries

Let K be a field. Amap |-|:K — [0,00) is a valuation if for
all A, € K we have the following:

(1) |A\| =0 if and only if A =0,

(2) |Aul = [Allpal,

(3) [A+ pl < [A] +[ul.
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Preliminaries

Let K be a field. Amap |-|:K — [0,00) is a valuation if for
all A, € K we have the following:

(1) |A\| =0 if and only if A =0,

(2) |Aul = [Allpal,

(3) [A+ pl < [A] +[ul.

If (K,|-])is a valued field then there are only two possibilities.

Either

- K is isomorphic to a subfield of C and | - | is equivalent with
the ordinary absolute value function or

- the valuation | - | is non-Archimedean i.e. it satisfies the

strong triangle inequality
A+ puf < max{[A], |pl}

for all A\, u € K.
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Preliminaries

Example: (Qp, |- |p) - the field of p-adic numbers, where p is a
prime number. The p-adic valuation | - |, is determined by

In/m|, == p* %, n,meN,

where k and s are number of factors p in n and m,
respectively.
The field (Qp, | - |,) is locally compact.
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Preliminaries

We will always assume that | - | is non-trivial i.e., that there is
a Ao € K such that || € {0, 1}.
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Preliminaries

We will always assume that | - | is non-trivial i.e., that there is
a Ao € K such that || € {0, 1}.

All linear spaces are over a non-archimedean non-trivially

valued field (K, | - |) which is complete under the metric
induced by the valuation | - |.
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Preliminaries

By a seminorm on a linear space E we mean a function
p: E — [0,00) such that

p(ax) = |a|p(x) for all « € K, x € E and

p(x +y) < max{p(x), p(y)} for all x,y € E.
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Preliminaries

By a seminorm on a linear space E we mean a function
p: E — [0,00) such that

p(ax) = |a|p(x) for all « € K, x € E and

p(x +y) < max{p(x), p(y)} for all x,y € E.

A Fréchet space is a complete metrizable locally convex space.

A series > "7 x, in a Fréchet space E is convergent in E if
and only if limx, = 0.
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By an operator on a Ics E we mean any continuous linear map
on E. For any operator T on a Fréchet space E with a

Schauder basis (e,) there exists an infinite matrix (t;;); jen of
scalars from K such that Te; = > 77, t; ;e for any j € N. Then

o0

(e, o0
Tx = Z tijx; | e for any x = ijej €E.
i =1 Jj=1

i=1 j=
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Preliminaries

Let Bk be the closed unit ball of K (i.e.

Bk ={aeK:|a| <1)

A subset A of a Ics E is absolutely convex if ax + By € A for
all a, f € Bk and x,y € A.
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Preliminaries

Let Bk be the closed unit ball of K (i.e.

Bk ={aeK:|a| <1)

A subset A of a Ics E is absolutely convex if ax + By € A for
all a, f € Bk and x,y € A.

A subset B of a Ics E is compactoid (or a compactoid) if for
each neighbourhood U of 0 in E there exists a finite subset A
of E such that B C U + coA, where coA is the absolutely
convex hull of A i.e.

coA={Y" ,ma:neNo,...,a, € Bg,a1,...,a, € A}
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Preliminaries

Let Bk be the closed unit ball of K (i.e.

Bk ={aeK:|a| <1)

A subset A of a Ics E is absolutely convex if ax + By € A for
all a, f € Bk and x,y € A.

A subset B of a Ics E is compactoid (or a compactoid) if for
each neighbourhood U of 0 in E there exists a finite subset A
of E such that B C U + coA, where coA is the absolutely
convex hull of A i.e.

coA={Y" ,ma:neNo,...,a, € Bg,a1,...,a, € A}

If K is locally compact, then a subset B of a lcs E is
compactoid if and only if it is precompact.
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Preliminaries

Let E and F be Fréchet spaces. A continous linear map
T : E — F is compactoid if for some neighbourhood U of zero
in E the set T(U) is compactoid in F.
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Preliminaries

Let E and F be Fréchet spaces. A continous linear map

T : E — F is compactoid if for some neighbourhood U of zero
in E the set T(U) is compactoid in F.

For any seminorm p on a Ics E the map

p: E/kerp —[0,00) x + ker p — p(x) is a norm on

E, = E/ kerp.
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Preliminaries

Let E and F be Fréchet spaces. A continous linear map

T : E — F is compactoid if for some neighbourhood U of zero
in E the set T(U) is compactoid in F.

For any seminorm p on a Ics E the map

p: E/kerp —[0,00) x + ker p — p(x) is a norm on

E, = E/ kerp.

A lcs E is nuclear if for every continuous seminorm p on E
there exists a continuous seminorm g on E with g > p such
that the map

©pq: (Eq:G) = (EpsP),x + kerg — x + kerp

is compactoid.

Wiestaw Sliwa and Agnieszka Ziemkowska-Siwek COMMUTATORS



A commutator of a pair of elements S and T in the algebra
L(E) of all operators on a Ics E is given by

[S, T]:= ST — TS.
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An infinite matrix A = (a,«) of real numbers is a Kéthe
matrix if 0 < a, x < ap 41 for all n, k € N.
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An infinite matrix A = (a,«) of real numbers is a Kéthe
matrix if 0 < a, x < ap 41 for all n, k € N.

Let A be a Kothe matrix. The space
K(A) = {(xn) C K: lim, |Xn|ank = O for every k € N}
with the base (px) of norms, where
Pr((xn)) = max|xy|ank, k € N,
is a Fréchet space; it is called a Kothe space.

The sequence (ej), where e¢; = (0 ,), is an unconditional
Schauder basis of K(A).
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A Kothe space K(A) is nuclear if and only if for any i € N
there exists j € N such that
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Power series spaces

Let [ be the family of all non-decreasing sequences a = (a,)
of positive real numbers with lim, a, = co. Let a= (a,) €T.

Wiestaw Sliwa and Agnieszka Ziemkowska-Siwek COMMUTATORS



Power series spaces

Let [ be the family of all non-decreasing sequences a = (a,)
of positive real numbers with lim, a, = co. Let a= (a,) €T.

Then the following Kothe spaces are the power series spaces:
@ Ai(a) = K(B) with B = (bnk), bpx = exp(—an/k);
Q@ A.(a) = K(B) with B = (b k), bnx = exp(kan).

(of finite type and infinite type, respectively).
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Generalized power series spaces

For r € (—o0, 00] we denote by A, the family of all strictly
increasing sequences (rx) C R with limy r, = r such that
rer; >0 forall k,j € N
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Generalized power series spaces

For r € (—o0, 00] we denote by A, the family of all strictly
increasing sequences (rx) C R with limy r, = r such that
rer; >0 forall k,j € N

and by ®. the family of all strictly increasing odd functions
f : R — R such that f is convex in [0, c0).
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Generalized power series spaces

For r € (—o0, 00] we denote by A, the family of all strictly
increasing sequences (rx) C R with limy r, = r such that
rer; >0 forall k,j € N

and by ®. the family of all strictly increasing odd functions
f : R — R such that f is convex in [0, c0).

Let f € d.,a=(a,) €I, r € (—o0,00] and (rx) € A,.

Then the following Kothe space is said to be a generalized
power series space

Dr(a, r) = K(B) with B = (bnk), bnx = exp(f(rean)).
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Let f € O..
(1) f(U1V2) — f(U2V2) S f(ulvl) — f(U2V1)

for up, up,vi,vo ERwith 0 < vy < v and u; < wup <0or
0<u < u;

(2) f(x) = f(y) < f(x—y)

for all x,y € R with x < y and xy > 0;

(3) f(x) — F(y) < f(|x| + |y|) for all x,y € R.
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Results

Proposition 1

Let D¢(a, r) be a generalized power series space.
(1) The left shift map on D¢(a, r)

L: D¢(a,r) — Ds(a,r), (x1,x2, X3,...) = (X2, %3, X, - - .)

is well defined, linear and continuous if and only if
(1) r >0 or

(2) r =0 and sup,[an+1/an] < oo or

(3) r <0 and lim,[a,41/a,] = 1.

(1) The right shift map on D¢(a, r)

R : Df(a,r) — De(a,r), (x1, %2, X3, ...) = (0, x1, X2, .. .)

is well defined, linear and continuous if and only if
(1) r = oo and sup,[ani1/an] < oo or
(2) 0 < r < o0 and limp[a,11/a,) =1 or (3) r <O0.
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Let D¢(a,r) be a generalized power series space.
Assume that

(x) Vk e NIp e NVs e NIr e N ;

sup [f(rkanty) — f(rpay) + f(rsam) — f(reamen)] < 0.

n,m,veN

Then every operator on D¢(a, r) is a commutator.

Proof.
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Let D¢(a, r) be a generalized power series space.
Assume that sup,[ax,/a,] < 0o and r € {0, 00}.
Then every operator on D¢(a, r) is a commutator.

Proof.
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Let D¢(a, r) be a generalized power series space.
Assume that sup,[ax,/a,] < 0o and r € {0, 00}.
Then every operator on D¢(a, r) is a commutator.

Proof.

Corollary 4

Let A.(a) be a power series space.
If sup,[az2n/an] < o0, then every operator on A,(a) is a
commutator.
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A function f € ®_ is said to be rapidly increasing if

tirgo[f(ct)/f(t)] = oo for any ¢ > 1.

Let D¢(a, r) be a generalized power series space.
Assume that f is rapidly increasing, lim,[az,/a,] = 1 and
r € R with r # 0. Then every operator on D¢(a,r) is a

commutator.

Let b € T with lim,[b,+1/b,] =1 (e.g. b, = n° for
neN,c>0). Puta,= by for2<-1 < n <2k k € N. Then
a=(ay) €T andlim,[ax,/a,] = 1.
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Proposition 6

Let Dr(a, r) be a generalized power series space.

Assume that (1) sup,[ans+1/an] < oo and r € {0, 00} or (2)
lims[an+1/an] =1 and r € (R\ {0}). Then every diagonal
operator on D¢(a, r) is a commutator; in particular, the
identity operator | on D¢(a, r) is a commutator.
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Let D¢(a, r) be a generalized power series space with
lim,[a,11/an] = 00. Assume that an operator T on D¢(a,r) is
a commutator. Then T is bounded.

Corollary 8

Let D¢(a, r) be a generalized power series space with
lim,[a,41/a,] = co. Then for any non-zero scalar o and any
bounded operator T on D¢(a,r), the operator al + T is not a
commutator. In particular, the identity operator | on D¢(a, r)
IS not a commutator.
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Thank you for your attention.
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