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Preliminaries

A continuum is a nonempty compact connected and metric space.

Definition

Given a continuum X, CpXq denotes the hyperspace of subcontinua of X,
endowed with the Hausdorff metric.

Definition

A Whitney map for CpXq is a continuous and surjective function
µ : CpXq Ñ r0, 1s such that µptxuq � 0 for each x P X, µpXq � 1 and
for every subcontinua A and B of X such that A � B, µpAq   µpBq. A
positive Whitney level for CpXq is any set of the form µ�1ptq with
t P p0, 1q.
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Background

By partially ordering CpXq by the inclusion, X is the maximum of CpXq.
This is why it is interesting to study local properties of CpXq.

It is known that CpXq is always locally connected at X, CpXq is not
(always) locally contractible at X and there are conditions for X to have a
neighborhood in CpXq which is homeomorphic to the topological cone of
some continuum.

In 1978, J. Krasinkiewicz gave conditions for a continuum to have a
positive Whitney level that is an arc.
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Background

In 2002, S. López gave a characterization of continua X such that X has
a neighborhood in CpXq which is a 2-cell, in order to do it, he introduce
some definitions.

Definition

Given two subcontinua A and B of a continuum X such that A � B, we
say that A is terminal in B provided that if C and D are subcontinua of B
and A � C XD, then C � D or D � C.
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Background

Definition

A continuum X is said to be pseudo-linear if there are two proper
subcontinua X1 and X2 of X satisfying the following conditions.

( 1 ) X � X1 YX2 (X is decomposable).

( 2 ) The set X1 XX2 is connected and it is terminal in both X1 and X2.

( 3 ) Each subcontinuum of X intersecting both X �X1 and X �X2

contains X1 XX2.
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Background

Definition

A continuum X is said to be pseudo-circular if there are two proper
subcontinua X1 and X2 of X satisfying the following conditions.

( 1 ) X � X1 YX2 (X is decomposable).

( 2 ) X1 XX2 has exactly two components K1 and K2.

( 3 ) Each one of the sets K1 and K2 is terminal in both X1 and X2.

( 4 ) Each subcontinuum of X intersecting both K1 and K2 contains
either X1 or X2.

( 5 ) There exists ε ¡ 0 such that if L is a subcontinuum of X and
X � NXpε, Lq, then K1 � L or K2 � L.
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Background

S. López showed that X is pseudo-linear, respectively pseudo circular, if
and only if CpXq has a positive Whitney level which is an arc, respectively
a simple closed curve.
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w-unicoherence

Definition

We say that a continuum X is unicoherent provided that, whenever A and
B are proper subcontinua of X and AYB � X, it is satisfied that AXB
is connected. A continuum is hereditarily unicoherent if each of its
subcontinua is unicoherent.

Definition

We say that a continuum X is weakly unicoherent, or simply
w-unicoherent, provided that there exists ε ¡ 0 such that for each proper
subcontinua A and B of X with A,B P BHd

pX, εq and X � AYB, it is
satisfied that AXB is connected.
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w-unicoherence

Every unicoherent continuum is w-unicoherent. The converse is not true.
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Top-irreducibility

Definition

A continuum X is irreducible between p and q if no proper subcontinua of
X contains both p and q. If X is irreducible between two points, we
simply say that X is irreducible. A continuum is hereditarily irreducible if
each of its subcontinua is irreducible.

Definition

We say that a continuum X is top-irreducible, provided that there exists
ε ¡ 0 such that every subcontinuum A of X with A P BHd

pX, εq is
irreducible.
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Arcs as Whitney levels

Theorem (Ahuatzin-Ordoñez-Villanueva, 2024)

Let X be a decomposable continuum. If X is w-unicoherent and
top-irreducible, then for each Whitney map µ for CpXq there exists a
positive Whitney level which is an arc.

Corollary (Ahuatzin-Ordoñez-Villanueva, 2024)

Let X be a continuum. Then the following statements are equivalent.

(a) X is decomposable, w-unicoherent and top-irreducible.

(b) For each Whitney map µ for CpXq there exists a positive Whitney
level which is an arc.

(c) There is a Whitney map µ for CpXq for which there exists a positive
Whitney level which is an arc.
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Arcs as Whitney levels

Corollary (Ahuatzin-Ordoñez-Villanueva, 2024)

Given a continuum X, the following conditions are equivalent.

1 X is decomposable, w-unicoherent and top-irreducible.

2 X is pseudo-linear
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Arcs as Whitney levels

Definition

A continuum X is said to be pseudo-linear if there are two proper
subcontinua X1 and X2 of X satisfying the following conditions.

( 1 ) X � X1 YX2 (X is decomposable).

( 2 ) The set X1 XX2 is connected and it is terminal in both X1 and X2.

( 3 ) Each subcontinuum of X intersecting both X �X1 and X �X2

contains X1 XX2.
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On pseudo-linearity

Example 1 (Ahuatzin-Ordoñez-Villanueva, 2024)

There exists a continuum X that is w-unicoherent, it is not top-irreducible
and such that for any decomposition of X � X1 YX2 satisfying that
X1 XX2 is connected, the intersection is not terminal in either X1 or X2.
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On pseudo-linearity

Example 2 (Ahuatzin-Ordoñez-Villanueva, 2024)

There exists a continuum Y that is w-unicoherent, it is not top-irreducible
and such that for any decomposition of Y � Y1 Y Y2 satisfying that
Y1 X Y2 is connected, the intersection is terminal in Y1 or Y2. But
condition ( 3 ) of the definition of pseudo-linearity is not satisfied.
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On pseudo-linearity

Proposition (Ahuatzin-Ordoñez-Villanueva, 2024)

There exists a continuum X that is top-irreducible, it is not
w-unicoherent, which satisfies condition ( 2 ) but condition (3 ) of the
definition of pseudo-linearity is not satisfied.

Proposition (Ahuatzin-Ordoñez-Villanueva, 2024)

There exists a continuum X that is top-irreducible, it is not
w-unicoherent, which satisfies condition ( 3 ) but condition (2 ) of the
definition of pseudo-linearity is not satisfied.

Villanueva (UDLAP) On w-unicoherence, top-irreducibility and n-cells at the top July 9th, 2024



On pseudo-linearity

Proposition (Ahuatzin-Ordoñez-Villanueva, 2024)
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What about pseudo-circularity?

Definition

We say that a continuum X is properly top w-unicoherent, or simply
ptw-unicoherent, provided that the following conditions hold:

X is not w-unicoherent;

there exists ε ¡ 0 such that for each proper subcontinuum A of X
with A P BHpX, εq, it is satisfied that A is w-unicoherent.

Definition

We say that a continuum X is top�-irreducible provided that there exists
ε ¡ 0 such that every proper subcontinuum A of X with A P BHpX, εq is
irreducible.

Villanueva (UDLAP) On w-unicoherence, top-irreducibility and n-cells at the top July 9th, 2024



What about pseudo-circularity?

Definition

We say that a continuum X is properly top w-unicoherent, or simply
ptw-unicoherent, provided that the following conditions hold:

X is not w-unicoherent;

there exists ε ¡ 0 such that for each proper subcontinuum A of X
with A P BHpX, εq, it is satisfied that A is w-unicoherent.

Definition

We say that a continuum X is top�-irreducible provided that there exists
ε ¡ 0 such that every proper subcontinuum A of X with A P BHpX, εq is
irreducible.

Villanueva (UDLAP) On w-unicoherence, top-irreducibility and n-cells at the top July 9th, 2024



What about pseudo-circularity?

Definition

We say that a continuum X is properly top w-unicoherent, or simply
ptw-unicoherent, provided that the following conditions hold:

X is not w-unicoherent;

there exists ε ¡ 0 such that for each proper subcontinuum A of X
with A P BHpX, εq, it is satisfied that A is w-unicoherent.

Definition

We say that a continuum X is top�-irreducible provided that there exists
ε ¡ 0 such that every proper subcontinuum A of X with A P BHpX, εq is
irreducible.

Villanueva (UDLAP) On w-unicoherence, top-irreducibility and n-cells at the top July 9th, 2024



What about pseudo-circularity?

Theorem

Let X be a continuum. Then the following statements are equivalent.

(a) X is decomposable, ptw-unicoherent and top�-irreducible.

(b) For each Whitney map µ for CpXq there exists a positive Whitney
level which is a simple closed curve.

(c) There is a Whitney map µ for CpXq for which there exists a positive
Whitney level which is a simple closed curve.

Corollary

Given a continuum X, the following conditions are equivalent.

1 X is decomposable, ptw-unicoherent and top�-irreducible.

2 X is pseudo-circular.
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What about pseudo-circularity?

Definition

A continuum X is said to be pseudo-circular if there are two proper
subcontinua X1 and X2 of X satisfying the following conditions.

( 1 ) X � X1 YX2 (X is decomposable).

( 2 ) X1 XX2 has exactly two components K1 and K2.

( 3 ) Each one of the sets K1 and K2 is terminal in both X1 and X2.

( 4 ) Each subcontinuum of X intersecting both K1 and K2 contains
either X1 or X2.

( 5 ) There exists ε ¡ 0 such that if L is a subcontinuum of X and
X � NXpε, Lq, then K1 � L or K2 � L.
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n-cells at the top

Problem

Given a positive integer n, characterize continua X for which X has a
neighborhood in CpXq that is an n-cell.
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n-cells at the top

Theorem (Ahuatzin-Ordoñez-Villanueva, 2024)

Let X be a continuum, let µ be a Whitney map for CpXq and t0 P p0, 1q.
If µ�1pt0q is a tree having n end points, then the following statements
hold.

1 µ�1ptq is homeomorphic to some positive Whitney level of µ�1pt0q for
each t P pt0, 1q.

2 There is t1 ¡ t0 such that
1 µ�1prt1, 1sq is an n-cell;
2 µ�1ptq is a pn� 1q-cell for each t P pt1, 1q.
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n-cells at the top

Example 3

Given any 1-dimensional continuum Z, W. Lewis constructed a continuum
X for which there is a continuous decomposition whose elements are
terminal pseudoarcs in X and with the property that the decomposition
space is homeomorphic to Z. If Z is a tree and X is the continuum
constructed by W. Lewis, then there are positive Whitney levels for CpXq
which are homeomorphic to Z.
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n-cells at the top

Example 4

Let X be a continuum that can be expressed as X �
�n

i�0 Pi, where
P0, P1, P2, . . . , Pn are hereditarily indecomposable continua, Pi X Pj � H
and Pi X P0 is a proper subcontinuum of Pi contained in a different
composant of P0 than Pj X P0 for each i, j P t1, 2, . . . , nu with i � j.
Then X has a positive Whitney level which is a tree.
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n-cells at the top

Theorem (Ahuatzin-Ordoñez-Villanueva, 2024)

Suppose that µ�1pt0q is a positive Whitney level for CpXq that is a simple
n-od. Then X is an n-od; moreover, there exist subcontinua X1, X2, . . .,
Xn of X and C P µ�1pt0q such that

(a) X � X1 Y � � � YXn and Xi XXj � C for each i � j;

(b) Xi is decomposable for each i P t1, . . . , nu;

(c) Xi is w-unicoherent for each i P t1, . . . , nu;

(d) Xi is top-irreducible for each i P t1, . . . , nu;

(e) C contains one point of irreducibility of Xi for each i P t1, . . . , nu.
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Persistent properties

Question

If µ�1pt0q is a positive Whitney level for CpXq that is an arc, is it true
that for any other Whitney map ω for CpXq there exists s0 P p0, 1q which
ω�1ps0q is also an arc?

Theorem (Ahuatzin-Ordoñez-Villanueva, 2024)

The answer is “yes”.
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Persistent properties

Theorem (Ahuatzin-Ordoñez-Villanueva, 2024)

Suppose that µ�1pt0q is a positive Whitney level for CpXq that is a simple
close curve and let ω another Whitney map for CpXq, then there exists
s0 P p0, 1q which ω�1ps0q is also a simple closed curve.

Example 5 (Ahuatzin-Ordoñez-Villanueva, 2024)

There exists a continuum X, a Whitney map µ for CpXq and a positive
Whitney level µ�1pt0q that is a tree, for which there exists another
Whitney map ω for CpXq such that no Whitney level of ω is a tree.
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