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Basic notions

® |et X be a non-empty compact metric space and let f : X — X be a
continuous function. We say that (X, f) is a dynamical system.
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Basic notions

® |et X be a non-empty compact metric space and let f : X — X be a
continuous function. We say that (X, f) is a dynamical system.

® Let (X, f) be a dynamical system and x € X. The sequence

(6 F (), P2 (), £ (), )

is called a forward orbit of the point x.
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Basic notions

® |et X be a non-empty compact metric space and let f : X — X be a
continuous function. We say that (X, f) is a dynamical system.

® Let (X, f) be a dynamical system and x € X. The sequence

(6 F (), P2 (), £ (), )

is called a forward orbit of the point x.
® The set

{3 (), 2(x),F(x),...}

is called a forward orbit set of the point x.
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Basic notions

® Let (X, f) be a dynamical system, let x € X and let k, ¢ be
non-negative integers such that k < ¢. We say that

FIA(x) = (F5(x), £ (0), F92(x), o F())

is a [k, {]-orbit segment of the point x.
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Specification property

Definition

Let (X, f) be a dynamical system, let n be a positive integer and, for each
Jj€41,2,3,...,n}, let

® kj and /; be non-negative integers such that k; < /;
* xj € X.
We say that the n — tuple

S = (f[kl,fl](xl)’ f[k2’e2](X2), f[k3,f3](x3)7 s f[k"’g"](x,,)>

is an n-specification (or just a specification) in (X, f).
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® |et N be a positive integer and let
S = (f[klfﬂ(xl), flletel (), fllatal(x3) flkmfnl(x,,)>

be a specification in (X, f). We say that S is an N-spaced
specification if
kj+1 - gj > N7

for each j € {1,2,3,...,n—1}.
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Let (X, f) be a dynamical system, let N be a positive integer, let € > 0,
let y € X and let

S = (f[khfﬂ(xl), fllastel (xp), flkstal(x3), .. f[kmfnl(xn)>
be an N-spaced specification in (X, f). We say that S is e-traced in (X, f)

by y if for each i € {1,2,3,...,n} and for each
JE {kfaki+17ki+27'--)£i}y

d(f/(y), f/(x)) < e.
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Definition

Let (X, f) be a dynamical system. We say that (X, f) has specification
property if for each € > 0 there is a positive integer N such that for any
N-spaced specification S in (X, f) there is y € X such that S is e-traced
in (X, f) by y.

Ivan Jeli¢ (SUMTOPO 2024) SP in CR-dynamical systems July 8, 2024 7/31



Shift map and specification property

Let Xoo = Ii£1 (Xn, fn) denote the inverse limit of a inverse sequence
(Xn, fn), where X,, = X and f, = f, for every n € N. We define the shift
map o : Xoo — Xoo by the rule

o(x1,x2,x3,...) = (x2,x3,Xa,...),

for every (x1,x2,x3,...) € Xx0.
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Theorem (BEJK, 2024.)

Let (X, f) be a dynamical system such that f is a surjection. Then (X, f)
has specification property if and only if (X, o) has specification property.
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Initial specification property

® Let (X, f) be a dynamical system and let
S = (flkhfﬂ(xl), fllefal(xy), Flhatal(x5), . flkmfnl(xn)>

be a specification in (X, f). If ki =0, for each i € {1,2,3,...,n},
then we say that S is an initial specification in (X, f).
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Definition

Let (X, f) be a dynamical system, let ¢y = my =0, let
my, mp, ms,..., my,_1 be positive integers, let € > 0, let y € X, and let

S = (flo%fﬂ(xl), 0Ll (x), FI0BI(x), . f[O’f"](x,,)>

be an initial specification in (X, f). We say that S is
(e, m1, ma, m3,... , mp_1)-traced in (X, f) by y if for each
i€{1,2,3,...,n} and for each j € {0,1,2,...,¢;},

d(f50+m0+[1+m1+Z2+m2+~.-+Zi71+mi71+j(y) fj(X,.)) =
: <e.
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Definition

Let (X, f) be a dynamical system. We say that (X, f) has initial
specification property if for each € > 0 there is a positive integer N such
that

® for each positive integer n,
o for all positive integers my, my, ms, ..., m,_1 such that m; > N, for
each i € {1,2,3,...,n—1},
® for each initial n-specification S,
there is y € X such that S'is (¢, my, mp, m3, ..., my_1)-traced in (X, f) by
y. )
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SP vs initial SP

Specification property and initial specification property, in general, are not
equivalent.

® Let X =[0,1] and let f : X — X be defined by

for any x € X. Note that (X, f) has specification property but it does
not have initial specification property.
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Let X be a compact metric space and let f : X — X be a continuous

surjection. Then (X, f) has specification property if and only if (X, f) has
initial specification property.
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SP in CR-dynamical systems

e If X is a compact metric space, then 2X denotes the set of all
non-empty closed subsets of X.

® |et X be a compact metric space and let F C X x X be a relation on
X. If F € 2X%X then we say that F is a closed relation on X.

® |f F is a closed relation on a compact metric space X, then the pair
(X, F) is called a CR-dynamical system.
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® Let (X, F) be a CR-dynamical system, let x € X and let k < ¢ be
non-negative integers. We use FI¥ (x) to denote

P )= (P4 . P4 0. P50 )

and say that FI54 (x) is the [k, (]-orbit segment of the point x.
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Definition
Let (X, F) be a CR-dynamical system, let n be a positive integer and, for
each j € {1,2,...,n}, let

® kj and /; be non-negative integers such that k; < /;

* xj € X.
We say that the n-tuple (of sets)

(Fl (), FU=2] (), FI 8] ) ..., Fllnte] ()

is an n-specification (or just a specification) in (X, F).
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Definition
Let (X, F) be a CR-dynamical system and let

S = (Floutil (), Flo2 (sg) | FU0) (x3) ..., Fllotr] (x,))

be a specification in (X, F). We say that S is an N-spaced specification if,
for each j € {1,2,...,n— 1},

kj_;,_l = éj > N.
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Definition

Let (X, F) be a CR-dynamical system, let d be the metric on X, let N be

a positive integer, let € > 0, let y € X and let
§ = (Flltl (x), Flletal (), Fllots] () .. Fllotl ()

be an N-spaced specification in (X, F). We say that S is e-traced in
(X, F) by y if, for each i € {1,2,...,n} and for each
je{kiki+1, ki +2..., 4},

d (F(y),F () <e.
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Definition

Let (X, F) be a CR-dynamical system. We say that (X, F) has
specification property if for every € > 0 there is a positive integer N such
that for any N-spaced specification S in (X, F) there exists y € X such

that S is e-traced in (X, F) by y.
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Theorem (BEJK, 2024.)

Let (X, F) be a CR-dynamical system. If there exists a positive integer ng
such that F™ (x) N F™ (y) # 0, for all x,y € X, then (X, F) has
specification property.
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Initial SP in CR-dynamical systems

® Let (X, F) be a CR-dynamical system, let x € X and let ¢ be a
non-negative integer. We say that F0-4] (x) ia an initial £-orbit
segment of the point x.
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Definition

Let (X, F) be a CR-dynamical system, let n be a positive integer and, for

each j € {1,2,...,n}, let
® (; be non-negative integer
* x; € X.

We say that the n-tuple (of sets)

(FO0 (), FO (), FOG (x3) ..., FO (x,))

is an initial n-specification (or just an initial specification) in (X, F).
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Definition
Let (X, F) be a CR-dynamical system, let d be the metric on X, let n and
my, my, ..., my_1 be positive integers, let € > 0, let y € X and let

S = (Fl%l (x1), FI0l (xy) , IO (x3) , ..., FIO4 (x,,))

be an initial specification in (X, F). We say that S is
(e,mi,my, ..., my_1)-traced in (X, F) by y if, for each i € {1,2,...,n}
and for each j € {0,1,2...,¢;},

d (FZ1+m1+€2+m2+...+fi_1+mi—1+j (y) , Fj (Xi)> < e.
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Definition

Let (X, F) be a CR-dynamical system. We say that (X, F) has initial
specification property if for every € > 0 there is a positive integer N such
that

® for each positive integer n
e for all positive integers my, my, ..., m,_1 such that, for each
ie{l,2,....,n—1}, m; > N
and for any initial specification S in (X, F) there exists y € X such that S
is (e, my1, my, ..., my_1)-traced in (X, F) by y.
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SP vs initial SP in CR-dynamical systems

The following example shows that in general, the specification property is
not equivalent to the initial specification property.
® Let X =[0,1] and let F =[0,1] x {1}. Note that (X, F) has
specification property but it does not have initial specification
property.
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However, the following theorem holds.

Theorem (BEJK, 2024.)
Let (X, F) be a CR-dynamical system. If (X, F) has initial specification
property, then (X, F) has specification property.
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The following example shows that even if p; (F) = p2 (F) = X, the
specification property and initial specification property may not be
equivalent.

Let X =[0,1] and let

F— <[o ﬂ S {0}> U <B1} . {1}) U ({1} x [0,1]).

Note that (X, F) has specification property but it does not have initial

specification property.
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Theorem (BEJK, 2024.)

Let (X, F) be a CR-dynamical system. If there is a positive integer ng such
that F™ (x) = X, for each x € X, then (X, F) has specification property
as well as initial specification property.
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Theorem (BEJK, 2024.)

Let (X, F) be a CR-dynamical system. If there is a positive integer ng such
that F™ (x) = X, for each x € X, then (X, F) has specification property
as well as initial specification property.

Let X =[0,1] and let

F— <[oﬂ < {0}>u<{0} < [Oé])u([él} < {1}>u<{1} x B1]>

Note that, for each x € X, F*(x) = X. Therefore, by the previous
theorem, (X, F) has specification property as well as initial specification
property.
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Thank you for your attention!
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