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Introduction

Throughout this talk, X = (X, M, p) is a metric
measure space satisfying the following:
@ (Borel) M contains the Borel sets of X;
@ (Borel-regular) Each subset E C X is contained
in some Borel set B C X s.t. u(B\ E) =0;
e For "x € X and "r € (0, 0),
0 < u(B(x,r)) < oo.
For p € [1,00), let LP(X) = (LP(X), || - ||,) be the
Lebesgue space on X.

M is the collection of measurable sets in X and i is a measure on X.
B(x,r) C X is the closed ball centered at x with-radius r.



A normed linear space E(X) = (E(X), | - |le) C L°(X) is a Banach
function space on X if for Vf Vg € E(X),"{f,} C E(X),

(BL) lIflle = lllfllle, and [|f][e =0 < f =0 a.e;
(B2) 0<g<fae = |glle<|flle;

(B3) 0<ftfae = |fletlf|
and for YA € M with p(A) < oo,
(B4) xa € E(X) and ||xalle < oc;
(B5) a(A) €

E;

(0,00) s.t. [, |fldu < a(A)||f|e for VF € E(X).

LO(X) is the space of real-valued measurable functions on X
XA Is the characteristic function of A C X.
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E;

Example (Lebesgue space)
LP(X) is a Banach function space.

(B5) By Holder's inequality, for YA € M,

/A FGOldp(x) < (u(A) 2 ]l

so we can choose a(A) = (u(A))—1/7.

LO(X) is the space of real-valued measurable functions on X.
XA Is the characteristic function of A C X.



Theorem 1 (A.N. Kolmogorov (1931), M. Riesz
(1933))

F C LP(R") is relatively compact <
bounded

Q@ For'e>0,76 > 0s.t. ||1of — fll, <€ for
Vf € F and a € R" with |a| < 4.

Q@ For’¢>0,7r >0 st ||[fxrnsonly <€ for
"feF.

For f :R" = R and a € R", 7,f(x) = f(x = a).



Fix r > 0 and define A, : E(X) — L°(X) by

1

A f(x) = m/ﬁz(“) fy)du(y),

which is called the averaging operator on E(X).

For Y € L9(X), A f € L°(X).
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Fix r > 0 and define A, : E(X) — L°(X) by
1

A f(x) = M/B(x,r) fy)du(y),

which is called the averaging operator on E(X).

Problem
Give a criterion for subsets of LP(X) to be compact.

An operator T : E; — E, between normed linear spaces is
compact if for YA C  E;, T(A) is relatively compact in E;.

bounded

Give a sufficient and necessary condition for
A, 1 E(X) — E(X) to be compact.

For Y € L9(X), A f € L°(X).
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Compact sets in Lebesgue spaces

X is doubling if 7y > 1 s.t. for "x € X and "r > 0,
u(B(x,2r)) < vu(B(x, r)).

Theorem 2 (P. Gérka-A. Macios (2014))
Let X be doubling and p € (1,00). Suppose that

(e) for¥r >0,

inf{u(B(x,r)) | x € X} > 0.

Then F C LP(X) is relatively compact <
bounded

Q For'¢e>0,30>0st for'f € Fand"r e (0,9),
|Af —fl, <e.

Q Fore>0, aEb CddX st [|[fxx\ellp <€ for7f € F.

e
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Remark (doubling)
X is doubling = X is r-doubling for Yr > 0.

X has the Vitali covering property (abbrev. VCP) if

@ Let YA C X and B be any family of closed balls centered
in A with uniformly bounded radii s.t. for "x € A, 7r > 0
st. B(x,r) € B and inf{s > 0] B(x,s) € B} =0.

Then 2B’ C B consisting of pairwise disjoint countable
closed balls s.t.

wA\JB) =o.

Theorem (Vitali)
X is doubling = X has the VCP.



Theorem A (K. (2023))

Let X be r-doubling for "r > 0 and having the VCP.
Suppose that

(%) for "x € X and "r > 0,

u(B(x,r)AB(y,r)) — 0 as y — x.

Then F C LP(X) is relatively compact <
bounded

@ For"e >0, 70 > 0s.t. for 'f € F and
Yre (0,9), ||Af —fl, <e

@ For e >0, °E \ CddX s.t. [[Fxx\ellp < € for
"f € F.

For A,B C X, let AAB=(A\ B)U(B\ A).



(%) For "x € X,
(0,00) > r — p(B(x,r)) € (0,0)

is continuous.
(x) For "x € X and "r € (0, ),

w(B(x,r)AB(y,r)) — 0asy — x.
(1) For "r € (0,0),
X 23 x+— u(B(x,r)) € (0,00)

is continuous.
Then (%) = (*) = (1)



(%) For "x € X,
(0,00) > r — p(B(x,r)) € (0,0)

is continuous.
(%) For "x € X and "r € (0, 00),

w(B(x,r)AB(y,r)) — 0asy — x.
(1) For "r € (0,0),
X 23 x+— u(B(x,r)) € (0,00)

is continuous.
Then (%) = (*) = (1)
(e) For "r >0,

inf{u(B(x,r)) | x e X} > 0.

There are no implications between (o) and ().
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{5 is the separable Hilbert space, 65 is the linear span of the
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Remark (Hilbert space)
X is infinite and separable = LP(X) ~ /.

Let
LIP,(X) = {f € LP(X) | f is Lipschitz with a bounded support}.

Corollary (K. (2023))

Let X be non-degenerate, separable, r-doubling for Vr >0 and
having the VCP. Suppose that

(x) for "x € X,

(0,00) > r = u(B(x,r)) € (0,00)
is continuous.

Then (LP(X), LIP5(X)) ~ (£2 x Q, £ x Q).

£ is the separable Hilbert space, 65 is the linear span of the
canonical orthonormal basis on 45, and Q is the Hilbert cube.
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| - || is absolutely continuous with respect to 1 if
Ixalle — 0 for "{A;} C M with xa, — 0 ae..

Theorem B (K. (2027))

Let r > 0. Suppose that A,(E(X)) C E(X) and
Q@ X has the VCP;
Q@ inf{u(B(x,r)) | x € X} >0;
Q for "x € X, u(B(y, r)) — u(B(x,r)) and
a(B(x,r)AB(y,r)) - 0as y — x;
@ || - || is absolutely continuous with respect to
1.
Then u(X) < co = A, is compact.




Theorem C (K. (2027))
Let r > 0. Suppose that A,(E(X)) C E(X) and
Q@ X is r-doubling;

e Sup{ a(B(Xar))XB(X,2r)

w(B(x.r)
as in (Bb).

Then A, is compact = X is bounded.

‘xGX}<oofor3a
E




Corollary (K. (2027))
Let p,g € (1,00) and r > 0. Suppose that

@ X has the VCP;

@ X is s-doubling for Vs > r;

Q for "x € X, u(B(x,r)AB(y,r)) — 0 as

Yy — X.

Then A, : LP9(X) — LP9(X) is compact < X is
bounded.

LP9(X) is the Lorentz space on X.
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