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Motivation

Mioduszewski characterized inverse sequences of polyhedra for
which their inverse limits are homeomorphic (J. Mioduszewski,
Mappings of inverse limits, Collog. Math., 10 (1963), 39-44.).

TurorEM 3. If X = hm{XM ) and Y = lJ‘m{ Y,, on'} are ho-
meomorphic, then for every sequence {e,} such that e, >0 and lime, =0,
there exists an infinite diagram

Xm] — X"’z -, 4= Xm”: s Xmﬂ <
() | 4

oy« ¥y — i Yoy < Vg =0y
where {my} and {ng} are unbounded and non-decreasing sequences of positive
integers, and every subdiagram of the form

Kooy = Koy, Koy < Ky < Koy,
(57) + t (5")
Ty + Yoy, = Yoy, Yoy, < Yoy
Xy X+ Xy, Koy, Xy, |
(5") + ] (5"") 4 v
Yo < Ty, Top < Vg < yﬂm -1

8 syp-commautative in the eases (5') and (5"') and ey,_,-commutative in the
oases (5') and (3"").
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Motivation

TavorEM 4. Let {e,}, » = 1,2, ..., be a sequence of positive numbers
sueh that lime, = 0. The existence of an infinite diagram (4) having, with
respect to this sequence, the properties reguired in Theorem 3 induces the
ewistence of o homeomorphism f of X onto Y (the inverse of f is denoted by g)
such that o%—1fpomy, L=, 0 f and ::;’%gks,,u= myg for every s and
kys < My, in the first case, and s < my; in the Secand one.

THEOREM -al‘ If for every pair of positive inlegers m and n, for every
mappiny fum: X, — Y, belonging to #, for every ¢ > 0 and m’' > m, there

erisls 0’ >n and a MapPing Guo: Yo — Xy belonging to % such that
the diagram

X < X
+ 1
Y, ¥,

i e-commautative, and the same is true after change X into Y, F into ¥ elo.,
then there exists « homeomorphism belween X and Y.
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Motivation

Mioduszewski’s restrictions:

- inverse limits of (not necessarily connected) polyhedra and
continuous surjective bonding functions,

- functions between coordinate spaces.
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Motivation

Mioduszewski’s restrictions:

- inverse limits of (not necessarily connected) polyhedra and
continuous surjective bonding functions,

- functions between coordinate spaces.

Possible generalizations:
- polyhedra «— compact metric spaces,
- 7,] «— set-valued functions
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Motivation

fm f, f,
1,/M2 mz,m3 Mog_1,M2k,
Xm1 sz szk 1 szk
A4 B Ak By
gn1,n2 Qng,n3 gn2k 1,12k
Yn1 Ynz e Yn2k—1 Ynzk
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Motivation

Banic¢, Erceg, and Kennedy revisit Mioduszewski’s results and give
necessary and sufficient conditions for a compact metric space to
be a continuous image of another one.

I. Bani¢, G. Erceg, J. Kennedy, Mappings theorem for inverse limits
with setvalued bonding functions, Bull. Malays. Math. Sci. Soc., 45
(2022), 2905-2940.
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Generalization

Theorem (M. C. & T. Sovic)

Let {X¢,fe}y, and {Ye, g}y, be inverse sequences of compact
metric spaces and surjective continuous bonding functions. Then
inverse limits lim{X, f};. , and LLFE{Y[,Q[}?L are homeomorphic if
and only if there are sequences (nk) and (my) of positive integers
and sequences (Ax) and (Bx) of upper semicontinuous functions
with surjective graphs, satisfying (1), (2), (3), (4), (5), (6), (7) or (1),
(2), (3), (4), (5), (6), (8).

(1) myg.1 > my and ng,q > ng for each positive integer k,

(2) mok—_1 = nok—1 and mok < noy for each positive integer k,
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Generalization

Theorem (M. C. & T. Sovic)

Let {X¢,fe}y, and {Ye, g}y, be inverse sequences of compact
metric spaces and surjective continuous bonding functions. Then
inverse limits lim{X, f};. , and LLFE{Y[,Q[}?L are homeomorphic if
and only if there are sequences (nk) and (my) of positive integers
and sequences (Ax) and (Bx) of upper semicontinuous functions
with surjective graphs, satisfying (1), (2), (3), (4), (5), (6), (7) or (1),
(2), (3), (4), (5), (6), (8).

(1) myg.1 > my and ng,q > ng for each positive integer k,
(2) mok—_1 = nok—1 and mok < noy for each positive integer k,

(3) Ak : Xmyy = Ynp, @nd By : Yp,, — Xm,, for each positive in-
teger k,
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Generalization

(4) for each positive integer k and for each j € {1,2,3,...,N2k_1},

gj,ngrq (AI’(X)) g (gj,ngkq o AK o fmgkq,mgrq )(X)

holds for each positive integer r > k and for each x € Xp,, ,,

fm2k—1 »M2r—1

szk-1 s - Xm2,_1

Matevz Crepnjak Coau Tina Sovié¢  University of Maribor, Slovenia

Characterizing inverse sequences ft their inverse limits are homeomorphic



Generalization

(5) for each positive integer k and for each j € {1,2,3,..., M},

fj,mgr(Br(X)) g (fj,m2k o Bk o gngk,ngr)(x)
holds for each positive integer r > k and for each x € Yp,,,

fl', mak fm2k Moy

Xf szk szr

Bk Br

gnzk»an

Yn2k < Yn2r
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Generalization

(6) for each positive integer j,
(a) Jim diam ((Gjny. © Ak © Py, )(X)) = O for each x e lim{Xe, felis.

(b) Jim diam((fimy, © Bic© Gny,)(¥)) = O for each y € lim( Y. ge)2,.
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Generalization

(7) (a) for each positive integer k and for each j € {1,2,3,..., My},
fi. mor_1 (X) € (£, mpyc © Bk © Gy .nar_y © Ar)(X) holds for each pos-
itive integer r > k and for each x € Xm,,_,,

ff,mzk fm2k sM2r—4

Xf szk szr 1

Bk Ar

g M2k, N2r—1

<7
Ynzk Ynzm

Matevz Crepnjak Coau Tina Sovié¢  University of Maribor, Slovenia

Characterizing inverse sequences for their inverse limits are homeomorphic



Generalization

(7) (b) for each positive integer j and & > 0 there exist positive inte-
gers K and R, such that

diam((fjvaK © Bk 9 gn2k7n2r—1 © Af © mer—1 )(X)) <eg,

foreachk >K,r> R, k <r,and each x e Ii(_m{Xg, il
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Generalization

(8) (a) for each positive integer k and for each j€{1,2,3,...,N2k_1},

9j.no; (x) € (gf,nqu o Ao fmgk,1,m2, o Br)(x)
holds for each positive integer r > k and for each x € Y, ,

fm2k71 ,Mar

szk—1 ——— szr

Ak B,

9j.nok1 Onoi_1.n

Ynzk 1 Ynzr
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Generalization

(8) (b) for each positive integer j and € > 0 there exist positive inte-
gers K and R, such that

diam((g],nqu oAko fm2k—17m2r oB;o anr)(y)) <eg,

foreachk >K,r>R,k<r,andeachye H(_m{Yg,gg}Z1.
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Application

Let P be the pseudo-arc and for each positive integer ¢, let
_Xf=[0’1]s Yf=Py
- fr : Xep1 — X¢ be any surjective function such that I(im{Xg, feYon 4
is a pseudo-arc, and
- gr: Yer1 — Yy be the identity function on P.
Note that a continuous image of an arc is again an arc, but since
the pseudo-arc contains no arcs, Bani¢, Erceg, and Kennedy show
that for a positive & < diam(P) there are no continuous functions Ax
from X, _, to Yp, , such that the above diagram is e-commutative.
By previous theorem there are set-valued functions Ax from Xp,,, ,
to Yy, , with all required properties.
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Application

Let X, be a compact metric space for each positive integer £ and
let ~1 be any equivalence relation on X;. Further, for each positive
integer ¢, let
(1) fr: Xes1 — Xe be a continuous surjective function,
(2) ~e41 be an equivalence relation on X1 such that for each x,y €
X4 it holds that x ~¢,1 y if and only if fo(x) = fz(y),
(8) 9c: Xest1 [~y — Xe/~, be defined by ge([X]es1) = [fe(X)]e-
(4) oc: Xe — X/ ~, be the natural quotient map defined by o¢(x) =
[x]¢ for each x € X;.
Then the inverse limits I(i_rn{X,;, fg};‘;1 and I(i_rD{Xg/Nt,,gg}g’f;1 are
homeomorphic.
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Application

Corollary

Let (f;) be a sequence of continuous surjective functions from [0, 1]
to [0, 1] such that f,(0) = f,(1) for each positive integer €. Then
I(i_rﬂ{ [0,1].f};2, is a circle-like continuum.
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Application

Corollary

Let (f;) be a sequence of continuous surjective functions from [0, 1]
to [0, 1] such that f,(0) = f,(1) for each positive integer €. Then
I(i_rﬂ{ [0,1].f};2, is a circle-like continuum.

Example

2x ; x€[0,3]

f:[o,1]—>[0,1],f(X)={2_2X . xe[lA]
) 2°
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Application

Corollary

Let (f;) be a sequence of continuous surjective functions from [0, 1]
to [0, 1] such that f,(0) = f,(1) for each positive integer €. Then
I(i_rﬂ{ [0,1].f};2, is a circle-like continuum.

Example

2x ; x€[0,3]
2-2x ; xe[51]
I(im{[o, 11,f};2, = Brouwer—Janiszewski—Knaster continuum

f:[0,1]1 = [0,1], f(x) =
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Application

Corollary

Let (f;) be a sequence of continuous surjective functions from [0, 1]
to [0, 1] such that f,(0) = f,(1) for each positive integer €. Then
I(i_rﬂ{ [0,1].f};2, is a circle-like continuum.

Example

2x ; x€[0,3]

2-2x ; xe[51]

lim{[0, 1], f}j,; ~ Brouwer—Janiszewski—Knaster continuum
ince f(0) = f(1), I(im{[0,1],f}§‘;1 is circle-like.

f:[0,1]1 = [0,1], f(x) =
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Generalized inverse limits

Example

For each positive integer ¢, let F; : [0,1] — [0, 1] be an upper
semicontinuous function defined by F.(x) = [0, 1] for each x € [0, 1]
and let G, :[0,1] — [0, 1] be an upper semicontinuous function

defined by
_ [0,1] ; x=0
Geln) = {{0} . xe(0.1]
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Generalized inverse limits

Problem

Is it true that if generalized inverse sequences {Xe, Fl;. , and
{Ye, Gely2 4 satisfy (1), (2), (3), (4), (5), (6), (7) or (1), (2), (3), (4),
(5), (6), (8) in the theorem (where the bonding functions f, and g,
are replaced by the set-valued functions F, and G, respectively),
then the generalized inverse limits Ef_T'I{Xg, Fe};24 and Ijr_n{Yg, Gy 4
are homeomorphic.
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Thank you!

matevz.crepnjak@um.si
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