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Motivation

Mioduszewski characterized inverse sequences of polyhedra for
which their inverse limits are homeomorphic (J. Mioduszewski,
Mappings of inverse limits, Colloq. Math., 10 (1963), 39-44.).
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Motivation

Mioduszewski’s restrictions:

- inverse limits of (not necessarily connected) polyhedra and
continuous surjective bonding functions,

- functions between coordinate spaces.

Possible generalizations:

- polyhedra←→ compact metric spaces,

- ↑,↓ ←→ set-valued functions
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Xm1 Xm2
. . . Xm2k−1 Xm2k

. . .

Yn1 Yn2
. . . Yn2k−1 Yn2k

. . .

fm1,m2 fm2,m3 fm2k−1,m2k

gn1,n2 gn2,n3 gn2k−1,n2k

A1 B1 Ak Bk
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Motivation

Banič, Erceg, and Kennedy revisit Mioduszewski’s results and give
necessary and sufficient conditions for a compact metric space to
be a continuous image of another one.
I. Banič, G. Erceg, J. Kennedy, Mappings theorem for inverse limits
with setvalued bonding functions, Bull. Malays. Math. Sci. Soc., 45
(2022), 2905-2940.
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Generalization

Theorem (M. Č. & T. Sovič)

Let {Xℓ, fℓ}∞ℓ=1 and {Yℓ,gℓ}∞ℓ=1 be inverse sequences of compact
metric spaces and surjective continuous bonding functions. Then
inverse limits lim

←−
{Xℓ, fℓ}∞ℓ=1 and lim

←−
{Yℓ,gℓ}∞ℓ=1 are homeomorphic if

and only if there are sequences (nk ) and (mk ) of positive integers
and sequences (Ak ) and (Bk ) of upper semicontinuous functions
with surjective graphs, satisfying (1), (2), (3), (4), (5), (6), (7) or (1),
(2), (3), (4), (5), (6), (8).

(1) mk+1 >mk and nk+1 > nk for each positive integer k ,

(2) m2k−1 ≥ n2k−1 and m2k ≤ n2k for each positive integer k ,

(3) Ak : Xm2k−1 ⊸ Yn2k−1 and Bk : Yn2k ⊸ Xm2k for each positive in-
teger k ,
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Let {Xℓ, fℓ}∞ℓ=1 and {Yℓ,gℓ}∞ℓ=1 be inverse sequences of compact
metric spaces and surjective continuous bonding functions. Then
inverse limits lim

←−
{Xℓ, fℓ}∞ℓ=1 and lim

←−
{Yℓ,gℓ}∞ℓ=1 are homeomorphic if

and only if there are sequences (nk ) and (mk ) of positive integers
and sequences (Ak ) and (Bk ) of upper semicontinuous functions
with surjective graphs, satisfying (1), (2), (3), (4), (5), (6), (7) or (1),
(2), (3), (4), (5), (6), (8).

(1) mk+1 >mk and nk+1 > nk for each positive integer k ,

(2) m2k−1 ≥ n2k−1 and m2k ≤ n2k for each positive integer k ,

(3) Ak : Xm2k−1 ⊸ Yn2k−1 and Bk : Yn2k ⊸ Xm2k for each positive in-
teger k ,
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Generalization

Theorem

(4) for each positive integer k and for each j ∈ {1,2,3, . . . ,n2k−1},

gj,n2r−1(Ar (x)) ⊆ (gj,n2k−1 ◦Ak ◦ fm2k−1,m2r−1)(x)

holds for each positive integer r > k and for each x ∈ Xm2r−1 ,

Xm2k−1 Xm2r−1

Yn2k−1Yj Yn2r−1

fm2k−1,m2r−1

gj,n2k−1 gn2k−1,n2r−1

Ak Ar
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Generalization

Theorem

(5) for each positive integer k and for each j ∈ {1,2,3, . . . ,m2k },

fj,m2r (Br (x)) ⊆ (fj,m2k ◦Bk ◦gn2k ,n2r )(x)

holds for each positive integer r > k and for each x ∈ Yn2r ,

Xm2k Xm2r

Yn2k

Xj

Yn2r

fm2k ,m2rfj,m2k

gn2k ,n2r

Bk Br
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Generalization

Theorem

(6) for each positive integer j,
(a) lim

k→∞
diam

(
(gj,n2k−1 ◦Ak ◦pm2k−1)(x)

)
= 0 for each x ∈ lim

←−
{Xℓ, fℓ}∞ℓ=1,

(b) lim
k→∞

diam
(
(fj,m2k ◦Bk ◦qn2k )(y)

)
= 0 for each y ∈ lim

←−
{Yℓ,gℓ}∞ℓ=1,
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Generalization

Theorem

(7) (a) for each positive integer k and for each j ∈ {1,2,3, . . . ,m2k },
fj,m2r−1(x) ∈ (fj,m2k ◦Bk ◦gn2k ,n2r−1 ◦Ar )(x) holds for each pos-
itive integer r > k and for each x ∈ Xm2r−1 ,

Xm2k Xm2r−1

Yn2k

Xj

Yn2r−1

fm2k ,m2r−1fj,m2k

gn2k ,n2r−1

Bk Ar
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Characterizing inverse sequences for which their inverse limits are homeomorphic



Generalization

Theorem

(7) (b) for each positive integer j and ε > 0 there exist positive inte-
gers K and R, such that

diam
(
(fj,m2k ◦Bk ◦gn2k ,n2r−1 ◦Ar ◦pm2r−1)(x)

)
< ε,

for each k ≥ K, r ≥ R, k < r, and each x ∈ lim
←−
{Xℓ, fℓ}∞ℓ=1,
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Generalization

Theorem

(8) (a) for each positive integer k and for each j ∈ {1,2,3, . . . ,n2k−1},

gj,n2r (x) ∈ (gj,n2k−1 ◦Ak ◦ fm2k−1,m2r ◦Br )(x)

holds for each positive integer r > k and for each x ∈ Yn2r ,

Xm2k−1 Xm2r

Yn2k−1Yj Yn2r

fm2k−1,m2r

gj,n2k−1 gn2k−1,n2r

Ak Br
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Characterizing inverse sequences for which their inverse limits are homeomorphic



Generalization

Theorem

(8) (b) for each positive integer j and ε > 0 there exist positive inte-
gers K and R, such that

diam
(
(gj,n2k−1 ◦Ak ◦ fm2k−1,m2r ◦Br ◦qn2r )(y)

)
< ε,

for each k ≥ K, r ≥ R, k < r, and each y ∈ lim
←−
{Yℓ,gℓ}∞ℓ=1.
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Application

Example

Let P be the pseudo-arc and for each positive integer ℓ, let

- Xℓ = [0,1], Yℓ = P,

- fℓ : Xℓ+1→ Xℓ be any surjective function such that lim
←−
{Xℓ, fℓ}∞ℓ=1

is a pseudo-arc, and

- gℓ : Yℓ+1→ Yℓ be the identity function on P.

Note that a continuous image of an arc is again an arc, but since
the pseudo-arc contains no arcs, Banič, Erceg, and Kennedy show
that for a positive ε < diam(P) there are no continuous functions Ak

from Xm2k−1 to Yn2k−1 such that the above diagram is ε-commutative.
By previous theorem there are set-valued functions Ak from Xm2k−1

to Yn2k−1 with all required properties.
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Application

Theorem

Let Xℓ be a compact metric space for each positive integer ℓ and
let ∼1 be any equivalence relation on X1. Further, for each positive
integer ℓ, let

(1) fℓ : Xℓ+1→ Xℓ be a continuous surjective function,

(2) ∼ℓ+1 be an equivalence relation on Xℓ+1 such that for each x,y ∈
Xℓ+1 it holds that x ∼ℓ+1 y if and only if fℓ(x) = fℓ(y),

(3) gℓ : Xℓ+1/∼ℓ+1 → Xℓ/∼ℓ be defined by gℓ([x]ℓ+1) = [fℓ(x)]ℓ.

(4) ϱℓ : Xℓ → Xℓ/∼ℓ be the natural quotient map defined by ϱℓ(x) =
[x]ℓ for each x ∈ Xℓ.

Then the inverse limits lim
←−
{Xℓ, fℓ}∞ℓ=1 and lim

←−
{Xℓ/∼ℓ ,gℓ}

∞
ℓ=1 are

homeomorphic.
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Application

Corollary

Let (fℓ) be a sequence of continuous surjective functions from [0,1]
to [0,1] such that fℓ(0) = fℓ(1) for each positive integer ℓ. Then
lim
←−
{[0,1], fℓ}∞ℓ=1 is a circle-like continuum.

Example

f : [0,1]→ [0,1], f (x) =

2x ; x ∈ [0, 12 ]

2−2x ; x ∈ [1
2 ,1]

lim
←−
{[0,1], f }∞ℓ=1 ≈ Brouwer–Janiszewski–Knaster continuum

Since f (0) = f (1), lim
←−
{[0,1], f }∞ℓ=1 is circle-like.
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Generalized inverse limits

Example

For each positive integer ℓ, let Fℓ : [0,1]⊸ [0,1] be an upper
semicontinuous function defined by Fℓ(x) = [0,1] for each x ∈ [0,1]
and let Gℓ : [0,1]⊸ [0,1] be an upper semicontinuous function
defined by

Gℓ(x) =

[0,1] ; x = 0

{0} ; x ∈ (0,1]
.
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Generalized inverse limits

Problem

Is it true that if generalized inverse sequences {Xℓ,Fℓ}∞ℓ=1 and
{Yℓ,Gℓ}∞ℓ=1 satisfy (1), (2), (3), (4), (5), (6), (7) or (1), (2), (3), (4),
(5), (6), (8) in the theorem (where the bonding functions fℓ and gℓ
are replaced by the set-valued functions Fℓ and Gℓ, respectively),
then the generalized inverse limits lim−⊸{Xℓ,Fℓ}

∞
ℓ=1 and lim−⊸{Yℓ,Gℓ}

∞
ℓ=1

are homeomorphic.
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Thank you!

matevz.crepnjak@um.si
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