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Let n € N. For natural ¢ < n we denote ith opposite faces of the
n-dimensional unit cube I as

L' ={z€l": 2z;=0}, ') ={z€1": 2z =1}.
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Let n € N. For natural ¢ < n we denote ith opposite faces of the
n-dimensional unit cube I as

L' ={z€l": 2z;=0}, ') ={z€1": 2z =1}.

Theorem (Poincaré-Miranda)

ForneNlet f: I" - R", f=(f1,...,fn) be a continuous function
such that f; [I' ] C (—o0,0] and f; [I",] C [0, 00) for each natural i < n.
Then, the preimage f~! [{0}] is nonempty.
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We say that subset S C I™ connects ith opposite faces of I™ if S is
connected and SN I]_ # 0+£S8nN I
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We say that subset S C I™ connects ith opposite faces of I™ if S is
connected and SN I]_ # 0+£S8nN I

Moreover we say that subset S C I™ connects some opposite faces of I™ if
S connects ith opposite faces of I" for some i < n.
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Theorem (W. Kulpa, L. Socha, M. Turzanski)

FormeNlet f: I" x I - R", f=(f1,...,fn) be a continuous function
such that f; [I]'_ x I] C (—00,0] and f; [I}', x I] C [0, 00) for each
natural 4 < n. Then, there exists connected subset S C f~1[{0}] such
that SN (I" x {0}) #0 # SN I" x {1}).
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Theorem (W. Kulpa, L. Socha, M. Turzanski)

FormeNlet f: I" x I - R", f=(f1,...,fn) be a continuous function
such that f; [I]'_ x I] C (—00,0] and f; [I}', x I] C [0, 00) for each
natural i < n. Then, there exists connected subset S C f~1[{0}] such
that SN (I" x {0}) #0 # SN I" x {1}).

It is called the parametric extension of the Poincaré-Miranda Theorem.

Reformulation

Forn>2let f: I" - R" Y f=(f1,..., fa_1) be a continuous function
such that f; [I ] C (—oo,p] and f;[I]',] C [p,c0) for some p € R™ ! and
each natural i < n — 1. Then, there exists subset S C =1 [{p}] which
connects nth opposite faces of 1.

Michat Dybowski 12.07.2024 4/11



The proof bases on the similar idea as the n-dimensional generalization of
the Steinhaus Chessboard Theorem discovered by Tkacz and Turzanski.
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The proof bases on the similar idea as the n-dimensional generalization of
the Steinhaus Chessboard Theorem discovered by Tkacz and Turzanski.

Case n = 2: Let some segments of the chessboard be mined.
Assume that king cannot go across the chessboard from the
left edge to the right one without meeting a mined square.
Then the rook can go from upper edge to the lower one
moving exclusively on mined segments.
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The proof bases on the similar idea as the n-dimensional generalization of
the Steinhaus Chessboard Theorem discovered by Tkacz and Turzanski.

Case n = 2: Let some segments of the chessboard be mined.
Assume that king cannot go across the chessboard from the
left edge to the right one without meeting a mined square.
Then the rook can go from upper edge to the lower one
moving exclusively on mined segments.

General case: For n, k € N let K be the standard decomposition of I"
into k™ cubes. Let F': I} — {1,...,n} be an arbitrary function. Then
there exist p € {1,...,n} and S C F~![{p}] such that |US connects
some opposite faces of I1".
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Parametric extension of the Poincaré-Miranda Theorem

Forn>2let f: I" =R f=(f1,..., fa_1) be a continuous function
such that f; [I]" ] C (—oc, p] and f; [I]",] C [p,00) for some p € R"~! and
each natural i < n — 1. Then, there exists compact subset S C f~! [{p}]
which connects nth opposite faces of I™.
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Parametric extension of the Poincaré-Miranda Theorem

Forn>2let f: I" =R f=(f1,..., fa_1) be a continuous function
such that f; [I]" ] C (—oc, p] and f; [I]",] C [p,00) for some p € R"~! and
each natural i < n — 1. Then, there exists compact subset S C f~! [{p}]
which connects nth opposite faces of I™.

Theorem (D., Gérka)

Forn € Nlet f: I"™ — R™! be a continuous function. Then, there exist a
point p € R"~! and a compact subset S C f~! [{p}] which connects some
opposite faces of the n-dimensional unit cube I™.
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Theorem

The Brouwer Fixed Point Theorem is a (simple) consequence of the result.
V.

Proof.

Let us suppose there exists a retraction r: I — JI™ i.e. r is continuous
and 7|4x is the identity function.
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SNaIt =gt [{p} = {xo,z1} for some points zy # 1.
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Theorem

The Brouwer Fixed Point Theorem is a (simple) consequence of the result.
V.

Proof.

Let us suppose there exists a retraction r: I — JI™ i.e. r is continuous
and 7|« is the identity function. Let g: 0I™ — R"™~! be an arbitrary
continuous function such that [g~! [{p}]| < 2 for every p € R"~! and we
define f = gor: I"™ — R" . Since f is continuous, we can use the result
so there exist p € R"~! and a compact subset S C f~! [{p}] which
connects some opposite faces of I™. Thus, in particular |[S N OI"| > 2, and
SNoI™ c g~![{p}] since r is retraction. Then

SNaIt =gt [{p} = {xo, z1} for some points zy # x1. Moreover

7S] = {zo,z1} and then S = (r ' [{zo}]NS)U (r ' [{z1}] N S) and it

violates the connectedness of S. 1)
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The proof of the result consists of 3 steps.
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The proof of the result consists of 3 steps.

S1 Solving the discrete formulation of the result.

Theorem

Let n € N. There exists constant C), > 0 such that the following property
holds:

Let k € N and F: K} — Z"~! be a function such that

|F(K,) — F(Ks2)||,, <1if K1 N Ky #0. Then there exist an 1-connected
subset P C Z"~! with |P| < C,, and subset S C F~! [P] such that JS
connects some opposite faces of I™.

Michat Dybowski 12.07.2024 8/11



The proof of the result consists of 3 steps.

S1 Solving the discrete formulation of the result.

Theorem

Let n € N. There exists constant C), > 0 such that the following property
holds:

Let k € N and F: K} — Z"~! be a function such that

|F(K,) — F(Ks2)||,, <1if K1 N Ky #0. Then there exist an 1-connected
subset P C Z"~! with |P| < C,, and subset S C F~! [P] such that JS
connects some opposite faces of I™.

The proof is based on the n-dimensional Steinhaus Chessboard
Theorem and the notion of clustered chromatic numbers which comes
from graph theory.
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S2 Solving the approximate problem.

For n €N let f: 1" - R"! be a continuous function.
Then, for every e >0 there exist p. € R™ ! and a compact
subset S. C f 1 [{B(pe,¢)}] which connects some opposite
faces of the n-dimensional unit cube I”.
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S2 Solving the approximate problem.

For n €N let f: 1" - R"! be a continuous function.
Then, for every e >0 there exist p. € R™ ! and a compact
subset S. C f 1 [{B(pe,¢)}] which connects some opposite
faces of the n-dimensional unit cube I”.

S3 Applying the machinery of Hausdorff convergence to obtain the result
from its approximate version.
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Theorem

The n-dimensional Steinhaus Chessboard Theorem is a (simple)
consequence of the result.

Proof.
Let n,k € Nyn > 2 and F: K — {1,...,n} be an arbitrary function.
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Proof.

Let n,k € Nyn > 2 and F: K} — {1,...,n} be an arbitrary function. For
i <n—1let f;: I — R be an arbitrary continuous function such that

£ H[{0}) = U F~' [{i}]. Let us define continuous function f: I"™ — R"!
as f=(f1,f2,-+ s fu—1)
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Theorem

The n-dimensional Steinhaus Chessboard Theorem is a (simple)
consequence of the result.

Proof.

Let n,k € Nyn > 2 and F: K} — {1,...,n} be an arbitrary function. For
i <n—1let f;: I — R be an arbitrary continuous function such that

£ H[{0}) = U F~' [{i}]. Let us define continuous function f: I"™ — R"!
as f = (f1, f2,.--, fa_1). Then, there exist p € R"~! and a compact
subset S C f~![{p}] which connects ith opposite faces of I"™ for some

i <n.

We can easily see that S C |J F~![{j}] for some j < n, and then for
S'={KeF[{j}]: SNK #0}, set |JS’ connects ith opposite faces
of I since S does. O

V.
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