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The Space of Quantum States (2 dimensions)
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The Bloch Sphere
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The Space of Quantum States (2 dimensions)
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• A 2 dimensional quantum state (”qubit”)

w =
(

w1

w2

)
∈C2

• Some helpful structure...(
w1

w2

)
∼

(
λw1

λw2

)
, λ= r e iθ ∈C∗
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The Space of Quantum States (2 dimensions) (
w1

w2

)
∼

(
λw1

λw2

)
,λ= r e iθ

• Let E :C2 →C2/C∗ ∼=CP1

C2

CP1

E
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The Space of Quantum States (2 dimensions) (
w1

w2

)
∼

(
λw1

λw2

)
,λ= r e iθ

• Let E :C2 →C2/C∗ ∼=CP1

• g establishes a convenient isomorphism toS2

C2

CP1 S2

E

g
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The underlying space ofCP1

• Lets look at our isomorphism g :CP1 →S2

• We may viewCP1 asC∪∞ under the
bijective map[(

w1

w2

)]
7→

{
∞ if w2 = 0
w1
w2

o.w.

• ConsiderS2 ⊂R3 and (x, y,0) ⊂R3 asC.
• Take a point ζ ∈C, and identify it with

s ∈S2, where s is intersection between ζ
and (0,0,1).
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ζ

s

C

S2 ∼=CP1
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The Space of Quantum States (2 dimensions) (
w1

w2

)
∼

(
λw1

λw2

)
,λ= r e iθ

• Let E :C2 →C2/C∗ ∼=CP1

• ViewingC2 asR4,π removes degree of freedom (r)
• f removes degree of freedom (θ)
• H = g ◦ f :S3 →S2 is the Hopf Fibration

C2

CP1 S2

E

g
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Group Actions, Symmetry, and Evolution

• SU (2)- 2×2 unitary matrices with determinant 1

• SU (2) acts onCP1

• SU (2) ↔ how quantum states change

SU (2) ∼= SO(3)

• The orbit of SU (2) on w ∈CP1 generates our space

SU (2)/U (1) ∼=S3/S1 ∼=CP1
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Why is this representation useful?
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Spin Glass Systems

Given an interaction graph, G = (V ,E).
Vertices correspond to Quantum States
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Spin Glass Systems

Given an interaction graph, G = (V ,E).
Vertices correspond to Quantum States

Edges represent interactions that result in energy
Task: configure a system with highest energy
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Relaxation and Rounding

• This is (computationally) hard to solve!

• Instead, we will use our representation and design a vector program
• approximates the highest energy
• BUT it returns v1, . . . , vn ∈Rn (here, n is the number of vertices in the graph)
• We need ṽ1, . . . , ṽn ∈S2!

• Getting back to the space of Quantum States is called Rounding
• we need to preserve inner products:

vi · v j ≈ ṽi · ṽ j
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Relaxation and Rounding
Rn

vi

v j

θ

R3

ṽi

ṽ j

θ̃

• Hyperplane rounding (getting to S2)

Z ∼N (0,1)3×n

• Then, we may define

ṽi := Z vi

||Z vi ||
• This lands ṽi right on S2, and θ ≈ θ̃. We are back to the land of

quantum states!
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Higher Dimension Quantum States: Motivation

1 the best we can do on our spin glass problem is 50%

Entanglement!

2 its required in the standard model

SU (3) ⇐⇒ strong interaction

3 interesting complexity implications (take my word for it)
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So what am I doing at a topology conference?
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The Challenge of Qudits (d>2)
w ∼λw, λ= r e iθ

• w ∈Cd represent d dimensional quantum states

• The orbit of SU (d) on an element w ∈CP1 generates our space

SU (d)/U (1) ∼=CPd−1

Cd

S2d−1 CPd−1 ∼=S2d−1/S1 6∼=S2d
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The space of Quantum states -CPd−1

What we know
• homeomorphic toS2d−1/S1

• has real dimension 2d −2 and is a submanifold ofRd 2−1

• is a compact and connected Hausdorff space
• is generated by SU (d)

What we need
• A good representation ofCPd−1
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Thank you!
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