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Definitions and notation

|
Let X be a non-empty compact metric space and let F C X x X be
a relation on X. If F is closed in X x X, then we say that F is a
closed relation on X.
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Definitions and notation

|
Let X be a non-empty compact metric space and let F C X x X be
a relation on X. If F is closed in X x X, then we say that F is a
closed relation on X.

|
Let X be a non-empty compact metric space and F a closed
relation on X. The Mahavier product of F is defined by

X,J_: = {(X1,X2,X3,...) €

DN |:

X | (Xi, Xi+1) € F for each positive integer i}.
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|
Let X be a non-empty compact metric space and let F be a closed
relation on X. The function o : X — X{, defined by

O';:—(X1 , X2,X3,.. ) = (X2,X3,X4, a0 )

for each (x1,x2,Xs,...) € X£, is called the shift map on X;.
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|
Let X be a non-empty compact metric space and let F be a closed
relation on X. The function o : X — X{, defined by

O';:—(X1 , X2,X3,.. ) = (X2,X3,X4, a0 )

for each (x1,x2,Xs,...) € X£, is called the shift map on X;.
|
Let X be a compact metric space and F a closed relation on X.

The dynamical system (Xz,of) is called a Mahavier dynamical
system.
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|
A dynamical system (X, f) is sensitive, if there exists £ > 0 such
that for each non-empty open set U C X, there exists a positive
integer n such that diam(f"(U)) > e.
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A dynamical system (X, f) is sensitive, if there exists £ > 0 such
that for each non-empty open set U C X, there exists a positive
integer n such that diam(f"(U)) > e.

In this case ¢ is called a sensitivity constant of (X, f).
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|
A dynamical system (X, f) is sensitive, if there exists £ > 0 such
that for each non-empty open set U C X, there exists a positive
integer n such that diam(f"(U)) > e.
In this case ¢ is called a sensitivity constant of (X, f).

|
Dynamical system (X, f) is cofinitely sensitive, if there exists
€ > 0 such that for each non-empty open set U C X, there exists a
positive integer ng such that diam(f"(U)) > & for each positive
integer n > ng.
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Let X =ZU{—o0,0c0}. For each integer k let

o - 1—21—k © keN
2k_1 ; keZ\N’

andlet Y={-1,1}uU U{qk}. Note that X and Y are homeomorphic.

keZ
Let h: Y — X be a homeomorphism with h(gx) = k for each integer
k. On X we use the metric d defined by

d(x,y) =1h~'(x) = h~ ()l

Tina Sovié

(Cofinitely) sensitivity for Mahavier dynamical systems



Definitions and notation
0000e0

We define a close relation F on X by

F={(2,25+1),(2%, -2 - 1), (-2 - 1,2" +2) | k e N}
U{(k,k+1) |k e N\ (2K | keN}}
U{(O’1)’(00’00)’(005_00)’(_00’00)}-

Then (XZ,0f) is a sensitive dynamical system, which is not
cofinitely sensitive.
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Closed relations that imply sensitivity

Observation

Let X be a compact metric space and let F be a closed relation on
X. If there exist closed relations A and B on X, with F=AUB,
ANB=0andnr(A) =m1(B) = X, then (X£,o}) is a cofinitely
sensitive dynamical system with € = min{d(A(x),B(x)) | x€ X} >0
being its sensitivity constant.
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Theorem

Let X be a compact subspace of R and let F be a closed relation
on X. If there exist closed relations A and B on X, such that

bl F=AUB,

B AnB=#F,

B m1(A)=m(B) =X,

A (AnB)NA=0, and

B AC{(x,y)eXxX|y<x}jorAcC{(x,y)eXxX|y=>x},
then (X£,og) is sensitive.

Tina Sovié

(Cofinitely) sensitivity for Mahavier dynamical systems



Closed relations that imply sensitivity
[e]e] le]ele]e]

Let X =[0,1] and let F € X x X be the union of two straight line
segments, first one from (1,0) to (O, %) and the second one from
(0, %) to (1,1). Then (X, o) is sensitive.
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Let X be a compact subspace of R with m=minX and M = max X.
Let F be a closed relation on X, satisfying

B 72(F) € mi(F),

H for each x € X it holds that m € F(x) if and only if x = m,

H there exist closed relations A and B on X such that
El F-AUB,
H AC{(xy)eXxX|y<x},BC{(x,y)e XxX|yz=x},
E ANA= {(m’m)}’ BNA= {(m’m)}:
B there exist a € (m, M) with [m,a] C 7r1(A) N71(B).

Then (X¢,of) is cofinitely sensitive.

Tina Sovié

(Cofinitely) sensitivity for Mahavier dynamical systems



Closed relations that imply sensitivity
[ee]ele] Tele]

Let X =[0,1] and F = {(t,£) | t € [0, 1]} U{(t, V3t) | t €O, VLE]}. Then
XE is homeomorphic to the Lelek fan, and (X£, o) is cofinitely
sensitive.
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Theorem

Leta,beR,a<b, X=[a,b], letf: X — X be a strictly increasing
continuous function, and let B be a closed relation on Y C X, such
that for each x € X with f(x) = x, there exist ay,byx € Y, ax < by,
such that

Bl xelax.b]CY and
B I(f) N Blja,.b,] is an empty set.
If F=T(f)UB, then (Xt,0}f) is sensitive.
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Theorem

Leta,beR,a<b, X=[a,b], letf: X — X be a strictly decreasing
continuous function, and let B be a closed relation on Y C X, such
that for each x € [a, b] with f2(x) = x, there exist ay,byx € Y, ay < by,
such that

Bl xc[ax,bx] C Y orf(x)elax,bx] S Y and
B ()N Blja,.b, is an empty set.
If F=T(f)UB, then (X£,o}) is sensitive.
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Subsets of a closed relation and sensitivity

Theorem

Let X be a compact metric space and G a closed relation on X
such that (X%, o) is sensitive. Suppose F is a closed relation on
X with G C F, ma(F) € m1(G), and of- is an open map. Then

(Xg, o) is sensitive, too.
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Subsets of a closed relation and sensitivity

Theorem

Let X be a compact metric space and G a closed relation on X
such that (X%, o) is sensitive. Suppose F is a closed relation on
X with G C F, ma(F) € m1(G), and of- is an open map. Then

(Xg, o) is sensitive, too.

Observation

Let X be a compact metric space, let n be a positive integer and let
F =L, T(hj), where h; : X — X is a homeomorphism for each i.
Then o : Xt — X{ is an open map.
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For a compact metric space X, let

Ax ={(x,x) | x € X}.

Theorem

Let X be a compact metric space and let F be a closed relation on
X. If Ax € F and (X{,oF) is sensitive, then (X£, o) is cofinitely
sensitive.
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For a compact metric space X, let

Ax ={(x,x) | x € X}.

Theorem

Let X be a compact metric space and let F be a closed relation on
X. If Ax € F and (X{,oF) is sensitive, then (X£, o) is cofinitely
sensitive.

Theorem

Let X be a compact metric space, let G be a closed relation on X
with 71(G) = m2(G) = X. If F = GUAx and (X, 0(,) is sensitive,
then (X£,og) is cofinitely sensitive.
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Thank you !

tina.sovic@um.si
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