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Connection to 3-Manifolds
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Connection to 3-Manifolds

Thurston: g ≥ 2, then

• f periodic ⇐⇒ Mf admits metric locally

isometric to H
2 × R

• f reducible ⇐⇒ Mf contains an

incompressible torus

• f pseudo-Anosov ⇐⇒ Mf admits a

hyperbolic metric



Constructing Pseudo-Anosov Maps

A multicurve in S is the union of a finite collection of disjoint

simple closed curves in S

DA =
∏n

i=1
Dαi

is a multitwist

A and B are filling multicurves if the complement of A ∪B is a

union of disks and once punctured disks
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Thurston: A and B are filling multicurves in S. There is a
representation ρ : ⟨DA, DB⟩ −→ PSL(2,R) such that

f ∈ ⟨DA, DB⟩ is pseudo-Anosov if and only if |Tr(ρ(f))| > 2.
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representation ρ : ⟨DA, DB⟩ −→ PSL(2,R) such that

f ∈ ⟨DA, DB⟩ is pseudo-Anosov if and only if |Tr(ρ(f))| > 2.
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f =

(

1 1

0 1

)

and g =

(

1 0

1 1

)

fg =

(

2 1

1 1

)

Thurston’s construction =⇒ fg pseudo-Anosov
ie. positive twist around a followed by negative twist around b is

pseudo-Anosov

Constructing Pseudo-Anosov Maps



Penner: Let A = {a1, . . . , an} and B = {b1, . . . , bm} be filling

multicurves on S. Then any product of positive Dehn twists about

aj and negative Dehn about bk is pseudo–Anosov provided that all

n+m Dehn twists appear in the product at least once.
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Penner: Let A = {a1, . . . , an} and B = {b1, . . . , bm} be filling

multicurves on S. Then any product of positive Dehn twists about

aj and negative Dehn about bk is pseudo–Anosov provided that all

n+m Dehn twists appear in the product at least once.

Positive Dehn twists

around curves in A

Negative Dehn twists

around curves in B

Constructing Pseudo-Anosov Maps





































































S is finite-type if the fundamental

group is finitely generated
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Σ is infinite-type if the fundamental

group is infinitely generated



S is finite-type if the fundamental

group is finitely generated

Σ is infinite-type if the fundamental

group is infinitely generated

Mapping class groups of infinite type surfaces are called

big mapping class groups











Recall: Connection to 3-Manifolds





Can we find a graph on which big mapping class

groups admit a hyperbolic action?



















Vertices: Isotopy classes of essential arcs
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Theorem (Bar-Natan – V.): For a large class of
surfaces, the grand arc graph is connected,

hyperbolic, has infinite diameter, and there exist
elements of MCG(Σ) which act hyperbolically

on the grand arc graph.

























Hyperbolic Actions

g ∈ G acts hyperbolically if for any x ∈ X, d(x, gx) is uniformly
bounded from below.



Hyperbolic Actions

g ∈ G acts hyperbolically if for any x ∈ X, d(x, gx) is uniformly
bounded from below.

Theorem (Bar-Natan – V.): Let ϕ
be a pseudo-Anosov mapping class
that fixes the boundary of W . Let
ϕ̄ ∈ MCG(Σ) be the homeomorphism
fixing W c and acting as ϕ on W .
Then ϕ̄ acts hyperbolically
on G(Σ).


