Remarks on enriched protomodularity

Maria Manuel Clementino, Andrea Montoli, Diana Rodelo

Centre for Mathematics of the University of Coimbra
University of Algarve, Portugal

20 June 2022

Remarks on enriched protomodularity (TACL '22) 1/14



Introduction

@ Introduction

Remarks on enriched protomodularity TACL '22) 1/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,
Va: A—Y

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,

Va: A—>Y
< pb properties (on points)

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,
Va: A—Y

< pb properties (on points)

- Can OrdAb be Ord-enriched to recover (sort of) protomodularity?

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,
Va: A—Y

< pb properties (on points)

- Can OrdAb be Ord-enriched to recover (sort of) protomodularity?
(pbs <> comma objs/(2-)pbs to get “a*" conservative + equiv pps)

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,
Va: A—Y

< pb properties (on points)

- Can OrdAb be Ord-enriched to recover (sort of) protomodularity?
(pbs <> comma objs/(2-)pbs to get “a*" conservative + equiv pps)

- Aim: - give positive answer

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,
Va: A—Y

< pb properties (on points)

- Can OrdAb be Ord-enriched to recover (sort of) protomodularity?
(pbs <> comma objs/(2-)pbs to get “a*" conservative + equiv pps)

- Aim: - give positive answer (propose a name)

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,
Va: A=Y
< pb properties (on points)

- Can OrdAb be Ord-enriched to recover (sort of) protomodularity?
(pbs <> comma objs/(2-)pbs to get “a*" conservative + equiv pps)

- Aim: - give positive answer (propose a name)
- give examples (OrdAb = Ord-enriched OrdAb)

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Motivation

- OrdAb (preordered abelian groups) - (X, 4,0, <), < preorder
- Ab (abelian groups) is protomodular  (Split Short 5 Lemma)
- OrdAb is not protomodular (< against protomodularity)

- C lexis : pb functor a*: Pty (C) — Pta(C) conservative,
Va: A=Y
< pb properties (on points)

- Can OrdAb be Ord-enriched to recover (sort of) protomodularity?
(pbs <> comma objs/(2-)pbs to get “a*" conservative + equiv pps)

- Aim: - give positive answer (propose a name)
- give examples (OrdAb = Ord-enriched OrdAb)

Remarks on enriched protomodularity (TACL '22) 2/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)
(R+T)

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)
f (R+T)
—

X XY

—

g

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
—
X XY fxg = pfa<pBga
'

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

-< on (X,+,0) <« submonoid of X

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

-< on (X,+,0) <« submonoid of X
Px ={x€ X:0< x}

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}

- f: X — Y monotone (abelian) group homomorphism

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
X \J)KJ Y f g = /Bfa ﬁga C lex Ord—inriched
g
- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}
- f: X — Y monotone (abelian) group homomorphism

-f,g: X =Y, fxg iff VxePx, (0<)f(x)<g(x)

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
X \J)KJ Y f g = /Bfa ﬁga C lex Ord—inriched
g
- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)
-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}

- f: X — Y monotone (abelian) group homomorphism

-f,g: X =Y, f<g iff Vx € Px, (0<) f(x) < g(x)

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
X \J)KJ Y f g = /Bfa ﬁga C lex Ord—inriched
g
- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)
-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}

- f: X — Y monotone (abelian) group homomorphism

-f,g: X =Y, f<g iff Vx € Px, (0<) f(x) < g(x)

(Vx € X, f(x) <g(x) = —f(x) < —g(x) = gx)<f(x) = g=xf)

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
X \J)KJ Y f g = /Bfa ﬁga C lex Ord—inriched
g
- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)
-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}

- f: X — Y monotone (abelian) group homomorphism

OrdAb - f,g: X = Y, f<g iff [Vx € Px, (0<) f(x) < g(x)

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}

- f: X — Y monotone (abelian) group homomorphism

OrdAb - F,g: X = Y, f<g iff [Vx € Px, (0 <) f(x) < g(x)

0 f(x)=2x f(x)=9x

XY z7 x>z (2N A (Z3L)
~ = ~ = —_
Vg g(x)=7x g(x)=3x

Remarks on enriched protomodularity (TACL '22) 3/14



Introduction

Ord-enriched categories

- C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

f (R+T)
- co der in C
reverse preorder In
X \J)KJ Y f < g = /Bfa 4 ﬁga C lex Ord-enriched
g

- OrdAb: - (X, +,0, S) preordered abelian group (abelian group with preorder

sth + is monotone: x < y,u<v = x4+u<y+v)

-< on (X,+,0) <« submonoid of X
° Px ={x€ X:0< x}

- f: X — Y monotone (abelian) group homomorphism

OrdAb - F,g: X = Y, f<g iff [Vx € Px, (0 <) f(x) < g(x)

0 f(x)=2x f(x)=9x

XY z7a>z (2N v (Z32)
~ = ~ = —_
Vg g(x)=7x g(x)=3x

Remarks on enriched protomodularity (TACL '22) 3/14



Comma objects

© Comma objects

Remarks on enriched protomodularity TACL '22) 3/14



Comma objects

Definition

- C lex Ord-enriched category

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Definition

- C lex Ord-enriched category

of ordered pair (f,g)

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Definition

- C lex Ord-enriched category

of ordered pair (f,g)

flg——>27

7r1l < g

X Y
f

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Definition

- C lex Ord-enriched category
of ordered pair (f,g)

(Cl) frm < g7

flg——>27

7r1l < I:4

X Y
f

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Definition

- C lex Ord-enriched category
of ordered pair (f,g)

(Cl) frm < g7

M\ =«

(C2) fa<xgB = E!A:{ﬂz)\zﬂ

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Definition

- C lex Ord-enriched category
of ordered pair (f,g)

(Cl) frm < g7

. M\ =«
(C2) fa<xgB = E.A.{ﬂz)\zﬂ
<a,B<p

= AN

(C3) fa—\< g0
s gp

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Definition

- C lex Ord-enriched category
of ordered pair (f,g)

(Cl) frm < g7

. M\ =«
(C2) fa<xgB = E.A.{ﬂz)\zﬂ
<a,B<p

= AN

(C3) fa—\< g0
s gp

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Definition

- C lex Ord-enriched category
of ordered pair (f,g)
(Cl) frm < g7

(C2) fa < gB = E!A:{Wl)‘:a

™A =0

gm
,6,

<a,Bp0
(C3) < = A=<\
<

of (f,g): (C1) + (C2)

Remarks on enriched protomodularity (TACL '22) 4/14



Comma objects

Precomma objects in OrdAb

C (X X Z,Pgg) -2 Pr/g = {(x,2) € Px x Pz : f(x) < g(2)}
7\'1l < lg
X Y

Remarks on enriched protomodularity (TACL '22) 5/14



Comma objects

Precomma objects in OrdAb

C (X X Z,Pgg) -2 Pr/g = {(x,2) € Px x Pz : f(x) < g(2)}
7\'1l < lg
X Y

- (X x Z,{0,0})

Remarks on enriched protomodularity (TACL '22) 5/14



Comma objects

Precomma objects in OrdAb

C (X X Z,Pgg) -2 Pr/g = {(x,2) € Px x Pz : f(x) < g(2)}
7\'1l < lg
X Y

- (X x Z,{0,0})

frix < gmz

Remarks on enriched protomodularity (TACL '22) 5/14



Comma objects

Precomma objects in OrdAb

C (X X Z,Pgg) -2 Pr/g = {(x,2) € Px x Pz : f(x) < g(2)}
7\'1l < lg
X Y

- (X x Z,{0,0})

frix < gmz

(frrx(0,0) =0 < 0=gmz(0,0))

Remarks on enriched protomodularity (TACL '22) 5/14



Comma objects

Precomma objects in OrdAb

C (X X Z,Pgg) -2 Pr/g = {(x,2) € Px x Pz : f(x) < g(2)}
7\'1l < lg
X Y

- (X x Z,{0,0})

frx < grz
(frrx(0,0) =0 < 0=gmz(0,0))

= f/g = X X Z (as groups)

Remarks on enriched protomodularity (TACL '22) 5/14



Comma objects

Precomma objects in OrdAb

C (X X Z,Pgg) -2 Pr/g = {(x,2) € Px x Pz : f(x) < g(2)}
7\'1l < lg
X Y

- (X xZ,{(0,0)}) \nv

f/lg ——

/ 7 frx < grz
¢ ig (frx(0,0) =0 < 0 = gmz(0,0))
<
Y

X = f/g = X X Z (as groups)
f

- (C1), (C2) hold: precomma obj

Remarks on enriched protomodularity (TACL '22) 5/14



Comma objects

Precomma objects in OrdAb

C (X X Z,Pgg) -2 Pr/g = {(x,2) € Px x Pz : f(x) < g(2)}
7\'1l < lg
X Y

- (X xZ,{(0,0)}) \nv

f/lg ——

/ V4
¢ . ig (frx(0,0) =0 < 0 = gmz(0,0))
% = f/g = X X Z (as groups)

frix < gmz

XH{-

- (C1), (C2) hold: precomma obj

- (C3) doesn't hold: not a comma obj

Remarks on enriched protomodularity (TACL '22) 5/14



Comma objects

Comma objects on points

g
- Pty(C) cat of c Z=—=Y,  gt=1y

Remarks on enriched protomodularity (TACL '22) 6/14



Comma objects

Comma objects on points

g
- Pty(C) cat of : Z? Y, gt=1y
.Y\L/ fs=1y, fy=g, vyt =s
S
X

Remarks on enriched protomodularity (TACL '22) 6/14



Comma objects

Comma objects on points

g
- Pty(C) cat of : Z? Y, gt=1y
.Y\L/ fs=1y, fy=g, vyt =s
S
X

Va: Pty(C) — Pta(C)

Remarks on enriched protomodularity (TACL '22) 6/14



Comma objects

Comma objects on points

g
- Pty(C) cat of : Z? Y, gt=1y
.Y\L/ fs=1y, fy=g, vyt =s
S
X

Va: Pty(C) — Pta(C)

A s
" ‘
a/f —=X +—> a/f
1a ﬂ-ll/ < fws WI\H\OA?SO‘)
A Y A

a < fsa (= a)

Remarks on enriched protomodularity (TACL '22) 6/14



Comma objects

Comma objects on points

g
- Pty(C) cat of : Z? Y, gt=1y
.Y\L/ fs=1y, fy=g, vyt =s
S
X

Va: Pty(C) — Pta(C)

1

-~

[ asa)
A

Remarks on enriched protomodularity (TACL '22) 6/14



Comma objects

Comma objects on points

g
- Pty(C) cat of : Z? Y, gt=1y
.Y\L/ fs=1y, fy=g, vyt =s
S
X

Va: Pty(C) — Pta(C)

a/g
)
X — aff
TN

Ha(X==Y)=(flaz==A)

Remarks on enriched protomodularity (TACL '22) 6/14



Comma objects

Comma objects on points

g
- Pty(C) cat of : Z? Y, gt=1y
.Y\L/ fs=1y, fy=g, vyt =s
S
X

Va: Pty(C) — Pta(C)

a/g
NS
X — o/f e
N

Ha(X==Y)=(flaz==A)

Remarks on enriched protomodularity (TACL '22) 6/14



Comma objects

Comma objects vs pbs |

- precomma objects <> pullbacks
comma objects <> 2-pullbacks

Remarks on enriched protomodularity (TACL '22) 7/14



Comma objects

Comma objects vs pbs |

- precomma objects <> pullbacks
comma objects <> 2-pullbacks

« —> o « —> o

RINNEY

Remarks on enriched protomodularity (TACL '22) 7/14



Comma objects

Comma objects vs pbs |

- precomma objects <> pullbacks
comma objects <> 2-pullbacks

« —> o « —> o

RINNEY

+ Glueing comma objs: [1] and [2] comma objs = comma obj

Remarks on enriched protomodularity (TACL '22) 7/14



Comma objects

Comma objects vs pbs |

- precomma objects <> pullbacks
comma objects <> 2-pullbacks

RN

+ Glueing comma objs: [1] and [2] comma objs = comma obj

(C2) fails

Remarks on enriched protomodularity (TACL '22) 7/14



Comma objects

Comma objects vs pbs |

- precomma objects <> pullbacks
comma objects <> 2-pullbacks

RN

. Glueingpréomma objs: [1] and [2] " comma objs = " comma obj

(C2) fails

Remarks on enriched protomodularity (TACL '22) 7/14



Comma objects

Comma objects vs pbs |

- precomma objects <> pullbacks
comma objects <> 2-pullbacks

« —> o « —> o

S o
. Glueingpréomma objs: [1] and [2] " comma objs = " comma obj
(C2) fails
- OrdAb: UXXXZ—XXZ——2Z
PN
u X Y

Remarks on enriched protomodularity (TACL '22) 7/14



Comma objects

Comma objects vs pbs |

- precomma objects <> pullbacks
comma objects <> 2-pullbacks

« —> o « —> o

RINNEY

. Glueingpréomma objs: [1] and [2] " comma objs = " comma obj

(C2) fails

cOrdAb: UXZ2UXXXZ—XXZ—

RN

U X

Remarks on enriched protomodularity (TACL '22) 7/14



Comma objects

Comma objects vs pbs |

- C lex Ord-enriched category with comma objs

Remarks on enriched protomodularity (TACL '22) 8/14



Comma objects

Comma objects vs pbs |

- C lex Ord-enriched category with comma objs

L. P2 f/g z commutative, [2] comma obj

™2

g

X Y

1o
2]
f

Remarks on enriched protomodularity (TACL '22) 8/14



Comma objects

Comma objects vs pbs |

- C lex Ord-enriched category with comma objs

™2

L. P2 f/g 4 commutative, [2] comma obj
Pll p) ml < g [1]2] comma obj < 2-pb
1
X’ X @ Y

Remarks on enriched protomodularity (TACL '22) 8/14



Comma objects

Comma objects vs pbs |

- C lex Ord-enriched category with comma objs

L. P2 f/g z commutative, E]Pgomma obj
Pll p) ml < lg [1]2] comma obj < 2-pb
X 2] Y precomma obj < pb

f

™2

Remarks on enriched protomodularity (TACL '22) 8/14



Comma objects

Comma objects vs pbs |

- C lex Ord-enriched category with comma objs

L. P—2.f/g

™2

V4

pll D ‘l'rll < g
2]
f

X' ——=X Y
L2. (= L1in C*) P2 .z
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(pre)
commutative, 2] comma obj

™ < [2]|s precomma ob] < pb
X ; Y
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X
\LTJ f“s (72, s) jointly extremally epimorphic (jee)
Y

- — >

- X 0+ lex: protomodularity < Split Short 5 Lemma

- Ex: Grp, Ab, (lex) additive cats, Set®” (dual of any elementary topos)
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Ax Z ~ z
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Va(v)=1ax7v !
e E\\ ¢
T2
: A\ A X X X
_ Nco
™1 flls I

- (
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L1. comma obj. comma obj <> 2-pb
. .
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= Vq4: Pty(OrdAb) — Pta(OrdAb) --. conservative
- Hy: Pty (OrdAb) — Pta(OrdAb) (precomma obj functors) not

conservative (Z x Z,0)
Lzxz (Z x Z,0) 0

17z

(Z x 2,0 x N) +

N
1,0
LXTL +

(Z X Z,N x N) ———> (Z,N)
(0,1)
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