On the dourle catecory of
cO3laerras

Dirk Hofmann

CIDMA, Department of Mathematics, University of
Aveiro, Portuaal

dirk@ua.pt, http://sweet.ua.pt/dirk

Coimera, June 23,2022


dirk@ua.pt
http://sweet.ua.pt/dirk

Based on joint work with
- Seraey Goncharov,
- Pedro Norsa,
- Lutz Schréder,
- Paul Wild,

from Friedrich-Alexander—-Universitat Erlancen-Nurnrere.



R.eminder: coalaerras

Definition
For a functor F: C — C, one defines coalaerra

FX Fy
| Ja
X y



R.eminder: coalaerras

Definition
For a functor F: C — C, one defines coalaerra homomorphism:

Ff
FX ——— FY

el



R.eminder: coalaerras

Definition
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Ff
FX ——— FY

el

The corresponding catecory of coalaerras and homomorphisms is
denoted as CoAlg(F).
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Definition

Let F: Set — Set Be a functor which adwits a terminal coalaerra
and let (X,a) and (Y, ) Be coalaerras. Then states x € X and

y € Y are eehaviourally equivalent whenever !, (x) =!g(y).
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Definition

Let F: Set — Set Be a functor which adwits a terminal coalaerra
and let (X,a) and (Y, ) Be coalaerras. Then states x € X and

y € Y are eehaviourally equivalent whenever !, (x) =!g(y).

Proposition
The followinag assertions are equivalent.
(i) The states x € X and y € Y are Behaviourally equivalent.

(ii) There exist coalaerra homomorphisms f: (X, a) — (Z,7) and
g: (Y, B) — (Z,7) with f(x) = g(y).



Bisimulations

Definition
Let (X,a) and (Y, ) Be coalaerras.
1. A relation R C X x Y is a Bisimulation whenever there is a
coalaerra v: R — FR so that the projections m: R — X and
T R — Y are homomorphisms.
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Bisimulations

Definition
Let (X,a) and (Y, ) Be coalaerras.
1. A relation RC X x Y is a Bisimulation whenever there is a
coalaerra v: R — FR so that the projections m: R — X and
T R — Y are homomorphisms.

2. States x € X and y € Y are Bisimilar whenever there is a
Bisimulation from (X, a) to (Y, ) with (x,y) € R.

Theorem

Assume that F: Set — Set preserves weak pullgacks and let (X, )

and (Y,f) Be coalaerras. Then x € X and y € Y are pehaviourally

eQuivalent if and only if they are Risimilar.

E Aczel, Peter and Mendler, Nax (I989). "A final coalaerra theorem" In: Catecory
Theory and Computer Science. Ed. By David H. Pitt, David E. Rydeheard, Peter

Dygjer, Andrew M. Pitts, and Axel Poiané. Sprincer Berlin Heidelrera, pp. 357—
365.



Bisimulations via lax extensions

Theorem
Assume that F: Set — Set preserves weak pullgacks and let (X, )
and (Y, ) Be coalaerras. A relation r: X — Y is a Bisimulation i$

and only i

E Rutten, Jan (1998). "Relators and Metric Bisimulations” In: Electronic Notes
in Theoretical Computer Science I, pp. 252-258.



Bisimulations via lax extensions

Theorem
Assume that F: Set — Set preserves weak pullgacks and let (X, )

and (Y, ) Be coalaerras. A relation r: X — Y is a Bisimulation i$

and only i

E Rutten, Jan (1998). "Relators and Metric Bisimulations” In: Electronic Notes
in Theoretical Computer Science I, pp. 252-258.

Theorem
A functor F: Set — Set preserves weak pullgacks if and only if

there is an (uniQue) extension F: Rel — Rel.
E Trnkova, Vara (I97D. "Relational automats in a catecory and their languaces”

In: Fundamenttals of computation theory (Proc. Internat. Cor\P.»Pozr\ar/\—Ko' rNik,
[9TN. Vol. Sk. Berlin: Springer, Lecture Notes in Comput. Sai., pp. 3H+O-355.



There is more ...

- Baldan, Bonchi, Kerstan, and K& nia study eehavioural
distances.

B Raldan, Paoclo, Bonchi, Filippo, Kerstan, Hennina, and
K& nia, Bareara (2018). "Coaslaerraic Behavioral Metries”
In: Logical Methods in Computer Science [H(3),
pp. [BLO—S9TH
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distances.

B Raldan, Paoclo, Bonchi, Filippo, Kerstan, Hennina, and
K& nia, Bareara (2018). "Coaslaerraic Behavioral Metries”

In: Logical Methods in Computer Science [H(3),
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- Worrell investiaates Bisimulations in the context of
Quantale-enriched categories.

B \Wworrel, James (2000). "Coinduction £or recursive data
types: partial orders, metric spaces and Q-catecories” In:
Electronic Notes in Theoretical Computer Science.

CMCS 2000, Coslaerraic Methods in Computer Science
33, pp. 331356
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Dourle categories

"Douele Catecories - The Best thing since slice catecories” (Bor Paré (20I18)).

A dougle catesory 4 consists of ogjects and two types of
arrows: horizontal and vertical ones, and cells in sQuares
suacestively written as

s

X —Y
r i S i S
A Sy B.
We wirrite Horiz(2) for the Similarly, Ver(2) denotes the
2 -catecory of horizontal Bicatecory of vertical arrows
arrows of 4, and with 2-cells of 4, with 2-cells §: r — s Ggiven
e: g — h Being (from ) By cells in 4 of type

A BeE

o= | ,
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Example

Our paradiamatic example of a dousle catecory is the dousle
catecory Rel of sets, functions (as horizontal arrows) and
relations (as vertical arrows).



Examples: relations

Example

Our paradiamatic example of a dousle catecory is the dousle
catecory Rel of sets, functions (as horizontal arrows) and
relations (as vertical arrows).

Example

More eneral, for a auantale )V, we consider the dousle catecory
V-Rel OF sets, functions (as horizontal arrows) and V-relations
(as vertical arrows).

Remark
A V-relation from X to Yisamap X x Y — V and it is
represented By X — Y; V-relations can e composed via "matrix

multiplication” for r: X —— Y and s: Y —+ Z,

(s-Nx2) =\ rlxy) @ s(y,z).

yey



Companions and conjoints

Given an horizontal arrow f: A — B in a doukle catecory 4, a
companion £or f is a vertical arrow f,.: A —+ B in 4 sO that

f
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Given an horizontal arrow f: A — B in a doukle catecory 4, a
companion £or f is a vertical arrow f,: A —+ B in 4 sO that
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Definition
A doutle catecory 4 is a framed eicatecory if every horizontal
arrow has a companion and a conjoint.

E Shulman, Michael (2008). "Framed Bicatecories and monoidal fisrations” In:
Theory and Applications of Cateaories 20.(8), pp. 650—138.



Example

Foramap f: X — Y, a8 companion of f in Rel is the araph
f.: X == Y of f,and a conjoint is the coaraph f*: Y —— X of f

(and similar in V-Re.
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For a framed Bicatecory 4 there is the framed Bicateaory Pro(2)
of the procompletion of Ver(4).
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The Pro-construction

E Cletmentino, Maria Manuel, Hotmann, Dirk, and Tholen, Walter (2004). "One
setting for all: metric, topoloay, uniformity, approach structure” In: Applied
Categorical Structures [2.(2), pp. [271-ISH.

For a framed Bicatecory 4 there is the framed Bicateaory Pro(2)
of the procompletion of Ver(4).
- The oBjects and the horizontal arrows of Pro(4) are the
same Of 4.
- A vertical arrow $rom an ogject X to an orject Y in Pro(4)
is 8 down-directed set of vertical arrows from X to Y in 4

foral se S thereis re R‘
such —tha—t
Ko EREEY
- whenever
/P < s f f
A T B A o B.
N 4.

- For every horizontal arrow f in Pro(4), the set {f.} is a
companion £or f, while the set {f*} is a conjoint for f.
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Mon(4) of monoids, monoid homomorphisms and Bimodules in 4.
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E Shulvan, Michael (2008). "Framed Bicatecories and monoidal fierations” In:
Theory and Applications of Catecories 20.(18), pp. 650138,

For a framed Bicatecory A4, there is the framed Bicateaory
Mon(4) of monoids, monoid homomorphisms and Bimodules in 4.

- A MmoNnoid in 4 consists of an orject A in 4 together with a
vertical arrow a: A —— Aso that 1<aand aca<a
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The Mon-construction

E Shulvan, Michael (2008). "Framed Bicatecories and monoidal fierations” In:
Theory and Applications of Catecories 20.(18), pp. 650138,

For a framed Bicatecory A4, there is the framed Bicateaory
Mon(4) of monoids, monoid homomorphisms and Bimodules in 4.
- A MmoNnoid in 4 consists of an orject A in 4 together with a
vertical arrow a: A —— Aso that 1<aand aca<a

- A monoid homomorphism f: (A, a) — (B, b) consists of a
horizontal arrow f: A— B € 4 sO that

L)
e o
—f>B.

> +— D>

- A Bimodule ¢: (A, a) —— (B, b) consists of a vertical arrow
p:A— Bin 42s0 that poa<pand boyp <
- For every horizontal arrow f: (A,a) — (B, b) in Mon(4), the

vertical arrow bo f, iIn 4 is 8 companion £or f, while the
vertical arrow f*o b in 4 is a8 conjoint for f.
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arrows and V-distrigutors as vertical arrows.



Examples

Example

The framed Bicateaory Mon(V-%el ), which we denote By V-Dist,
consists of V-categories as oBjects, V-functors as horizontal
arrows and V-distrigutors as vertical arrows.

Example

The $ramed Bicateaory Mon(Pro(%el)), which we denote By gnif
consists of Quasiuniform spaces as oOBjects, uniformly continuous
Maps as horizontal arrows, and promodules as vertical arrows.
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Lax dougle functors
A lax-dourle functor F: 4 — X sends

e FX I Fy
Gt RS 2
AT>B ]—"ATg>.7-'B

and preserves horizontal composition and identities strictly and
vertical composition and identities laxly.

Definition

A lax—framed functor is a lax-dousle functor retween framed
Bicatesories.

Theorem
A lax-framed functor F: 4 — X cOrresponds precisely to a pair
(F,F), where F: Horiz(2) — Horiz(X) is a8 2-functor and

F: Ver(2) — Ver(X) is a lax functor, such that for every
f: X—Yea,

F(f). < F(£.) and F(f)* < F(f*).
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Coalaerras
Let F: 4 — 4 re a lax-dousle functor. The dougle catecory of
(horizontal) coalaerras CoAlg(F) is defined as follows:
- the oejects of CoAlg(F) are the coalaerras (A, o) £or
F: Horiz(4) — Horiz(2),
- the horizontal arrows in CoAlg(F) Between oBjects (A, «) and
(B, B) are coalaerra homomorprhisms,
- the vertical arrows in CoAlg(F) Between orjects (A, a) and
(B, B) are F-simulations, that is, vertical arrows s: X — Y in

4 so that
A —= FA
S ‘iv‘ S ‘iv‘ Fs
B —— FB
8

Theorem
CoAlg(F) is a $ramed Bicatecory, for a lax—framed functor F.
Remark

For a coalaerra homomorphism f: (A, a) — (B, ), the companion
f. and the conjoint * of f: A— B in 4 are F-simulations.
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Similarity

Definition
We call 8 framed ricatecory 4 locally complete whenever the
ordered catecory Ver(4) has complete hom-sets.

R.emark
The previous constructions preserve local completeness.

Definition
Let F: 4 — 4 re 3 lax-framed functor where 4 is |ocally
complete. Let (A, a) and (B, ) re F-coslaerras.

The F-similarity from (A, a) to (B, ) is the areatest F-simulation
from (A, a) to (B, ), and we denote it By T, 3, OF BY T,, i# a = 0.

Theorem
Let F: 4 — 4 re 3 lax-framed functor where 4 is |ocally
complete. For every pair of horizontal arrows

(A,a) — = (C,7) (B,8) —%— (D,9)

in CoAlg F, Ta g =g 0T,s50f
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Remark
For every lax-framed functor F: 4 — 4 on a locally complete
framed Bicategory, the foraetful functor
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Behavioural distance

Remark
For every lax-framed functor F: 4 — 4 on a locally complete
framed Bicategory, the foraetful functor

Horiz(CoAlg Mon(F)) — Horiz(CoAlg F)
is topoloaical and therefore has a richt adjoint
gfp: Horiz(CoAlg ) — Horiz(CoAlg Mon(F)).
Deftinition
Let F Be a lax-framed endofunctor on a locally complete framed

Bicatecory. The F-eehavioural distance bd, on an F-coalazerra
(A, a) is the monoid structure on A aiven Ry gfp(A, «).
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Let F Be a lax—$framed endofunctor on a locally complete framed
Bicategory. Then, F-similarity and F-gehavioural distance coincide
on every F-coalaerra.



Behavioural distance = similarity

Theorem

Let F Be a lax—$framed endofunctor on a locally complete framed
Bicategory. Then, F-similarity and F-gehavioural distance coincide
on every F-coalaerra.

Corollary

F-eehavioural distance is compatigle with coslaerra
homomorphisms.
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where V is a8 Quantale.

Theorem

Assumwie that F: V-Cat — V-Cat preserves initial V-functors and
admits 8 final coalaerra (Z,c,v). For every coslaerrs (X, a,a) and
all x,y € X,

c(behy(x), behy(y)) = \/{(p(x,y) | o: (X,a) = (X, a) Bisimulation}.



Worrell (2000)

E Worrell, James (2000). "Coinduction £or recursive data types: partial orders,
metric spaces and Q-catecories” In: Electronic Notes in Theoretical
Computer Science. CMCS 2000, Coalaerraic Methods in Computer Science
33, pp. 3371356

Worrell considers a locally monotone functor F: V-Cat — V-Cat,

where V is a8 Quantale.

Theorem
Assume that F: V-Cat — V-Cat preserves initial V-functors and

admits 8 final coalaerra (Z,c,v). For every coslaerrs (X, a,a) and
all x,y € X,

c(behy(x), behy(y)) = \/{gp(x,y) | o: (X,a) = (X, a) Bisimulation}.
Theorem

F extends (in a canonical way) to a8 normal lax functor
F: V-Dist — V-Dist i$ and only if F preserves initial V-functors.
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From our perspective

Corollary

Consider a normal lax-dougle functor F: V-Dist — V-Dist which
admits a8 admwits a terminal coalaerra (Z,c,y). For every coalaerra
(X,a,a) and all x,y € X,

bd, (behy(x), beho(y)) = Talx,y).

Remark
Arove we apply (on the horizontal cateaories)

CoAlg(F on Mon(V-Rel)) — CoAlg(Mon(F) on Mon Mon(V-Rel))
which, BeinGg right adjoint, preserves terminal coalcerras.

Lenmma

Let 4 Be a framed Bicatecory and let F: Mon(A) — Mon(2) e a
normal lax-dousle functor. I£ (C, ¢, ) is a terminal F-coalaerra,
then (C,c,c,7) is 8 terminal Mon(F)-coslaesra.



