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Motivation

· OrdAb (preordered abelian groups) - (X ,+, 0,⩽), ⩽ preorder

- Ab (abelian groups) is protomodular (Split Short 5 Lemma)

- OrdAb is not protomodular (⩽ against protomodularity)

· C lex is protomodular: pb functor α∗ : PtY (C) → PtA(C) conservative,

∀α : A → Y

⇔ pb properties (on points)

· Can OrdAb be Ord-enriched to recover (sort of) protomodularity?

(pbs ↔ comma objs/(2-)pbs to get �α∗� conservative + equiv pps)

· Aim: - give positive answer (propose a name)

- give examples (OrdAb = Ord-enriched OrdAb)O−
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Ord-enriched categories

· C lex Ord-enriched category (Ord category of preordered sets and monotone maps)

(R+T)

X

f ))≼

g
55 Y f ≼ g ⇒ βf α ≼ βgα Cco reverse preorder in C

lex Ord-enriched

· OrdAb: - (X ,+, 0,⩽) preordered abelian group (abelian group with preorder

sth + is monotone: x ⩽ y , u ⩽ v ⇒ x + u ⩽ y + v)

- ⩽ on (X ,+, 0) ↔ submonoid of X

positive cone PX = {x ∈ X : 0 ⩽ x}•

- f : X → Y monotone (abelian) group homomorphism

- f , g : X → Y , f ≼ g i� ∀x ∈ PX , (0 ⩽) f (x) ⩽ g(x)∀x ∈ PXOrdAb

X

0
))≼

∀g
55 Y Z

f (x)=2x
((≼

g(x)=7x

66 Z (Z,N)
f (x)=9x

,,≼

g(x)=3x

22 (Z, 3Z)
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Examples

De�nition

· C lex Ord-enriched category

· comma object of ordered pair (f , g)

A

f /g
π2 //

π1

��
≼

Z

g

��
X

f
// Y

(C1) f π1 ≼ gπ2

(C2) f α ≼ gβ ⇒ ∃!λ :

{
π1λ = α
π2λ = β

(C3)


α ≼ α′, β ≼ β′

f α ≼ gβ
f α′ ≼ gβ′

⇒ λ ≼ λ′

A

α′

++

β′

��

λ′

  

f /g Z

X Y

≼

≼

≼

· precomma object of (f , g): (C1) + (C2)
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Comma objects

Ord-protomodularity
Examples

Precomma objects in OrdAb

· (X × Z ,Pf /g )
π2 //

π1

��
≼

Z

g

��
X

f
// Y

Pf /g = {(x, z) ∈ PX × PZ : f (x) ⩽ g(z)}

- (X × Z , {(0, 0)}) πZ

��

πX

..

((
f /g //

�� ≼

Z

g
��

X
f
// Y

f πX ≼ gπZ

(fπX (0, 0) = 0 ⩽ 0 = gπZ (0, 0))

⇒ f /g ∼= X × Z (as groups)

- (C1), (C2) hold: precomma obj

- (C3) doesn't hold: not a comma obj
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Comma objects

Ord-protomodularity
Examples

Comma objects on points

· PtY (C) cat of points over Y : Z
g // Y ,
t

oo gt = 1Y

γ
�� s
}}

X

f

==
fs = 1Y , f γ = g , γt = s

· Vα : PtY (C) −→ PtA(C) vertical comma object functor

Z

X

f
��
Y

s

OO

α/g

α/f

π1
��
A

⟨1A,sα⟩
OO

7−→

· Hα( X
f // Y
s
oo ) = ( f /α // Aoo ) horizontal comma object functor

Vα,Hα

like α∗
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Introduction
Comma objects

Ord-protomodularity
Examples

Comma objects vs pbs I

· precomma objects ↔ pullbacks

comma objects ↔ 2-pullbacks

· //

��
≼

·
��

· // ·

· //

��

↷ ·
��

· // ·

· Glueing comma objs: 1 and 2 comma objs ⇏ 1 2 comma obj
(C2) fails

pre pre pre

· OrdAb: U × X × Z

��

//

≼

X × Z

��

//

≼

Z

��
U // X // Y

U × Z ≇
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Ord-protomodularity
Examples

Protomodularity

· X lex is protomodular [Bourn '91]

- α∗ : PtY (X ) −→ PtA(X ) pb functor is conservative, ∀α

(less general)

- ·

��

// · //

��

·

��
·

OO

1
// ·

OO

2
// ·

OO (downward/upward commuting squares)

1 and 1 2 pbs ⇒ 2 pb

- ·

��

π2 // X

f ��
·

OO

// Y

s

OO
(π2, s) jointly extremally epimorphic (jee)

· X 0 + lex: protomodularity ⇔ Split Short 5 Lemma

· Ex: Grp, Ab, (lex) additive cats, Setop (dual of any elementary topos)
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Towards Ord-protomodularity

· OrdAb is not protomodular:

i� ⩽ is an equivalence relation [C,M-F,M '19]

•

· pbs and pb functors ⇝ 2-pbs/comma objs and comma obj functors

· Comma objects are not symmetric

- vertical Vα

- horizontal Hα

main case

free case: Vα for codual Cco

· C has equivalent properties wrt Vα ⇎
C has equivalent properties wrt Hα

· OrdAb : Vα conservative, Hα not conservative (wrt precomma objs)
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ρ1

��

ρ2 //
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Z

g

��

γ
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π2 // X

f

��
A α

//
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Main results I

· Thm 1. C lex Ord-enriched + comma objs + 2-pbs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) 1 and 1 2 comma objs, 2 commutative (upward/downward)

α/f

≼π1

��

π2 // X

f

��

χ //

↷

U

g

��
A

OO

α

1
// Y

s

OO

β

2
// V

t

OO

⇒ 2 is a 2-pullback

(+) ⇑ ⇓ (−)

· Thm 1'. C lex Ord-enriched + precomma objs. TFAE:

(i) Vα (= vertical precomma obj functor) conservative, ∀α

(ii) 1 and 1 2 precomma objs, 2 commutative ⇒ 2 pb

•

•
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Main results II

· Result for Vα wrt comma objs ⇝ similar result for Vα wrt

precomma objs ⇝ similar results for Hα wrt (pre)comma objs

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:
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(ii) for any comma obj α/f
π2 //
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OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Result for Vα wrt comma objs ⇝ similar result for Vα wrt

precomma objs ⇝ similar results for Hα wrt (pre)comma objs

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Result for Vα wrt comma objs ⇝ similar result for Vα wrt

precomma objs ⇝ similar results for Hα wrt (pre)comma objs

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Result for Vα wrt comma objs ⇝ similar result for Vα wrt

precomma objs ⇝ similar results for Hα wrt (pre)comma objs

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Result for Vα wrt comma objs ⇝ similar result for Vα wrt

precomma objs ⇝ similar results for Hα wrt (pre)comma objs

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Result for Vα wrt comma objs ⇝ similar result for Vα wrt

precomma objs ⇝ similar results for Hα wrt (pre)comma objs

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Result for Vα wrt comma objs ⇝ similar result for Vα wrt

precomma objs ⇝ similar results for Hα wrt (pre)comma objs

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Main results II

· Prop 2. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative, ∀ α : A → Y

(ii) Vα : PtY (C) → PtA(C) conservative on monos, ∀ α : A → Y

· Thm 3. C lex Ord-enriched + comma objs. TFAE:

(i) Vα : PtY (C) → PtA(C) conservative (on monos), ∀ α : A → Y

(ii) for any comma obj α/f
π2 //

�� ≼

X

f
��

A

OO

α
// Y

s

OO (π2, s) jee

· Ord-protomodular: lex + Ord-enriched + comma objs + 2-pbs + all Vα conservative

Ord-coprotomodular: · · · · · · · · · · · · · · · · · · · · · · · · + all Hα conservative

precomma objs

X

names ?

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

1 Introduction

2 Comma objects

3 Ord-protomodularity

4 Examples

Remarks on enriched protomodularity (TACL '22) 12/14



Introduction
Comma objects

Ord-protomodularity
Examples

Examples I

· Still working on them · · ·

· X protomodular cat with any Ord-enrichment + comma objs + 2-pbs

⇒ X is Ord-protomodular and Ord-coprotomodular

- Equiv(Ab) : protomodular ✓

objs like (X ,+, 0,⩽) in OrdAb with ⩽ symmetric (i.e. equiv relation)

X

f
))≼

g

55 Y , ∀x ∈ PX , f (x) ⩽ g(x) [ precomma objs = comma objs

pbs = 2-pbs

- T op, T elementary topos: protomodular ✓

X

f
))≼

g

55 Y , · · · under construction

by Profs Peter Johnstone and Maria Manuel Clementino
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Examples II

· OrdAb: �Ord-protomodular�, not �Ord-coprotomodular� (wrt precomma objs)

- Vα : OrdAb/Y → OrdAb/A (precomma obj functors) conservative

A× Z Z

A× X

π1

��

π2 // X

f

��
A α

// Y

�

-
bb

γ−1

⇒ Vα : PtY (OrdAb) → PtA(OrdAb) · · · conservative
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