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Using Pitts’ constructive proof of uniform interpolation for IPC, they also
showed that the dependence of finitely many formulas is decidable.

ID. de Jongh and L. A. Chagrova, "“The decidability of dependency in intuitionistic
propositional logic”, Journal of Symbolic Logic 60, 498-504 (1995).
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For modal logic K, the proof for IPC cannot be applied, but it follows from
results on uniform interpolation in description logic by Lutz and Wolter?,
that the same question for K is decidable.

The fact that the dependence of finitely many formulas is decidable for K
does not imply that it is decidable whether finitely many formulas for any
fragment of K are dependent.

In this talk we consider two of these fragments algebraically. Structures
like these are considered for example by Kikot et al3. These fragments are
also relevant when considering weaker description logics.
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Let £ be an algebraic language and let V be a variety (equational class) of
L-algebras. By Tm(z) and Eq(z), we denote the sets of L-terms and
L-equations over the set of variables Z, respectively. Then we define

VEs~t <= f(s)=f(t) forall A€V andall

homomorphisms f from Tm(z) to A.

For ¥ C Eq(Z), we write )V = >, whenever VE st forall sx~t e X.



Let ¢y,...,t, be L-terms in the variables T = {x1,...,z,,} and let V be a
variety of L-algebras.
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Let ¢y,...,t, be L-terms in the variables T = {x1,...,z,,} and let V be a
variety of L-algebras.

Then tq,...,t, are called )V-dependent if there is an equation
e(y1,...,yn) such that

VE e(ti,....,tn) but VE e(yi,...,yn).

The problem of deciding whether any finite number of L-terms are
V-dependent is called the dependence problem for 1.

V-dependence corresponds to a special case of a notion of dependence
studied by Marczewski* and others.

*E. Marczewski, “A general scheme of the notions of independence in mathematics”,
Bull. Acad. Polon. Sci. 6, 731-736 (1958).
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A set A C Eq(y) is called V-refuting for g, if the following hold:
1. Foreachd € A, V E §;

2. For any equation (g), such that V ¥ ¢, and any substitution
o: Tm(y) - Tm(w),

VEo(e) = VFEo(d) forsomed € A,

where ¢ is extended to equations by setting (s ~ t) = o(s) = o(t).
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For any V-refuting set A(y) for y = {y1,...,yn}, the terms
ti,...,tn € Tm(Z) are V-dependent if and only if V I §(t1,...,ty) for
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Lemma

For any V-refuting set A(y) for y = {y1,...,yn}, the terms
ti,...,tn € Tm(Z) are V-dependent if and only if V I §(t1,...,ty) for

some § € A.

Thus, for varieties that have a decidable equational theory and for which a
finite V-refuting set for any finite § can be constructed, the dependence
problem is decidable.



Note that for varieties of algebras with an order, for the dependence
problem, we can consider inequations instead of equations.
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Note that for varieties of algebras with an order, for the dependence
problem, we can consider inequations instead of equations.

We define [n] := {1,...,n}. Let us consider Lat, the variety of all
lattices, and let

An:={yi§ \V yjlié[n]}u{ A\ ijyi\iE[N]}-
Jen\{i} JE\{i}

We can show that A,, is a Lat-refuting set for {y1,...,yn} and thus, the
dependence problem for Lat is decidable.

°G. Metcalfe and N. Tokuda, “Deciding dependence in logic and algebra”, to appear
in a volume of Springer’s series on Outstanding Contributions to Logic dedicated to Dick

de Jongh.
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Let MJS be the variety of (\V,)-algebras (A, Vv,) such that (4,V) is a
semilattice and for all a,b € A,

Oa v Ob < O(a Vb).

For notational convenience, we write for aterm s, Vs =sV & = s.
Lemma
The following set of MJ S-inequations in y is MJS-refuting for §:
Ay ={y<s|yegands+#s1VyV sy forsy,sy € Tm(y)U{D}}
U{*y <y | y,v' €7 and k > 0}.
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We prove this by giving a procedure that for any inequation € not valid in
MJTS yields a finite set A, C Ay such that for any substitution o,

MISEo(e) = MJISFE o(0) for some 0 € A..

To show the idea, we consider an example. Let ¢ = (?y; < O(y2 V Oys).
Clearly, MJS ¥ ¢ and MJS ¥ Oy, < yo V Oys.

If MJIS EPo(y1) < O(o(y2) VOo(ys)), then also
MIS EOo(yr) < o(yz2) VOo(ys).

Now, either MTS E o(y1) < o(y3) or MTS E o(y1) < so where
o(y2) = s1 VOsy V s3 for so € Tm(y) and s1,s3 € Tm(y) U {2}. In the
second case, we get MJS E Oo(y1) < o(y2).

Also, MJS ¥ Oy < yo and MTS ¥ y1 < y3. Thus,
A: = {0y <y2, 11 < ys}.



Let md(¢) denote the modal depth of the term ¢ and define
md(s < ¢) = max{md(s), md(¢)} for the inequation s < t.



Let md(¢) denote the modal depth of the term ¢ and define
md(s < ¢) = max{md(s), md(¢)} for the inequation s < t.

Theorem

Letty,...,tn, € Tm(Z) and let y = {y1,...,yn}. Thenty,... t, are
MJ S-dependent if and only if there is an inequation § € A% such that

MISE 8(tr,. .. tn),

where d .= max{md(¢1),...,md(¢,)} and Ag ={6 € Ay | md(d) <d}.




Let md(¢) denote the modal depth of the term ¢ and define
md(s < ¢) = max{md(s), md(¢)} for the inequation s < t.

Theorem

Let t1,...,tn, € Tm(Z) and let g = {y1,...,yn}. Thenty,... t, are
MJ S-dependent if and only if there is an inequation § € Ag such that

MISE 8(tr,. .. tn),

where d .= max{md(¢1),...,md(¢,)} and Ag ={6 € Ay | md(d) <d}.

Corollary
The dependence problem for MJS is decidable.
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Let MMS be the variety of (A, O)-algebras (A, A,[0) such that (4, A) is
a semilattice and for all a,b € A,

Oa AOb=0O(a AD).

F(z), the free MMS-algebra over m > 0 generators is isomorphic to the
following MM S-algebra:

<(Pfin(N))m\{<®7 SRR ®>}? U, D>7

where Py, (N) is the set of all finite subsets of N, and U, [ are defined
component-wise with O{a1,...,ax} :=={a1 +1,..., a5 + 1} for
a,...,ar € N
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Theorem

Let us consider the MMS-terms ti,...,t, € Tm(z). The following are
equivalent:

1. t1,...,t, are MMS-dependent.

2. Thereis ani € {1,...,n} such that for each variable x occurring in
t; one of the following holds:
(a) [t:] = [OFz AD'z At)) € F(z), where k # 1.
(b) Thereisaje{l,...,n}\{i} such that x also occurs in t;.

Corollary
The dependence problem for MMS is decidable.
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o Consider the dependence problem for the varieties of modal
join-semilattices and modal meet-semilattices with additional
assumptions, such as Oz < z or Oz < OOz,

@ Prove that for MDL, the variety of modal distributive lattices, the
dependence problem is decidable.

e Find an alternative proof that the dependence problem for MA, the
variety of modal algebras, is decidable.

@ Are there varieties with a decidable equational theory, for which the
dependence problem is undecidable?
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