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- We are interested in studying expansions of Nelson's constructive
logic with strong Negation by means of unary modal operations
using an algebraic approach.

- The algebraic counterpart of Nelson's constructive logic with strong
Negation is the class of Nelson algebras.

- Nelson algebras and Nelson residuated lattices are term equivalent.

- It is very well known that every Nelson lattice (N3) can be generated
from a Heyting algebra using a twist-construction.

- We will expand this construction for N3 with modal operators.
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Preliminaries: Nelson lattices

Nelson lattices

A bounded integral commutative residuated lattice is a Nelson lat-
tice A = (A, %, >, A, V, L, T) of type (2,2,2,2,0,0) such that

® (A %, T) is a commutative monoid.

® (A, A,V,L,T)is a bounded lattice.

® The following residuated property holds:

axb<c iff a<b—ec

® The negation —a = a — L is involutive, i.e. a = =—a.

® The following property holds:
((a*> = b) A ((=b)® = =a)) = (a = b) =T.
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Preliminaries: Twist construction

Let H= (H,A,V,—, L, T) be a Heyting algebra.

Definition

A filter F' of H is said to be Boolean provided the quotient H/F is a
Boolean algebra.

® |t is well known and easy to check that a filter F' of the Heyting
algebra H is Boolean if and only if
DH)={a€ H:—-a= 1} CF. (dense elements of H)

® Boolean filters of H, ordered by inclusion, form a lattice, having the
improper filter H as the greatest element and D(H) as the smallest
element.
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Preliminaries: Twist construction

Theorem (Sendlewski + Busaniche&Cignoli)

Given a Heyting algebra H and a Boolean filter F' of H let
RH,F):={(z,y) e HxH:xANy=_1LandxzVyec F}.

Then
Q@ RH,F)=(RH,F),\,V,*,=, L, T) is a Nelson lattice, where
* (z,y)V(s,t) = (zVsynt),
* (z,y) A(s,t) = (zAs,y Vi),
® (z,y)*(s,t) = (As, (x =) A(s = y)),
* (@y) = (s,t)=((z 2> 5) At = y),zAL),
e T=(T,L1), L=(L,T).

),

o —\(JT, y) (yv )

@ Given a Nelson lattice A, there is a (unique up to isomorphisms)

Heyting algebra Ha and a unique Boolean filter Fa of Ha such
that A is isomorphic to R(Ha, Fa).

A
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From Nelson lattices to Heyting algebras

On each Nelson lattice A, we can define a congruence = on A by
x =y if and only if 2% = 3.

Let H = {a® : a € A} and operations a x* b = (ax b)? for every binary
operation x € A.Then

H* = (H,Vv*, A", —%,0,1)

is a Heyting algebra and F' = {(a V —a)? : a € A} is a Boolean filter.
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From Nelson lattices to Heyting algebras

Let N be a Nelson lattice. Then N is isomorphic to
RMH*,F):={(x,y) e HxH:2ANy=_1andxVyeF}
where F = {(aV —a)? :a € N}.

i N - R(H*, F)
i(a) = (a®, (—a)?)
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Modal N3-lattices

A modal N3-lattices is an algebra (A, . 4) such that the reduct
A is an N3-lattice and, for all a,b € A,

(1) 4a = —M—a,
(2) if a®> = b? then (Ma)? = (Mb)? and (#a)> = (#b)2,
(3) If (aAb)? = L then (Ma A #b)% =

O*:H—H O*:H—H
0*a? := (Ma)? O*a? = (¢a)?
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Comparison with existing work

U. Rivieccio. Paraconsistent modal logics. Electronic Notes in
Theoretical Computer Science,278:173-186, 2011.

Rivieccio studied Modal N4-lattices and since Nelson algebras conform a
subclass of N4-lattices, we can compare the results in the N3 context.

Nelson algebras = N4-lattices + z A —x <y
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Comparison with existing work

Definition (Rivieccio)

A monotone modal N4-lattice is an algebra B = (B, A, V, =, =, l) such
that the reduct (B, A, V,=-, —) is an N4-lattice and, for all a,b € B,

® if a <b, then Mo < WD,
® if =g < —b, then —Mla < —HD.
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Comparison with existing work

In the N3 context, we have

Monotone modal N4-lattice N3-lattice
+ ==
(xA—z) =y a’?<b— (Ma)> < Wb

<
(—a)? < =b— (—Ma)? < WD
subclass of

Modal N3-lattices
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Modal Heyting algebras

A modal Heyting algebra M A is an algebra (A, [, <) such that
the reduct A is an Heyting algebra and

IfaAnb= 1 thenOaA<b= 1.

MH denotes the quasi-variety of modal Heyting algebras.

For example, an extension of this quasi-variety is the variety of normal
modal Heyting algebras which is obtained by further considering

Q@ < a =0Ua,
Q@ O(a—b) —» (Ha — 0Ob) =T and
QUT=T.
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Main results

Let H be a modal Heyting algebra and let F' be a Boolean filter such that

ifaANb= 1 andaVbeF then OaV b e F.

Then R(H,F) = (R(H, F),A,V,*,=, L, T, &) is a Modal Nelson
lattice, where the operators B, & are defined as follows:

B(z,y) = (Oz, Oy), Oz, y) = (Ox,Oy). )
— R(H", F)
i(Ma) = ((Wa)?, (ﬂla)Q)
= ((l) (Oﬂa)2)
= (0%a*,©*(-a)?)
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Main results

Let N be a modal N3 lattice. Then
H* = (H,V*, A", —* —*,0,1,0% O*) with H = {a® : a € N},
F ={(aV—a)?:a€ N} and modal operators

Oa? = (Ma)?, O*a? = (#a)?,

is a modal Heyting algebra. In addition, if a®> V* b?> € F and a? \* b? = 0
then O*a? v* O*b2 € F.

v

Let N be a modal N3 lattice. Then N is isomorphic to

RMH*,F):={(z,y) e HxH:x2ANy=_1LandxVye F}
where F = {(aV —a)? : a € N}.
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Regular Nelson lattices

- A Nelson lattice is Regular if and only if the Heyting algebra H*
satisfies the Stone identity -z V ——z = 1.

- N'R is a subvariety of the variety of Nelson residuated lattices
generated by the connected rotations of generalized Heyting
algebras.

- Let A € N'R be directly indecomposable. Then either
A= DR(An) or A= CR(An). (disconnected or connected
rotations of generalized H.A., respectively).
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Regular Nelson lattices d.i.

(T,1)
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Regular Nelson lattices d.i.

With negation fixed point:
If there exist x,y € H such that Oz > L and Oy > L then the operators

are defined:
if y=_1 then (Ox, L
Wzy = {7 ( )
if =1 then (L,<y)
if y=1 then (Cx, L
¢ay) = 0V (02, 1)
if =1 then (L,0Oy)
Q(L,J_) = .(J_,J_) = (J_,J_)

Menchén and Rodriguez



o
0
Q

9
4+
4+

o
(=
]

9
()

=
—

RS
=)
e10]
()
o




o
0
Q

9
4+
4+

o
(=
]

9
()

=
—

RS
=)
e10]
()

o




Regular Nelson lattices d.i.

Without negation fixed point:
If there exist z,y € H such that Oz > L and Cx > L. The operators

are defined:
if y=_1 then (Ox, L
moy) = .7 ( )
if t =1 then (L,<y)
if y=_1 then (Oz, L
$ay) = 0T (0z, 1)
if =1 then (L,0Oy)

If x € H such that z > 1 then Oz > 1L and Ox > L.
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Regular Nelson lattices d.i.

With negation fixed point:
If O[H] = {L}, then the operators are defined:

Bz,y) = (L,%y)

’(x7y) = (Ova-)

In particular

oL, 1) = (¢L,1) and E(L, L) = (L,01)
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Regular Nelson lattices d.i.

Without negation fixed point:

If O[H] = {L}, then the operators are defined:
Bz,y) = (L,%y)
$(zy) = (O, 1)

Sz > 1 forallx € H.
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Conclusions and future works

- Our results generalize the existing conditions regarding modal
operators on twist-structures in the IN3-context.

- We want to provide a topological duality for these structures by
means of Esakia spaces endowed with (non-monotonic)
neighborhood functions.

- We plan to extend these results to Modal NM-algebras and modal
Godel algebras with additional axioms.
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