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Algebraic theories in mathematics

A signature is a set I of operations o each with an arity lol e Set

Example signature Earpforgroups is e ti with arites 2,0 i

Given a signature I and set A can define set EIA of
terms with free vars from A

Example we have x y z x t ly e j Z E Earp x y z

An algebraic theory IT is a signature I and a set E of equations
set between terms in the same free vars

Example Tarp has equations like x y z x ly z X X se



Algebraic theories in mathematics

If E is a category with products and E E a theory then a

E structure in E is an X ee tho interpretations

633 X X for all set

Given a I structure in E can recursively define derived interpretations

EET XA X for all te IA

and say X is a T model if Is It for all set in E

Example A Tarp model in Set is a group
A Tarp model in Top is a topological group

A Tarp model in Cocoalyk is a cocommutative Hopf algebra



Algebraic theories in computer science

If IT is an algebraic theory and A is a set then we write TCA

for the set of I terms with free variables from A this is the

quotient of EIA by IT provable equality

Each TCA is a T model via substitutionof terms in fact its the

free t model on the set A

Example Tap A is the freegroup with generating set A

In computer science we see algebraic theories IT as encoding
notions of computation with TCA being the set of all
IT programs returning values from the set A



Algebraic theories in computer science

Example Let I be a set The theory Ten of input fromthe alphabet I
has a single I ary operation read subject to no equations

We interpret elements of Tin A as programs via

ae Ae TinCA as return a

read di ti on let i readC in tri

For instance when I IN the program which readstwo numbers and

returns their sum is given by
read in read im ntm e Ti IN



Algebraic theories in computer science

Example The theory Tre of reversible input fromthe alphabet I extends
Tin with I new unary operations unread and equations

unread read dj og x

read di unread x x

Viet

We thinkof unread a as pushing i back ontothe inputstream
andthen continuing as x

For instance when I IN the program which readstwo numbers and

puts their sum back on the input stream is given by
read in read im unread nm 1 E TRI



Algebraic theories in computer science

Definition A self similar action of a monoid M on I is a function

8 I xM MxI i m I mti i m

such that i I i 11 1

firm in i mn mnli mlinli.me

Idea d induces an action of M on I via

f iz it io m r iz.fm io li I m io io m

Example let M IN and I 0,13 The adder action is
i 2n i nii
o 2nt1 I n l and e.g f 0 1 10 3 I 0 0 1

1 Intl I htt o



Algebraic theories in computer science

Example Let 8 I xM Mx I be a self similar monoid action
The theory To of reversible input acted on by M via d
extends TRI with unary operations am me M and equations

4 x X dm Ln x 2mn x

am read di sci read di am Gem

The idea is that dm x acts on the input stream via l l m and
then continues as se For instance whend is as on last slide the

program which addsthe front four bits of the stream to the rest is

read dio read di read di read dis diori hi si ID et



Algebraic theories in computer science

Example Let B be a Boolean algebra The theoryTis of
B valued Boolean state has binary operations b for each
be B and equations

Bergman

laa ble a x bbc.gl z bfx z blx bly z bGcz

I x y x b x y bly x b dryly badly

The idea is that B is a Boolean algebra of propositions about
the external world and that

blag as if b then x else y



Comodels
n mathematics we care about algebraic theories for their models

In computer science we care more about freemodels but also comodels

A comodel of an algebraic theory IT is a model in Set Thus it involves

A set s
For each Get a co interpretation to S lol x s

inducing derived co interpretations let S Axs for all teECA
which we require to satisfy IED Tut for all ta in E

n mathematics comodels tend to be rather dull

Example A Tarp comodel S involves among other things a

cointerpretation Fed S 4 which forces 5 0



Comodels
but in computer science comodels are much more interesting

Example A Tin comodel is a set s t w a function treadD S Its

We view this as a state machine that answers requests for I tokens
S is a set of states

IreadI assigns to each state se s a next token i e I and
a next state s E S

Power Shkaravsha 20047
In general if IT terms are programs which interact with an environment then

IT comodels are state machines providing instances of that environment



Comodels

In this view the cointerpretation It S Axs of tetch assigns to

each ses the result of running the computation t from state s to get
a return value at A and a final state s es

Example let S a b c be the Tin comodel over the alphabet IN with

Iread a i 7 b b i s Il c c i s 9 b

The co interpretation It S Inxs of t read in readfilm ntmbeti.CN is

It a i 18 c b i s 20,5 c i 20 c



Comodels
Example A TRI comodel is a set S two functions

tread S Ix S unread D S S ice

and the axioms say Iread is inverse to IunreadD ie Its S

So a comodel is a set s with an isomorphism SEI XS

Example If 8 IxM MxI is a self similar monoid action then a

To comodel is a TRI comodel S with a right M action sit

Iread s i s Iread som i m s ml

Example If B is a Booleanalgebra then a TB comodel is a set s

t w a function SxB 2 set each vis B 2 is a

Boolean homomorphism



The final comode
Given a Tin comodel

dread S Ix S s i his 01st

each state se S has an associated behaviour the streamof values

pls his hides 4104s h o s

Abstractly we find these behaviours as elements of the final comodel

tread I s Ix I Kempt listing
and recover pls from s via the unique comodel map

S Its

PEN It
In fact we can describe the final comodel for a general IT



The final comode
Definition Let IT be an algebraic theory te TCI and Ueto

We write

t u t di u etc

run t throw away the return value and then run u

Definition Let IT be an algebraic theory An admissible IT behaviour is
is a natural family of functions

BI TCI I

such that for all EETCI and I e T 3
I
we have

PIECED p It Up



The final comode

Theorem G Let IT be an algebraic theory The final I comodel
F is the set of T admissible behaviours with cooperations

IoT F lol x F

B Glo Plos

Example an admissible behaviour of Tin is uniquely specified by
B read p read read plread read read e I
Yo i I

E g p read in read
dm ntm p read readfilm i m

p read read i ti ioti



The final comode

Example The final Tri comodel is once again I with
tread given as before and with

unreadD I I io i i i io in

Example If 8 IxM MxI is a selfsimilar monoid action then the

final To comodel is the final TRI comodel augmented by
the right M action

io i is m io m i fmio i mli.li

Example if B is a Boolean algebra the final ITB comodel is
UB BAIG B 2 with

v UB X B 2 v19 b 9 b



The behaviour category
So we now understand the final comodel pretty well What about

an arbitrary comodel

Theorem G Let IT be an algebraic theory The categoryof
IT comodels is a presheaf category 1B Set where

the behaviour category 1B has

objects being admissible behaviours ie ob IB F

IBAR 8 meta Y p mi D up
where up is smallest equiv relation s t

t di mi up to Maples



The behaviour category
Example the behaviour category IB of Tin has

object set IN
IBCT j ne IN One p

E g 0101110
3

7 0101

Example the behaviour category IB of Tre has

object set IN
IB i j ke Z d t d j for some Nein

3
0110E g 0101110 L 3



The behaviour category
Example for a self similar action Ix MIMI the behaviour category Bo has

object set IN
1B i j r m s e Neman dsg or lil my

where n generated by Ir m s rtl Mili Stl

E g Tho oil to
15 m 2 FF o

Example for a Boolean algebra B the behaviour category IB

is discrete on UB Baig B2



Topological co models

A topological comodel of an algebraictheory IT is a model in Top

Thus its a comodel S Hw a topology on S making each

EB S 11ycontinuousediscretetopology

Idea open sets in S encode computably observablesetsof States

Theorem G Let IT be an algebraic theory The final topological
comodel is the final I comodel F under the topology w subbasis

It is i p e F PAK i V te TCI ie I



Topological co models

Example In the cases of Tin Ire and ITS the topology
on the final topological comodel I is the

prodiscrete Baire topology with basic dopers

i in te I Elo n ios in

Example In the case of IT for a Boolean algebra B the

topology on the final topological comodel UB is the

Stone topology with basic dopers

b 9 B 72 9161 5



The topological behaviour category
So we now understand the final topological comodel Whatabout
an arbitrary topological comodel

Theorem G Let IT be an algebraic theory The categoryof
topological comodels is the categoryof left 1B spaces
where IByis the topological behaviour category with

Object space the final topological comodel F

Arrow space the topologisation of the arrows of the
behaviour caty w subbasic open sets

m ti si m p pema plat i for metal tete iet



The topological behaviour category
In our examples the topological behaviour categories give known

objects from the world of non commutative geometry

In the case of Tre we get the Cuntz topologicalgroupoid
whose associated c algebra is the Cuntz algebra and

whose associated R algebra is the Leavitt algebra

In the case of Io for ax I
8

It G a self similar

group action we get the Nekrashevych River groupoid

just the startof a bigger story



The bigger picture
An obvious question which topological catys are behaviour catys

We can in fact over answer this question There's an adjunction
w T Bit

top Cape
morphisms arefinityAlgthy a

tie tieforsimplicity cofunctors

where He extends Idopenic with unary ops m for eachmiff's t axioms

This is a Galois idempotent adjunction whose restriction to fixpoints is

CartClosedthy AmpleTopCat

T I source map is étaleinduces cart closed variety space of obs is Stonespace
This extends the non commutative Stone dualityof Kudryavtseva Lawson


